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Abstract: In this paper, we will study the continuity of a mul-
tilinear commutator generated by the singular integral with variable
Calderén-Zygmund kernel and the functions b;, on Triebel-Lizorkin
space, Hardy space and Herz-Hardy space, where the functions b; be-

long to the Lipschitz space Lipg (R").

1. INTRODUCTION

Let T be the Calderén-Zygmund operator. Coifman, Rochberg and
Weiss (see [5]) proved that the commutator [b, T](f) = bT(f) —T(bf),
where b € BMO(R"), is bounded on LP(R"™) for 1 < p < co. Chanillo
(see [2]) proved a similar result when T is replaced by the fractional

operator.
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In [8][16], Janson and Paluszynski study these results for the Triebel-
Lizorkin spaces and the case b € Lipg(R"), where Lipz(R") is the
Lipschitz space of order # Our work is motivated by these papers.
The main purpose of this paper is to discuss the boundedness of a
multilinear commutator generated by the singular integral with vari-
able Calderén-Zygmund kernel and by Lipschitz functions on Triebel-
Lizorkin space, Hardy space and Herz-Hardy space on the spaces of

homogeneous type, where b; € Lips(R").

2. PRELIMINARIES AND DEFINITIONS

Throughout this paper, M(f) will denote the Hardy-Littlewood
maximal function of f, and write M,(f) = (M (fP))"/? for 0 < p < oo.
Q@ will denote a cube of R" with sides parallel to the axes. Let fo =
QI [, f(@)da and F#(x) = sup,eq Q1 [, |F(y) — faoldy. Denote
the Hardy spaces by HP(R"). It is well known that H?(R")(0 < p < 1)
has the atomic decomposition characterization(see [18]). For § > 0
and p > 1, let Fpﬁ’oo(R”) be the homogeneous Tribel-Lizorkin space.
The Lipschitz space Lips(R™) is the space of functions f such that

[fl|zip, = sup W < 00

z,yeER™
z#y

Lemma 1.(see [16]) For 0 < <1, 1 < p < oo, we have

fllpom = |Q|1+ﬁ [ 15~ folar

e ek

Lemma 2.(see [16]) For 0 < f <1, 1 <p < oo, we have

e = sy [ 1760) = folds

1/p
~ sgpm(@/w(x)—f@r )

Lp

Q

sup mf

Lp
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Lemma 3.(see [2]) For 1 <r < oo and >0, let

=eQ \ |Q'
Suppose that r <p <n/fB, and 1/q =1/p— 3/n. Then
|Mp,(H)llLs < ClIfe.
Lemma 4.(see [16]) If Q1 C @2, then
far = faal < Ol lzips| Q'™

Definition 1. Let 0 < p, ¢ < 00, « € R, By = {z € R",|z| <
2k Ay = Bp\Bg_1 and Y, = x4 for k € Z.
1) The homogeneous Herz space is defined by

KgP(R") = {f € LY, (R"\{0}) : || /]l o < 00},

1/r
MMM@ﬁw<1TLWMW>.

where

. 1/p
1/l gew = Zﬁwmm4;
k=—oc0

2) The nonhomogeneous Herz space is defined by

KgP(R") = {f € LLoo(B") = [[flligr < 00},

where
o

1/p
[ fllxor = [Z 25| Fxullf + HfXBOII’iq] :

k=1
Definition 2. Let « € R, 0 < p,q < o0.
(1) The homogeneous Herz type Hardy space is defined by

HEZ?(R") = {f € §"): G(f) € Kg"(R")},

and

Ui = NG gors
(2) The nonhomogeneous Herz type Hardy space is defined by

HEZP(R") ={f € 5™): G(f) € K;**(R")},
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and
[l arer = |G| ko

where G(f) is the grand maximal function of f.

The Herz type Hardy spaces have the atomic decomposition char-
acterization.

Definition 3. Let b; (¢ = 1,--- ,m) be a locally integrable function
and 0 < p < 1. A bounded measurable function a on R" is called a
(p, b) atom, if

(1) supp a C B = B(xg,r)

(2) Mlallz < [B(zo,r)|71”
(3) Jzaly)dy = [zay) ], bi(y)dy =0 for any o € C7* |1 < j <
m .

Definition 4. Let « € R, 1 < ¢ < oo. A function a(z) on R" is
called a central («, ¢)-atom (or a central (a, ¢)-atom of restricted type)
if

1) suppa C B(0,7) for some r > 0 (or for some r > 1),

2) lallze < [B(0,r)[~/,

3)  [pna(x)zdz =0 for || < [a—n(1—1/q)].

Lemma 5.(see [7][13][14]) Let 0 < p < o0, 1 < q¢ < o0 and
a>n(l—1/q). A temperate distribution f belongs to HK;”p(R”)(or
HEKZP(R")) if and only if there exist central (a,q)-atoms (or cen-
tral (o, q)-atoms of restricted type), a; supported on B; = B(0,27)
and constants Xj, > |N\P < oo such that f = Y77 Na; (or
f=2"720Na;) in the S™ sense, and

1/p
g ceor (o || fl|mrregr) = (ZIMP> :
J

Definition 5.(see [1][15]) Let K : R™"\{0} — R, K(x) = Q(z)/|z|".
K is said to be a Calderén-Zygmund kernel if
(a) @ € C=(R"\{0});

(b) © is homogeneous of degree zero;
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(¢) [y Qz)z*do(x) = 0 for all multi-indices a € (N U {0})" with

la| = N, where ¥ = {x € R" : |z| =1} is the unit sphere of R".
Definition 6.(see [1)[15]) Let K(x,y) = Q(z,y)/|y|* : R™ x (R™\

{0}) — R. K is said to be a variable Calderén-Zygmund kernel if

(d) K(z,-) is a Calderén-Zygmund kernel for a.e. x € R™;

ol o
(e) max|yj<on %Q(:U,y)HLOO(RnXE) =M < oo.
Suppose b; (j = 1,---,m) are fixed locally integrable functions on

R™. Let T be the singular integral operator with variable Calderén-

Zygmund kernel defined by

T(f)(x)= | K(z,z—y)f(y)dy),

R'n
where K(xz,x —y) = %y_‘ny) is a variable Calderén-Zygmund ker-

nel.
The multilinear commutator of singular integral with variable

Calderon-Zygmund kernel is defined by

m

157)(e) = [ T100) = @)K @ = s )y
If by = ... = by, then T3 is just the m order commutator. Commu-

tators are of great interest in harmonic analysis and have been widely
studied by many authors (see [2-6][8-12][16-17][19-20]). Our main pur-
pose is to establish the boundedness of the multilinear commutator 75
on Triebel-Lizorkin space, Hardy space and Herz-Hardy space.

Given a positive integer m and 1 < j < m, we set ||I;||Lz-pﬁ =
[T;%, |1b5]|zips and denote by C7* the family of all finite subsets
o={c(1),..,0(j)} of {1,...,m} of j different elements. For o € CJ",
set 0° = {1,....m}\ 0. For b = (by,...,by) and o = {o(1),...,0(j)} €
cr,
0ol | ing 1o () || ips -

set b, = (bg(l),...,bo(j)), by = bg(l)...bg(j) and ||bg||Lip6
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3. THEOREMS AND PROOFS

Theorem 1. Let 0 < f < 1/m, 1 < p < o0, b= (by, -+, by) with
bj € Lipg(R") for 1 < j < m and Ty be the multilinear commuta-
tor of singular integral with variable Calderon-Zygmund kernel as in
Definition 6. Then

(a) Ty is bounded from LP(R") to F;"@"O(R").

(b) T is bounded from LP(R") to LY(R") for 1/p —1/q = mf/n
and 1/p > mf/n.

Proof. (a). Fix a cube @ = Q(zo,d) and T € Q. Set
bo = ((b1)a: -+ (bm)). where (bj)o = Q1™ [ bi(w)dy, 1< j < m.
Write f = fi + f2, where fi = fXq, f2 = fXgn g, We have
() (@) = fn(b1(@) = bi(y)) - (bu(@) = b)) K (2, 7 — 1) F()dy

= (b1(2) = (01)q) -+~ (b(2) = (b)) T(f) ()

+ ()T (b1 = (01)Q) -+ (b — (b)) f) ()

+ 3000 Cpeen (1) (b(x) ~bQ)a [ (by) —b0)oe K (x,2—y) f(y)dy
= (b1(2) = (b1)q) *+~ (bn(2) = (b)) T(f) ()

+ ()" T (b1 = (01)q) -~ (b — (b)) 1) ()

+ ()T (b = (01)) (b — (b)) f2) ()

+ 05 Cpeen (1) (b(x) = bo)a T((6 — bo)orf) (),

then

T5(f) (@) = T(((br)g — by
< [(br(z) = (b1)g) - - (bm
+ 375 Yoeen 1(0()
1Ty — (b)) - (bm
+ I T((br = (br)g) -+~ (
(bm)@) f2) (o)

= N(z) + Ly(x) + I3(z) + I4(x),
thus

WI@ T5(f) () — T(((bl) — 1)+ ((bi) @ = bm) f2) (o) |d

< ‘Q|1+1mﬁ/n fQ I (z)dz + |Q|1+mﬁ/n fQ Iy(z)dx + |Q|1+mﬁ/n fQ I3(z)dz +
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IQ‘I«&»mB/n fQ I4 dl‘
=1+I11+1I1+1V.

For I, by using Lemma 2, we have

I < ot SWaeq [01(x) = (D)ol -+ [bm (@) = (bm)ol fo IT(f)(x)|da
< Ol iy e QI [, 1T(f) (@) da

< OBl ap, M(T()) (@)

For II, fix 1 < r < p and let u,p’ be the integers such that
w+p =m, 0 < pu<m, 0 <y < m. By using the Holder’s

inequality, the boundedness of T~ on L" and Lemma 2, we get
11 <SS o g Jo | 0(2) =)o |IT((B — Bg)o ) ()]

<CXTE Socon i ( fQ bQ)U|’"'da:> |

(Jo I = Fo)ee @)

<CY5 Zaecm O (fQ |(b(x) — EQ)UI’”'d:c)l/T,

(JoB) ~ B f@)rdr)

<oy zgecm e e o T U ST PR T
(folr@ras)”

< C|b]|pips My (£)(2).
For 111, by Holder’s inequality, we have

1T = |Q|1++ﬁ/n fQ T ((by — (b1)g) - - - (b, — (b)) f1)(z)|dx
< Ot (Jin ITT By () — B)) ) @)lde)  Qp=1/m
< gl QI (g T4 (bi(2) — () () )

- 1/
S C|Q‘1+1M6/n |Q|171/T||b||Lip5|Q|mB/n (fQQ |f($)|rd$>

< Cl[bl|Lip, M (f)(2).
For IV, since |zg — y| = |z — y| for y € (2Q)¢, by Lemma 4, we have

14(2) = | [ (K (2,0 = ) = K 0,50 — ) T2 bs(9) — (b)) o))
< C fngy | F2r - Q‘iﬁx;‘,‘n” ITI (b (9) = (b)) 1 (w) dy
< 021:1 f2l+1Q\2lQ [Zk:l h:1 |ahk(x)| Yar(z—y)  Yar(zo—y)

lz—y[" lwo—yl[™

1/r

| ITI s )-
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bi)o)Ilf(y)|dy
CZIzozl S 221 f21+1Q\21Q |x‘0x yTS‘Jrl | H] 1( (y) -
)l f (w)ldy
O3 k22 308 e Sy | T (05(9) — (0)@) I f (w)|dy
CO2Z 271201 o WL (105(y) = (B)angl +
(bj)a1+1q — (bs)ql)dy
< O3, 27 RINQP B | i, M(f) ()
< C1B]|Lip, | Q™" M (f) () 3272, 20mP- D
< OB i | Q™" M () (2),
thus

(
<
(b;
<
<

IV < C|[bl|Lips M(f)(Z).
We put these estimates together, by using Lemma 1 and taking the

supremum over all () such that x € (), we obtain

T3 ggrsce < ClIBlLing 1] 0.

This completes the proof of (a).

(b). By the same argument as in proof of (a), we have
b o ITs( >< )= T(((b)g = br) -+ (bm)a — bu) f2) (w0)d
< 11 Jo h@)da + iy Jo La(x)de + g Jo Ia(w)da + gy Jo La()
< COllbl|ips (Mump 1 (T(f)) + Mg () + Mg () + Mg 1 (f)),
thus

(T()* < ClUBlips (M1 (T(f)) + Mins,r(f) + Mg a(£)).

By using Lemma 3 and the boundedness of 7', we have

| T5(H)les < CIT(F)* ] 2s

< 118l i (1Mo (TN + ([ Mo (Ol + 1Mo ()] 10)
< O[]l wip |1 f | o-

This completes the proof of (b) and the theorem.

Theorem 2. Let 0 < 3 < 1,n/(n+1)<p<1,1/g=1/p—mf/n,
b = (b, ,by) with b; € Lipg(R") for 1 < j < m. Then Ty is
bounded from HP(R™) to LY(R").
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Proof. It suffices to show that there exists a constant C' > 0 such

that for every HP-atom a,
IT@)] 1 < C.

Let a be a HP-atom, such that a supported on a cube B = B(xo, ),
lallz= < |BI77 and [, a(z)27dz = 0 for |y| < [n(1/p — 1)].
Write y
q
1T(@) @) lex < Sy ITi@) (@) o)+

1/q
(Jie-aoan ITr@) (@) 02
=I+1I.
For I, choose 1 < p; <n/mf and ¢; such that 1/¢; = 1/p; — mp/n.
By the boundedness of Ty from LP'(R") to L% (R")(see Theorem 1),

we get
I< C||Tl;(a)||qu7,n(1/q—1/q1) < O|la|pm " Ma-Ya) < ¢,

For II, let 7,7 € N such that 7+ 7" = m, and 7" # 0. We get

| Ty(a)(@)] < [(bi(z) — bi(zo)) -+ (bin(x) — bun(@0)) [5(K (2,2 —y) —
K(x,2 — x0))a(y)dy|

+ 250 Xgecm |(b(x) = b(w0))oe [5(b(y) — b(x0))o K (2, 2 — y)aly)dy]
< CYJbl|ipg | = w0|™ - [ | K (2,2 — y) = K (2,2 — o) |Ja(y)|dy

+ Cl1bl Liny Y |7 = 0™ [ |y — 20| P K (2,2 — y)l|aly)|dy

< OlfBllzans |z — ol ™ - [ | 572 — SEai | laly)ldy

lz—y[" lz—zo[™

+ Cl1Bl|ips Do i [ = 0| [ Iy = wo| P K (. — ) [a(y)|dy

< OBl ipg | = o™ [ \z'f;]%{h |a(y)]|dy

+ Cl1bl iy Xorrrmn |7 = 0] [ [y — ol i laly) dy

< OBl iy [z 0| B O[] i 2 — 0 | B/
< OBl nips | — o™=t | B,

SO

11 < Clli, - B0 ()

1/q
|z — xol(mﬁ_"_l)qu>

T—xo|>2r

bl 1/q
< C||Bl| iy - | B 1P (fl lz — $0|7(n+1fmﬁ)qu>

T—x0|>2r
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< OHgHLz‘pg . ’B|1+1/n—1/p ZZL |21<:B|—(n+1—mﬁ)/n|2k+1B|1/q
< C||b] | Lipy | B|V/ 41 /tmB/n S700 k(1 /atm/n—1=1/n)

< Cl1bl zips -

This completes the proof of Theorem 2.

Theorem 3. Let 0 < < 1,0 < p < o0, 1 < q1,q2 < 00,
Vg — 1/ = mB/n, n(l = 1/q1) < o < n(l = 1/q1) + mp,
b= (b, -, by) with b; € Lipg(R") for 1 < j < m. Then Ty is
bounded from HK;“I”’(R”) to K;’;’p(R”).

Proof. By Lemma 5, let f € HK;VI’p(R”) and
fo= 22 o Aaj, suppa; C B; = B(0,2), a; be a central
(a,g)—atom, and 3772 [N;[7 < co. We have
T < C 00— 247 (522 Il Tyl )

+ OS2 (52 Il )
=1+11.
For I1, by the boundedness of Ty on (L%, L%), we have
1T < ClJBlI] iy on e 257 (25241 Willlasllom )P
< ONblI7ip, o0 e 2P (5 ] - 277007
< Clil, { Do D Pl 2670, 0<p<1
i Y QkQP(Z] o1 AP 27 Mp/Z)(Z;o:kfl I 2P 1 < p < oo
< OBy, 52 1A 1P
For I, we have the estimates
Ti(a)(@)| < [(ba(x) = b1(0) -+ (bin(x) = b(0)) [p (K (2,2 — y) —
K(z,z —0))a;(y )dy!
+ 250 Doeon [(b(x oo [, (b(y) = 8(0))o K (, & — y)a;(y)dy|
< C|[B]| i 2™ - fBj !K T, —y) — K(%ﬂ? 0)lla;(y)|dy
+ Cllbl|Lins s rrmm rasrﬁ S, 9P| (2,2 = y)la; (y) | dy

(z,z Q(x,x—
< OBl g ™ - [, | i — S0, ()| dy

+ OBl Liny Xy gprn 127 Js, 1y = 07| K (2, 2 — y)l[a; (y)|dy
< OBl ing ™ [, 7 “mzhllaj(wldy
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+ OBl iy g g |21 fBj |y|7,ﬁﬁ‘aj(y)’d?/
S O||b||LZ-pB|x|mﬁ—n—1 . |B|1+1/n—1/‘h—o¢/n + O||b||LZpB|x|mﬁ_n
’B‘l_l/th—a/n
< C||B’||Lipﬁ|x|mﬁin71 . |B|1+1/”*1/Q1*a/n
< C|’5“Lipg’x‘mﬁ_n_l . 9i(1+n(1-1/q1)~c)
thus )
bl ] q2
| T5(a;) Xk |22 < C|[b]|Lipg . 9i(14n(1-1/q1)—c) (ka |x’(mﬁ—n—1)q2daj>
< CHbHsz .9J (14+n(1-1/q1)—a) . 2k(mﬂ—n—1+n/q2)
< CHbHsz J(1+n(1-1/q1)—a)—k(1+n(1-1/q1))
SO
I< CHEHIZ% S ker (Zj—foo e Qi1 +n(1— )_a)—k;(l—l—n(l_i))})P
S T e NP2 k)(Hn(l_*)_a)p, 0<p<l1
a Jj(14n 1_* —a)—k(14+n(1-L
< C|o| %, D ke oo 257 (ZJ_,OO |\, [P - 28U Fn(=gr) —e)—k(ln( qlm)
ips

/ /
y <Zj— . [j<1+n<1—;1>—a>—k<1+n<1—m) e
00 00 (j—k)(l—&-n(l—i)—a)p
< CHbHL Zj=*oo ‘)\j’p Zk=j+22p ' “ ) ) 0< p< 1
e Zjo.i*oo ‘)‘"p ZZij+z 25[(]_k)(1+n(1_a)_a)]a I<p<oo
< C(||b||sz,3 Z]*—oo |)\ |p
From the estimates for I and I7 it follows

0o 1/p
1T (Nl ger < ClIBLipg ( > |)\j|p> < Ol g

j=—o0

This completes the proof of Theorem 3.
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