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Abstract: In this paper, we will study the continuity of a mul-

tilinear commutator generated by the singular integral with variable

Calderón-Zygmund kernel and the functions bj, on Triebel-Lizorkin

space, Hardy space and Herz-Hardy space, where the functions bj be-

long to the Lipschitz space Lipβ (Rn).

1. Introduction

Let T be the Calderón-Zygmund operator. Coifman, Rochberg and

Weiss (see [5]) proved that the commutator [b, T ](f) = bT (f)−T (bf),

where b ∈ BMO(Rn), is bounded on Lp(Rn) for 1 < p <∞. Chanillo

(see [2]) proved a similar result when T is replaced by the fractional

operator.
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In [8][16], Janson and Paluszynski study these results for the Triebel-

Lizorkin spaces and the case b ∈ Lipβ(Rn), where Lipβ(Rn) is the

Lipschitz space of order β Our work is motivated by these papers.

The main purpose of this paper is to discuss the boundedness of a

multilinear commutator generated by the singular integral with vari-

able Calderón-Zygmund kernel and by Lipschitz functions on Triebel-

Lizorkin space, Hardy space and Herz-Hardy space on the spaces of

homogeneous type, where bj ∈ Lipβ(Rn).

2. Preliminaries and Definitions

Throughout this paper, M(f) will denote the Hardy-Littlewood

maximal function of f , and write Mp(f) = (M(fp))1/p for 0 < p <∞.

Q will denote a cube of Rn with sides parallel to the axes. Let fQ =

|Q|−1
∫
Q
f(x)dx and f#(x) = supx∈Q |Q|−1

∫
Q
|f(y) − fQ|dy. Denote

the Hardy spaces by Hp(Rn). It is well known that Hp(Rn)(0 < p ≤ 1)

has the atomic decomposition characterization(see [18]). For β > 0

and p > 1, let Ḟ β,∞
p (Rn) be the homogeneous Tribel-Lizorkin space.

The Lipschitz space Lipβ(Rn) is the space of functions f such that

||f ||Lipβ = sup
x,y∈Rn
x6=y

|f(x)− f(y)|
|x− y|β

<∞.

Lemma 1.(see [16]) For 0 < β < 1, 1 < p <∞, we have

||f ||Ḟβ,∞p
≈

∣∣∣∣∣
∣∣∣∣∣sup
Q

1

|Q|1+ β
n

∫
Q

|f(x)− fQ|dx

∣∣∣∣∣
∣∣∣∣∣
Lp

≈

∣∣∣∣∣
∣∣∣∣∣sup
Q

inf
c

1

|Q|1+ β
n

∫
Q

|f(x)− c|dx

∣∣∣∣∣
∣∣∣∣∣
Lp

.

Lemma 2.(see [16]) For 0 < β < 1, 1 ≤ p ≤ ∞, we have

||f ||Lipβ ≈ sup
Q

1

|Q|1+ β
n

∫
Q

|f(x)− fQ|dx

≈ sup
Q

1

|Q| βn

(
1

|Q|

∫
Q

|f(x)− fQ|pdx
)1/p

.
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Lemma 3.(see [2]) For 1 ≤ r <∞ and β > 0, let

Mβ,r(f)(x) = sup
x∈Q

(
1

|Q|1−βrn

∫
Q

|f(y)|rdy

)1/r

.

Suppose that r < p < n/β, and 1/q = 1/p− β/n. Then

||Mβ,r(f)||Lq ≤ C||f ||Lp .

Lemma 4.(see [16]) If Q1 ⊂ Q2, then

|fQ1 − fQ2| ≤ C||f ||Lipβ |Q2|β/n.

Definition 1. Let 0 < p, q < ∞, α ∈ R, Bk = {x ∈ Rn, |x| ≤
2k}, Ak = Bk\Bk−1 and χk = χAk for k ∈ Z.

1) The homogeneous Herz space is defined by

K̇α,p
q (Rn) = {f ∈ LqLoc(R

n\{0}) : ||f ||K̇α,p
q

<∞},

where

||f ||K̇α,p
q

=

[
∞∑

k=−∞

2kαp||fχk||
p
Lq

]1/p

;

2) The nonhomogeneous Herz space is defined by

Kα,p
q (Rn) = {f ∈ LqLoc(R

n) : ||f ||Kα,p
q

<∞},

where

||f ||Kα,p
q

=

[
∞∑
k=1

2kαp||fχk||
p
Lq + ||fχB0

||pLq

]1/p

.

Definition 2. Let α ∈ R, 0 < p, q <∞.

(1) The homogeneous Herz type Hardy space is defined by

HK̇α,p
q (Rn) = {f ∈ S ′n) : G(f) ∈ K̇α,p

q (Rn)},

and

||f ||HK̇α,p
q

= ||G(f)||K̇α,p
q

;

(2) The nonhomogeneous Herz type Hardy space is defined by

HKα,p
q (Rn) = {f ∈ S ′n) : G(f) ∈ Kα,p

q (Rn)},
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and

||f ||HKα,p
q

= ||G(f)||Kα,p
q

;

where G(f) is the grand maximal function of f .

The Herz type Hardy spaces have the atomic decomposition char-

acterization.

Definition 3. Let bi (i = 1, · · · ,m) be a locally integrable function

and 0 < p ≤ 1. A bounded measurable function a on Rn is called a

(p,~b) atom, if

(1) supp a ⊂ B = B(x0, r)

(2) ||a||L∞ ≤ |B(x0, r)|−1/p

(3)
∫
B
a(y)dy =

∫
B
a(y)

∏
l∈σ bl(y)dy = 0 for any σ ∈ Cm

j , 1 ≤ j ≤
m .

Definition 4. Let α ∈ R, 1 < q < ∞. A function a(x) on Rn is

called a central (α, q)-atom (or a central (a, q)-atom of restricted type)

if

1) suppa ⊂ B(0, r) for some r > 0 (or for some r ≥ 1),

2) ||a||Lq ≤ |B(0, r)|−α/n,

3)
∫
Rn
a(x)xηdx = 0 for |η| ≤ [α− n(1− 1/q)].

Lemma 5.(see [7][13][14]) Let 0 < p < ∞, 1 < q < ∞ and

α ≥ n(1− 1/q). A temperate distribution f belongs to HK̇α,p
q (Rn)(or

HKα,p
q (Rn)) if and only if there exist central (α, q)-atoms (or cen-

tral (α, q)-atoms of restricted type), aj supported on Bj = B(0, 2j)

and constants λj,
∑

j |λj|p < ∞ such that f =
∑∞

j=−∞ λjaj (or

f =
∑∞

j=0 λjaj) in the S ′n sense, and

||f ||HK̇α,p
q

(or ||f ||HKα,p
q

) ≈

(∑
j

|λj|p
)1/p

.

Definition 5.(see [1][15]) Let K : Rn\{0} → R, K(x) = Ω(x)/|x|n.
K is said to be a Calderón-Zygmund kernel if

(a) Ω ∈ C∞(Rn \ {0});
(b) Ω is homogeneous of degree zero;
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(c)
∫

Σ
Ω(x)xαdσ(x) = 0 for all multi-indices α ∈ (N ∪ {0})n with

|α| = N , where Σ = {x ∈ Rn : |x| = 1} is the unit sphere of Rn.

Definition 6.(see [1][15]) Let K(x, y) = Ω(x, y)/|y|n : Rn × (Rn \
{0})→ R. K is said to be a variable Calderón-Zygmund kernel if

(d) K(x, ·) is a Calderón-Zygmund kernel for a.e. x ∈ Rn;

(e) max|γ|≤2n

∣∣∣∣∣∣∂|γ|∂γy
Ω(x, y)

∣∣∣∣∣∣
L∞(Rn×Σ)

= M <∞.
Suppose bj (j = 1, · · · ,m) are fixed locally integrable functions on

Rn. Let T be the singular integral operator with variable Calderón-

Zygmund kernel defined by

T (f)(x) =

∫
Rn
K(x, x− y)f(y)d(y),

where K(x, x− y) =
Ω(x, x− y)
|x− y|n is a variable Calderón-Zygmund ker-

nel.

The multilinear commutator of singular integral with variable

Calderón-Zygmund kernel is defined by

T~b(f)(x) =

∫
Rn

m∏
j=1

(bj(x)− bj(y))K(x, x− y)f(y)dy.

If b1 = ... = bm, then T~b is just the m order commutator. Commu-

tators are of great interest in harmonic analysis and have been widely

studied by many authors (see [2-6][8-12][16-17][19-20]). Our main pur-

pose is to establish the boundedness of the multilinear commutator T~b
on Triebel-Lizorkin space, Hardy space and Herz-Hardy space.

Given a positive integer m and 1 ≤ j ≤ m, we set ||~b||Lipβ =∏m
j=1 ||bj||Lipβ and denote by Cm

j the family of all finite subsets

σ = {σ(1), ..., σ(j)} of {1, ...,m} of j different elements. For σ ∈ Cm
j ,

set σc = {1, ...,m} \ σ. For ~b = (b1, ..., bm) and σ = {σ(1), ..., σ(j)} ∈
Cm
j , set ~bσ = (bσ(1), ..., bσ(j)), bσ = bσ(1)...bσ(j) and ||~bσ||Lipβ =

||bσ(1)||Lipβ ...||bσ(j)||Lipβ .
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3. Theorems and Proofs

Theorem 1. Let 0 < β < 1/m, 1 < p < ∞, ~b = (b1, · · · , bm) with

bj ∈ Lipβ(Rn) for 1 ≤ j ≤ m and T~b be the multilinear commuta-

tor of singular integral with variable Calderón-Zygmund kernel as in

Definition 6. Then

(a) T~b is bounded from Lp(Rn) to Ḟmβ,∞
p (Rn).

(b) T~b is bounded from Lp(Rn) to Lq(Rn) for 1/p − 1/q = mβ/n

and 1/p > mβ/n.

Proof. (a). Fix a cube Q = Q(x0, d) and x̃ ∈ Q. Set

~bQ = ((b1)Q, · · · , (bm)Q), where (bj)Q = |Q|−1
∫
Q
bj(y)dy, 1 ≤ j ≤ m.

Write f = f1 + f2, where f1 = fχQ, f2 = fχRn\Q, we have

T~b(f)(x) =
∫
Rn

(b1(x)− b1(y)) · · · (bm(x)− bm(y))K(x, x− y)f(y)dy

= (b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)T (f)(x)

+ (−1)mT ((b1 − (b1)Q) · · · (bm − (bm)Q)f)(x)

+
∑m−1

j=1

∑
σ∈Cmj

(−1)m−j(~b(x)−~bQ)σ
∫
Rn

(~b(y)−~bQ)σcK(x, x−y)f(y)dy

= (b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)T (f)(x)

+ (−1)mT ((b1 − (b1)Q) · · · (bm − (bm)Q)f1)(x)

+ (−1)mT ((b1 − (b1)Q) · · · (bm − (bm)Q)f2)(x)

+
∑m−1

j=1

∑
σ∈Cmj

(−1)m−j(~b(x)−~bQ)σT ((~b−~bQ)σcf)(x),

then

|T~b(f)(x)− T (((b1)Q − b1) · · · ((bm)Q − bm)f2)(x0)|
≤ ||(b1(x)− (b1)Q) · · · (bm(x)− (bm)Q)T (f)(x)||
+
∑m−1

j=1

∑
σ∈Cmj

||(~b(x)−~bQ)σT ((~b−~bQ)σcf)(x)||
+ ||T ((b1 − (b1)Q) · · · (bm − (bm)Q)f1)(x)||
+ ||T ((b1 − (b1)Q) · · · (bm − (bm)Q)f2)(x) − T ((b1 − (b1)Q) · · · (bm −
(bm)Q)f2)(x0)||
= I1(x) + I2(x) + I3(x) + I4(x),

thus
1

|Q|1+mβ/n
∫
Q
|T~b(f)(x)− T (((b1)Q − b1) · · · ((bm)Q − bm)f2)(x0)|dx

≤ 1
|Q|1+mβ/n

∫
Q
I1(x)dx + 1

|Q|1+mβ/n
∫
Q
I2(x)dx + 1

|Q|1+mβ/n
∫
Q
I3(x)dx +
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1
|Q|1+mβ/n

∫
Q
I4(x)dx

= I + II + III + IV.

For I, by using Lemma 2, we have

I ≤ 1
|Q|1+mβ/n supx∈Q |b1(x)− (b1)Q| · · · |bm(x)− (bm)Q|

∫
Q
|T (f)(x)|dx

≤ C||~b||Lipβ 1
|Q|1+mβ/n |Q|

mβ/n
∫
Q
|T (f)(x)|dx

≤ C||~b||LipβM(T (f))(x̃).

For II, fix 1 < r < p and let µ, µ′ be the integers such that

µ + µ′ = m, 0 ≤ µ < m, 0 < µ′ ≤ m. By using the Hölder’s

inequality, the boundedness of T~b on Lr and Lemma 2, we get

II ≤
∑m−1

j=1

∑
σ∈Cmj

1
|Q|1+mβ/n

∫
Q
|(~b(x)−~bQ)σ||T ((~b−~bQ)σcf)(x)|dx

≤ C
∑m−1

j=1

∑
σ∈Cmj

1
|Q|1+mβ/n

(∫
Q
|(~b(x)−~bQ)σ|r

′
dx
)1/r′

(∫
Q
|T ((~b−~bQ)σcf)(x)|rdx

)1/r

≤ C
∑m−1

j=1

∑
σ∈Cmj

1
|Q|1+mβ/n

(∫
Q
|(~b(x)−~bQ)σ|r

′
dx
)1/r′

(∫
Q
|(~b(x)−~bQ)σcf(x)|rdx

)1/r

≤ C
∑m−1

j=1

∑
σ∈Cmj

1
|Q|1+mβ/n ||~bσ||Lipβ |Q|

1/r|Q|µβ/n||~bσc||Lipβ |Q||µ
′β/n(∫

Q
|f(x)|rdx

)1/r

≤ C||~b||LipβMr(f)(x̃).

For III, by Hölder’s inequality, we have

III = 1
|Q|1+mβ/n

∫
Q
|T ((b1 − (b1)Q) · · · (bm − (bm)Q)f1)(x)|dx

≤ C 1
|Q|1+mβ/n

(∫
Rn
|T (
∏m

j=1(bj(x)− (bj)Q)f1)(x)|rdx
)1/r

|Q|1−1/R

≤ C 1
|Q|1+mβ/n |Q|

1−1/r
(∫

2Q
|
∏m

j=1(bj(x)− (bj)Q)f(x)|rdx
)1/r

≤ C 1
|Q|1+mβ/n |Q|

1−1/r||~b||Lipβ |Q|mβ/n
(∫

2Q
|f(x)|rdx

)1/r

≤ C||~b||LipβMr(f)(x̃).

For IV , since |x0 − y| ≈ |x− y| for y ∈ (2Q)c, by Lemma 4, we have

I4(x) =
∣∣∣∫Rn(K(x, x− y)−K(x0, x0 − y))

∏m
j=1(bj(y)− (bj)Q)f2(y)dy

∣∣∣
≤ C

∫
(2Q)c

∣∣∣Ω(x,x−y)
|x−y|n −

Ω(x0,x0−y)
|x0−y|n

∣∣∣ |∏m
j=1(bj(y)− (bj)Q)||f(y)|dy

≤ C
∑∞

l=1

∫
2l+1Q\2lQ

[∑∞
k=1

∑gk
h=1 |a′hk(x)|

∣∣∣Yhk(x−y)
|x−y|n −

Yhk(x0−y)
|x0−y|n

∣∣∣] |∏m
j=1(bj(y)−
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(bj)Q)||f(y)|dy
≤ C

∑∞
k=1 k

−2n · kn/2
∑∞

l=1

∫
2l+1Q\2lQ

|x−x0|
|x0−y|n+1 |

∏m
j=1(bj(y) −

(bj)Q)||f(y)|dy
≤ C

∑∞
k=1 k

−3n/2
∑∞

l=1
d

(2ld)n+1

∫
2l+1Q

|
∏m

j=1(bj(y)− (bj)Q)||f(y)|dy
≤ C

∑∞
l=1 2−l|2l+1Q|−1

∫
2l+1Q

|f(y)|
∏m

j=1(|bj(y) − (bj)2l+1Q| +

|(bj)2l+1Q − (bj)Q|)dy
≤ C

∑∞
k=1 2−l|2l+1Q|mβ/n||~b||LipβM(f)(x)

≤ C||~b||Lipβ |Q|mβ/nM(f)(x)
∑∞

l=1 2(mβ−1)l

≤ C||~b||Lipβ |Q|mβ/nM(f)(x̃),

thus

IV ≤ C||~b||LipβM(f)(x̃).

We put these estimates together, by using Lemma 1 and taking the

supremum over all Q such that x ∈ Q, we obtain

||T~b(f)||Ḟmβ,∞p
≤ C||~b||Lipβ ||f ||Lp .

This completes the proof of (a).

(b). By the same argument as in proof of (a), we have
1
|Q|

∫
Q
|T~b(f)(x)− T (((b1)Q − b1) · · · ((bm)Q − bm)f2)(x0)|dx

≤ 1
|Q|

∫
Q
I1(x)dx+ 1

|Q|

∫
Q
I2(x)dx+ 1

|Q|

∫
Q
I3(x)dx+ 1

|Q|

∫
Q
I4(x)dx

≤ C||~b||Lipβ(Mmβ,1(T (f)) +Mmβ,r(f) +Mmβ,r(f) +Mmβ,1(f)),

thus

(T~b(f))# ≤ C||~b||Lipβ(Mmβ,1(T (f)) +Mmβ,r(f) +Mmβ,1(f)).

By using Lemma 3 and the boundedness of T , we have

||T~b(f)||Lq ≤ C||(T~b(f))#||Lq
≤ C||~b||Lipβ(||Mmβ,1(T (f))||Lq + ||Mmβ,r(f)||Lq + ||Mmβ,1(f)||Lq)
≤ C||~b||Lipβ ||f ||Lp .
This completes the proof of (b) and the theorem.

Theorem 2. Let 0 < β ≤ 1, n/(n+1) < p ≤ 1, 1/q = 1/p−mβ/n,

~b = (b1, · · · , bm) with bj ∈ Lipβ(Rn) for 1 ≤ j ≤ m. Then T~b is

bounded from Hp(Rn) to Lq(Rn).
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Proof. It suffices to show that there exists a constant C > 0 such

that for every Hp-atom a,

||T~b(a)||Lq ≤ C.

Let a be a Hp-atom, such that a supported on a cube B = B(x0, r),

||a||L∞ ≤ |B|−1/p and
∫
Rn
a(x)xγdx = 0 for |γ| ≤ [n(1/p− 1)].

Write

||T~b(a)(x)||Lq ≤
(∫
|x−x0|≤2r

|T~b(a)(x)|qdx
)1/q

+(∫
|x−x0|>2r

|T~b(a)(x)|qdx
)1/q

= I + II.

For I, choose 1 < p1 < n/mβ and q1 such that 1/q1 = 1/p1 −mβ/n.
By the boundedness of T~b from Lp1(Rn) to Lq1(Rn)(see Theorem 1),

we get

I ≤ C||T~b(a)||Lq1rn(1/q−1/q1) ≤ C||a||Lp1rn(1/q−1/q1) ≤ C.

For II, let τ , τ ′ ∈ N such that τ + τ ′ = m, and τ ′ 6= 0. We get

|T~b(a)(x)| ≤ |(b1(x) − b1(x0)) · · · (bm(x) − bm(x0))
∫
B

(K(x, x − y) −
K(x, x− x0))a(y)dy|
+
∑m

j=1

∑
σ∈Cmj

|(~b(x)−~b(x0))σc
∫
B

(~b(y)−~b(x0))σK(x, x− y)a(y)dy|
≤ C||~b||Lipβ |x− x0|mβ ·

∫
B
|K(x, x− y)−K(x, x− x0)||a(y)|dy

+ C||~b||Lipβ
∑

τ+τ ′=m |x− x0|τβ
∫
B
|y − x0|τ

′β|K(x, x− y)||a(y)|dy
≤ C||~b||Lipβ |x− x0|mβ ·

∫
B

∣∣∣Ω(x,x−y)
|x−y|n −

Ω(x,x−x0)
|x−x0|n

∣∣∣ |a(y)|dy

+ C||~b||Lipβ
∑

τ+τ ′=m |x− x0|τβ
∫
B
|y − x0|τ

′β|K(x, x− y)||a(y)|dy
≤ C||~b||Lipβ |x− x0|mβ

∫
B

|x0−y|
|x−x0|n+1 |a(y)|dy

+ C||~b||Lipβ
∑

τ+τ ′=m |x− x0|τβ
∫
B
|y − x0|τ

′β 1
|x−y|n |a(y)|dy

≤ C||~b||Lipβ |x−x0|mβ−n−1 ·|B|1+1/n−1/p+C||~b||Lipβ |x−x0|mβ−n ·|B|1−1/p

≤ C||~b||Lipβ |x− x0|mβ−n−1 · |B|1+1/n−1/p,

so

II ≤ C||~b||Lipβ · |B|1+1/n−1/p
(∫
|x−x0|>2r

|x− x0|(mβ−n−1)qdx
)1/q

≤ C||~b||Lipβ · |B|1+1/n−1/p
(∫
|x−x0|>2r

|x− x0|−(n+1−mβ)qdx
)1/q
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≤ C||~b||Lipβ · |B|1+1/n−1/p
∑∞

k=1 |2kB|−(n+1−mβ)/n|2k+1B|1/q

≤ C||~b||Lipβ |B|1/q−1/p+mβ/n
∑∞

k=1 2k(1/q+mβ/n−1−1/n)

≤ C||~b||Lipβ .
This completes the proof of Theorem 2.

Theorem 3. Let 0 < β ≤ 1, 0 < p < ∞, 1 < q1, q2 < ∞,

1/q1 − 1/q2 = mβ/n, n(1 − 1/q1) ≤ α < n(1 − 1/q1) + mβ,

~b = (b1, · · · , bm) with bj ∈ Lipβ(Rn) for 1 ≤ j ≤ m. Then T~b is

bounded from HK̇α,p
q1

(Rn) to K̇α,p
q2

(Rn).

Proof. By Lemma 5, let f ∈ HK̇α,p
q1

(Rn) and

f =
∑∞

j=−∞ λjaj, suppaj ⊂ Bj = B(0, 2j), aj be a central

(α, q)−atom, and
∑∞

j=−∞ |λj|p <∞. We have

||T~b(f)||p
K̇α,p
q2

≤ C
∑∞

k=−∞ 2kαp
(∑k−2

j=−∞ |λj|||T~b(aj)χk||Lq2
)p

+ C
∑∞

k=−∞ 2kαp
(∑∞

j=k−1 |λj|||T~b(aj)χk||Lq2
)p

= I + II.

For II, by the boundedness of T~b on (Lq1 , Lq2), we have

II ≤ C||~b||pLipβ
∑∞

k=−∞ 2kαp(
∑∞

j=k−1 |λj|||aj||Lq1 )p

≤ C||~b||pLipβ
∑∞

k=−∞ 2kαp(
∑∞

j=k−1 |λj| · 2−jα)p

≤ C||~b||pLipβ

{ ∑∞
k=−∞

∑∞
j=k−1 |λj|p · 2(k−j)αp, 0 < p ≤ 1∑∞

k=−∞ 2kαp(
∑∞

j=k−1 |λj|p · 2−jαp/2)(
∑∞

j=k−1 2−jαp
′/2)p/p

′
, 1 < p <∞

≤ C||~b||pLipβ
∑∞

j=−∞ |λj|p.
For I, we have the estimates

|T~b(a)(x)| ≤ |(b1(x) − b1(0)) · · · (bm(x) − bm(0))
∫
Bj

(K(x, x − y) −
K(x, x− 0))aj(y)dy|
+
∑m

j=1

∑
σ∈Cmj

|(~b(x)−~b(0))σc
∫
Bj

(~b(y)−~b(0))σK(x, x− y)aj(y)dy|
≤ C||~b||Lipβ |x|mβ ·

∫
Bj
|K(x, x− y)−K(x, x− 0)||aj(y)|dy

+ C||~b||Lipβ
∑

τ+τ ′=m |x|τβ
∫
Bj
|y|τ ′β|K(x, x− y)||aj(y)|dy

≤ C||~b||Lipβ |x|mβ ·
∫
Bj

∣∣∣Ω(x,x−y)
|x−y|n −

Ω(x,x−0)
|x−0|n

∣∣∣ |aj(y)|dy

+ C||~b||Lipβ
∑

τ+τ ′=m |x|τβ
∫
Bj
|y − 0|τ ′β|K(x, x− y)||aj(y)|dy

≤ C||~b||Lipβ |x|mβ
∫
Bj

|0−y|
|x−0|n+1 |aj(y)|dy
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+ C||~b||Lipβ
∑

τ+τ ′=m |x|τβ
∫
Bj
|y|τ ′β 1

|x−y|n |aj(y)|dy
≤ C||~b||Lipβ |x|mβ−n−1 · |B|1+1/n−1/q1−α/n + C||~b||Lipβ |x|mβ−n ·
|B|1−1/q1−α/n

≤ C||~b||Lipβ |x|mβ−n−1 · |B|1+1/n−1/q1−α/n

≤ C||~b||Lipβ |x|mβ−n−1 · 2j(1+n(1−1/q1)−α)

thus

||T~b(aj)χk||Lq2 ≤ C||~b||Lipβ · 2j(1+n(1−1/q1)−α)
(∫

Bk
|x|(mβ−n−1)q2dx

)1/q2

≤ C||~b||Lipβ · 2j(1+n(1−1/q1)−α) · 2k(mβ−n−1+n/q2)

≤ C||~b||Lipβ · 2j(1+n(1−1/q1)−α)−k(1+n(1−1/q1))

so

I ≤ C||~b||pLipβ
∑∞

k=−∞ 2kαp
(∑k−2

j=−∞ |λj| · 2
[j(1+n(1− 1

q1
)−α)−k(1+n(1− 1

q1
))]
)p

≤ C||~b||pLipβ



∑∞
k=−∞

∑k−2
j=−∞ |λj|p · 2

(j−k)(1+n(1− 1
q1

)−α)p
, 0 < p ≤ 1∑∞

k=−∞ 2kαp
(∑k−2

j=−∞ |λj|p · 2
p
2

[j(1+n(1− 1
q1

)−α)−k(1+n(1− 1
q1

))]
)

×
(∑k−2

j=−∞ 2
p′
2

[j(1+n(1− 1
q1

)−α)−k(1+n(1− 1
q1

))]

)p/p′
, 1 < p <∞

≤ C||~b||pLipβ

{ ∑∞
j=−∞ |λj|p

∑∞
k=j+2 2

(j−k)(1+n(1− 1
q1

)−α)p
, 0 < p ≤ 1∑∞

j=−∞ |λj|p
∑∞

k=j+2 2
p
2

[(j−k)(1+n(1− 1
q1

)−α)]
, 1 < p <∞

≤ C||~b||pLipβ
∑∞

j=−∞ |λj|p.
From the estimates for I and II it follows

||T~b(f)||K̇α,p
q2
≤ C||~b||Lipβ

(
∞∑

j=−∞

|λj|p
)1/p

≤ C||f ||HK̇α,p
q1
.

This completes the proof of Theorem 3.
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