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COUPLED FIXED POINT THEOREMS FOR
NONLINEAR CONTRACTIONS IN PARTIALLY
ORDERED GENERALIZED METRIC SPACES

NGUYEN VAN LUONG AND NGUYEN XUAN THUAN

Abstract. In this paper, we prove some coupled fixed point theo-
rems for nonlinear contractive mappings having the mixed monotone
property in partially ordered G - metric spaces.

1. Introduction

In recent years, many studies in the area of fixed point theory in par-
tially ordered metric spaces have been performed. Many well-known
fixed point theorems in this area can be found in [1], [2], [4], [7 - 15], [21
- 26]. Some of these theorems were given and proved by Bhaskar and
Lakshmikantham in [10]. In this paper, the authors introduced the
notions of mixed monotone mapping and coupled fixed point and dis-
cussed the existence and uniqueness of a solution for periodic boundary
value problem. Coupled fixed point theorems and coupled coincidence
point results are given in [3 - 5], [9], [13 - 15], [26]. Mustafa and Sims
[17] introduced a new structure of generalized metric spaces, namely
G-metric space. As a result, many fixed point theorems for various
mappings in this space was established [6], [17 - 19], [27]. In this re-
search stream, Choudhury and Maity [5] proved several fixed point
theorems for mixed monotone mappings satisfying a contractive con-
dition. In this paper, we prove some coupled fixed point theorems for
nonlinear contractive mappings in partially ordered G-metric spaces,
which generalize results in [5].
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Keywords and phrases: Coupled fixed point, Mixed monotone,
Order set, G-metric spaces.
(2010)Mathematics Subject Classification: 47H10, 54H25

55



56 NGUYEN VAN LUONG AND NGUYEN XUAN THUAN

2. Preliminaries

Definition 2.1. ([17]) Let X be a non-empty set and G : X×X×X →
R+ be a function satisfying the following properties:

(i) G(x, y, z) = 0 if x = y = z,
(ii) 0 < G(x, x, y), for all x, y ∈ X with x 6= y,
(iii) G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ X with z 6= y,
(iv) G(x, y, z) = G(x, z, y) = G(y, z, x) = ..., (symmetry in all three

variables),
(v)G(x, y, z) ≤ G(x, a, a)+G(a, y, z), for all x, y, z, a ∈ X (rectangle

inequality).
Then the function G is called a G-metric on X and the pair (X,G) is
called a G-metric space.

Definition 2.2. ([17]) Let (X,G) be a G-metric space and let {xn}
be a sequence of points of X. A point x ∈ X is said to be the limit of
the sequence {xn} if limn,m→∞G (x, xn, xm) = 0 and one says that the
sequence {xn} is G-convergent to x.

Thus, if xn → x in the G-metric space (X,G) then for any ε > 0,
there exists a positive integer N such that G(x, xn, xm) < ε, for all
n,m > N .
In [17], the authors have shown that the G-metric induces a Hausdorff
topology and the convergence described in the above definition is rel-
ative to this topology. The topology being Hausdorff, a sequence can
converge at most to a point.

Definition 2.3. ([17]) Let (X,G) be a G-metric space. A sequence
{xn} is called G-Cauchy if for every ε > 0, there is a positive in-
teger N such that G(xn, xm, xl) < ε, for all n,m, l ≥ N , that is, if
G(xn, xm, xl)→ 0, as n,m, l→∞.

Lemma 2.4. ([17]) If (X,G) is a G-metric space, then the following
are equivalent:

(1) {xn} is G-convergent to x,
(2) G(xn, xn, x)→ 0 as n→∞,
(3) G(xn, x, x)→ 0 as n→∞,
(4) G(xm, xn, x)→ 0 as m,n→∞.

Lemma 2.5. ([17]) If (X,G) be a G-metric space, then the following
are equivalent:

(1) The sequence {xn} is G-Cauchy,
(2) For every ε > 0, there exists a positive integer N such that

G(xn, xm, xm) < ε, for all n,m ≥ N .
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Lemma 2.6. ([17]) If (X,G) is a G-metric space then G(x, y, y) ≤
2G(y, x, x) for all x, y ∈ X.

Lemma 2.7. If (X,G) is a G-metric space then

G(x, x, y) ≤ G(x, x, z) +G(z, z, y)

for all x, y, z ∈ X.

Proof. For all x, y, z ∈ X, by Definition 2.1 (iv) and (v), we have

G(x, x, y) = G(y, x, x) ≤ G(y, z, z) +G(z, x, x)

= G(x, x, z) +G(z, z, y)

This ends the proof. �

Definition 2.8. ([17]) Let (X,G), (X ′, G′) be two G-metric spaces.
Then a function f : X → X ′ is said to be G-continuous at a point
x ∈ X if and only if it is G sequentially continuous at x, that is,
whenever {xn} is G-convergent to x, {f(xn)} is G′-convergent to f(x).

Lemma 2.9. ([17]) Let (X,G) be a G-metric space, then the function
G(x, y, z) is jointly continuous in all three of its variables.

Definition 2.10. ([17]) A G-metric space (X,G) is called symmetric
G-metric space if G(x, y, y) = G(y, x, x) for all x, y ∈ X.

Definition 2.11. ([17]) A G-metric space (X,G) is said to be G-
complete (or complete G-metric space) if every G-Cauchy sequence in
(X,G) is convergent in X.

Definition 2.12. ([5]) Let (X,G) be a G-metric space. A mapping
F : X×X → X is said to be continuous if for any two G-convergent se-
quences {xn} and {yn} converging to x and y respectively, {F (xn, yn)}
is G-convergent to F (x, y).

Definition 2.13. ([10]) Let (X,�) be a partially ordered set and
F : X×X → X. The mapping F is said to have the mixed monotone
property if F (x, y) is monotone non - decreasing in x and is monotone
non - increasing in y, that is, for any x, y ∈ X,

x1, x2 ∈ X, x1 � x2 ⇒ F (x1, y) � F (x2, y)

and
y1, y2 ∈ X, y1 � y2 ⇒ F (x, y1) � F (x, y2)

Definition 2.14. ([10]) An element (x, y) ∈ X×X is called a coupled
fixed point of the mapping F : X ×X → X if

x = F (x, y) and y = F (y, x)
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The following Lemma will be useful in the sequel.

Lemma 2.15. (See e.g. [16]) Let {xn} and {yn} are two sequences of
positive real numbers such that

lim
n→∞

(xn + yn) = α > 0

Then there exists subsequences {xnkj
} of {xn} and {ynkj

} of {yn} such

that

lim
j→∞

xnkj
= α1, lim

j→∞
ynkj

= α2 and α1 + α2 = α

Proof. Since the sequence {xn + yn} is convergent, it is bounded.
On other hand, due to 0 ≤ xn, yn ≤ xn + yn , {xn} and {yn} are also
bounded.
Since {xn} is bounded, by Bolzano - Weierstrass theorem, {xn} has a
convergent subsequence, say {xnk

}. Assume that limk→∞ xnk
= α1.

Also, due to {ynk
} is bounded, there exists a subsequence {ynkj

} of

{ynk
} such that limj→∞ ynkj

= α2. Since limk→∞ xnk
= α1 , we have

limj→∞ xnkj
= α1.

Finally, we have

α = lim
j→∞

(xnkj
+ ynkj

) = α1 + α2.

�

3. Main results

Let Θ denote the family of all functions θ : [0,∞)2 → [0,∞) for
which there exists

lim
t1→r1
t2→r2

θ (t1, t2) > 0 for all (r1, r2) ∈ [0,∞)2 with r1 + r2 > 0

For example,
θ(t1, t2) = kmax{t1, t2}, k > 0, θ(t1, t2) = atp1 + btq2, a, b, p, q > 0 for all
(t1, t2) ∈ [0,∞)2 are in Θ.

Now, we prove our main results.

Theorem 3.1. Let (X,�) be a partially ordered set and suppose that
there exists a G-metric G on X such that (X,G) is a complete G-
metric space. Let F : X × X → X be a mapping having the mixed
monotone property on X. Suppose that there exists θ ∈ Θ such that

G(F (x, y), F (u, v), F (w, z)) +G(F (y, x), F (v, u), F (z, w))

≤ G(x, u, w) +G(y, v, z)− θ (G(x, u, w), G(y, v, z))(3.1)



COUPLED FIXED POINT THEOREMS 59

for all x � u � w and y � v � z. Suppose that either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} is G-convergent to x, then
xn � x for all n,

(ii) if a non-increasing sequence {yn} is G-convergent to y, then
y � yn for all n.

If there exist x0, y0 ∈ X such that x0 � F (x0, y0) and y0 � F (y0, x0),
then F has a coupled fixed point in X.

Proof. Let x0, y0 ∈ X be such that x0 � F (x0, y0) and y0 � F (y0, x0).
We construct the sequences {xn} and {yn} in X as follows

(3.2) xn+1 = F (xn, yn) and yn+1 = F (yn, xn), for all n ≥ 0

We shall show that

(3.3) xn � xn+1,

and

(3.4) yn � yn+1,

for all n ≥ 0.
Since x0 � F (x0, y0) and y0 � F (y0, x0) and as x1 = F (x0, y0) and

y1 = f(y0, x0), we have x0 � x1 and y0 � y1. Thus (3.3) and (3.4)
hold for n = 0.

Suppose that (3.3) and (3.4) hold for some n ≥ 0. Then, since
xn � xn+1 and yn � yn+1 and by the mixed monotone property of F ,
we have

(3.5) xn+2 = F (xn+1, yn+1) � F (xn, yn+1) � F (xn, yn)

and

(3.6) yn+2 = F (yn+1, xn+1) � F (yn, xn+1) � F (yn, xn)

Now from (3.5) and (3.6), we obtain

xn+1 � xn+2 and yn+1 � yn+2

Thus by mathematical induction we conclude that (3.3) and (3.4) hold
for all n ≥ 0.
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Let n ≥ 1. Since xn � xn−1 and yn � yn−1, from (3.1) and (3.2), we
have

G(xn+1, xn+1, xn) + G(yn+1, yn+1, yn)

= G(F (xn, yn), F (xn, yn), F (xn−1, yn−1))

+G(F (yn, xn), F (yn, xn), F (yn−1, xn−1))

≤ G(xn, xn, xn−1) +G(yn, yn, yn−1)

−θ (G(xn, xn, xn−1), G(yn, yn, yn−1))(3.7)

As θ(t1, t2) ≥ 0, for all (t1, t2) ∈ [0,∞)2, we have
(3.8)
G(xn+1, xn+1, xn)+G(yn+1, yn+1, yn) ≤ G(xn, xn, xn−1)+G(yn, yn, yn−1)

Set δn = G(xn+1, xn+1, xn) +G(yn+1, yn+1, yn), then the sequence {δn}
is decreasing. Therefore, there is some δ ≥ 0 such that

(3.9) lim
n→∞

δn = δ

We shall show that δ = 0. Suppose, on the contrary, that
δ > 0. By Lemma 2.15, the sequences {G(xn+1, xn+1, xn)} and
{G(yn+1, yn+1, yn)} have convergent sequences that be still denoted
{G(xn+1, xn+1, xn)} and {G(yn+1, yn+1, yn)}, respectively. Assume
that

limn→∞G(xn+1, xn+1, xn) = δ1 and limn→∞G(yn+1, yn+1, yn) = δ2,
then δ1 + δ2 = δ > 0.

Then taking the limit as n→∞ of both sides of (3.8), we have

δ = lim
n→∞

δn

≤ lim
n→∞

[G(xn, xn, xn−1) +G(yn, yn, yn−1)]

− lim
n→∞

θ (G(xn, xn, xn−1), G(yn, yn, yn−1))

= δ − lim
r1→δ1
r2→δ2

θ (r1, r2)

< δ,

in which r1 = G(xn, xn, xn−1), r2 = G(yn, yn, yn−1). This is a contra-
diction. Thus δ = 0, that is

(3.10) lim
n→∞

δn = lim
n→∞

[G(xn+1, xn+1, xn) +G(yn+1, yn+1, yn)] = 0

In what follows, we shall show that {xn} and {yn} are Cauchy se-
quences. Suppose, on the contrary, that at least one of the se-
quences {xn} or {yn} is not a Cauchy sequence. Then there exists
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an ε > 0 for which we can find subsequences {xn(k)},
{
xm(k)

}
of {xn}

and
{
yn(k)

}
,
{
ym(k)

}
of {yn} with n(k) > m(k) ≥ k such that

(3.11) G(xn(k), xn(k), xm(k)) +G(yn(k), yn(k), ym(k)) ≥ ε

Further, corresponding to m(k), we can choose n(k) such that it is the
smallest integer with n(k) > m(k) ≥ k and satisfies (3.11). Then

(3.12) G(xn(k)−1, xn(k)−1, xm(k)) +G(yn(k)−1, yn(k)−1, ym(k)) < ε

By rectangle inequality, Definition 2.1 (v), we have
(3.13)
G(xn(k), xn(k), xm(k)) ≤ G(xn(k), xn(k), xn(k)−1)+G(xn(k)−1, xn(k)−1, xm(k))

and
(3.14)
G(yn(k), yn(k), ym(k)) ≤ G(yn(k), yn(k), yn(k)−1)+G(yn(k)−1, yn(k)−1, ym(k))

From (3.11) - (3.14), we obtain

ε ≤ G(xn(k), xn(k), xm(k)) +G(yn(k), yn(k), ym(k))

< G(xn(k), xn(k), xn(k)−1) +G(yn(k), yn(k), yn(k)−1) + ε

Letting k →∞ and using (3.10), we have

(3.15) lim
k→∞

[G(xn(k), xn(k), xm(k)) +G(yn(k), yn(k), ym(k))] = ε

By Lemma 2.7 , we have

G(xn(k), xn(k), xm(k)) ≤ G(xn(k), xn(k), xn(k)+1)

+G(xn(k)+1, xn(k)+1, xm(k))

≤ G(xn(k), xn(k), xn(k)+1)

+G(xn(k)+1, xn(k)+1, xm(k)+1)

+G(xm(k)+1, xm(k)+1, xm(k))

On the other hand, G(xn(k), xn(k), xn(k)+1) ≤ 2G(xn(k)+1, xn(k)+1, xn(k)),
since by Definition 2.1, G(x, x, y) ≤ G(x, y, y) + G(y, x, y) =
2G(y, y, x). Thus,

G(xn(k), xn(k), xm(k)) ≤ 2G(xn(k)+1, xn(k)+1, xn(k))

+G(xn(k)+1, xn(k)+1, xm(k)+1)

+G(xm(k)+1, xm(k)+1, xm(k))(3.16)
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Similarly,

G(yn(k), yn(k), ym(k)) ≤ 2G(yn(k)+1, yn(k)+1, yn(k))

+G(yn(k)+1, yn(k)+1, ym(k)+1)

+G(ym(k)+1, ym(k)+1, ym(k))(3.17)

From (3.16), (3.17), we have

G(xn(k), xn(k), xm(k)) +G(yn(k), yn(k), ym(k))

≤ 2δn(k) + δm(k) +G(xn(k)+1, xn(k)+1, xm(k)+1)

+G(yn(k)+1, yn(k)+1, ym(k)+1)(3.18)

Since n(k) > m(k), we have xn(k) � xm(k) and yn(k) � ym(k), hence
from (3.1) and (3.2),

G(xn(k)+1, xn(k)+1, xm(k)+1) +G(yn(k)+1, yn(k)+1, ym(k)+1)

= G(F (xn(k), yn(k)), F (xn(k), yn(k)), F (xm(k), ym(k)))

+G(F (yn(k), xn(k)), F (yn(k), xn(k)), F (ym(k), xm(k)))

≤ G(xn(k), xn(k), xm(k)) +G(yn(k), yn(k), ym(k))

−θ
(
G(xn(k), xn(k), xm(k)), G(yn(k), yn(k), ym(k))

)
(3.19)

From (3.18) and (3.19), we have

(3.20) θ
(
G(xn(k), xn(k), xm(k)), G(yn(k), yn(k), ym(k))

)
≤ 2δn(k) + δm(k)

By Lemma 2.15 and (3.15), the sequences {G(xn(k), xn(k), xm(k))}
and {G(yn(k), yn(k), ym(k))} have subsequences converging to, say, ε1
and ε2, respectively, and ε1 + ε2 = ε > 0. By passing to subse-
quences, we may assume that limk→∞G(xn(k), xn(k), xm(k)) = ε1 and
limk→∞G(yn(k), yn(k), ym(k)) = ε2.
Taking k →∞ in (3.20) and using (3.10), we have

0 = lim
k→∞

[2δn(k) + δm(k)]

≥ lim
k→∞

θ
(
G(xn(k), xn(k), xm(k)), G(yn(k), yn(k), ym(k))

)
= lim

r1→ε1
r2→ε2

θ (r1, r2) .

in which r1 = G(xn(k), xn(k), xm(k)) and r2 = G(yn(k), yn(k), ym(k)). That
is a contradiction. Thus, {xn} and {yn} are Cauchy sequences. Since
(X,G) is a G-complete space, there exist x, y ∈ X such that

(3.21) lim
n→∞

xn = x and lim
n→∞

yn = y
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Thus

(3.22) lim
n→∞

F (xn, yn) = lim
n→∞

xn = x ; lim
n→∞

F (yn, xn) = lim
n→∞

yn = y

Now, suppose that assumption (a) holds. From (3.2), we have

x = lim
n→∞

xn = lim
n→∞

F (xn, yn) = F ( lim
n→∞

xn, lim
n→∞

yn) = F (x, y)

and

y = lim
n→∞

yn = lim
n→∞

F (yn, xn) = F ( lim
n→∞

yn, lim
n→∞

xn) = F (y, x)

Finally, suppose that (b) holds. Since {xn} is a non-decreasing se-
quence and xn → x and as {yn} is a non-increasing sequence and
yn → y, we have xn � x and yn � y for all n.
If xn = x and yn = y for some n, then, by our construction, xn+1 = x
and yn+1 = y and (x, y) is a coupled fixed point of F . So we can
assume either xn 6= x or yn 6= y.
Then we have

G(F (x, y), x, x) +G(F (y, x), y, y)

≤ G(F (x, y), F (xn, yn), F (xn, yn)) +G(F (xn, yn), x, x)

+G(F (y, x), F (yn, xn), F (yn, xn)) +G(F (yn, xn), y, y)

= G(F (xn, yn), F (xn, yn), F (x, y)) +G(F (yn, xn), F (yn, xn), F (y, x))

+G(xn+1, x, x) +G(yn+1, y, y)

≤ G(xn, xn, x) +G(yn, yn, y)− θ (G(xn, xn, x), G(yn, yn, y))

+G(xn+1, x, x) +G(yn+1, y, y)

≤ G(xn, xn, x) +G(yn, yn, y) +G(xn+1, x, x) +G(yn+1, y, y)

Letting n→∞ in the inequality

G(F (x, y), x, x) +G(F (y, x), y, y)

≤ G(xn, xn, x) +G(yn, yn, y) +G(xn+1, x, x) +G(yn+1, y, y)

we obtain

G(F (x, y), x, x) +G(F (y, x), y, y) ≤ 0

which implies G(F (x, y), x, x) = 0 and G(F (y, x), y, y) = 0. That is,
x = F (x, y) and y = F (y, x).
The proof is complete. �
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Let Φ denote the family of all functions ψ : [0,∞)→ [0,∞) satisfy-
ing

lim
t→r

ψ(t) > 0 for each r > 0.

Corollary 3.2. Let (X,�) be a partially ordered set and suppose that
there exists a G-metric G on X such that (X,G) is a complete G-
metric space. Let F : X × X → X be a mapping having the mixed
monotone property on X. Suppose that there exists ψ ∈ Φ such that

G(F (x, y), F (u, v), F (w, z)) +G(F (y, x), F (v, u), F (z, w))

≤ G(x, u, w) +G(y, v, z)

−ψ (max{G(x, u, w), G(y, v, z)})(3.23)

for all x � u � w and y � v � z. Suppose that either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} is G-convergent to x, then
xn � x for all n,

(ii) if a non-increasing sequence {yn} is G-convergent to y, then
y � yn for all n.

If there exist x0, y0 ∈ X such that x0 � F (x0, y0) and y0 � F (y0, x0),
then F has a coupled fixed point in X.

Proof. By taking θ(t1, t2) = ψ(max{t1, t2}) in Theorem 3.1 for all
(t1, t2) ∈ [0,∞)2, we get Corollary 3.2, since ψ ∈ Φ implies θ ∈ Θ. �

Corollary 3.3. Let (X,�) be a partially ordered set and suppose that
there exists a G-metric G on X such that (X,G) is a complete G-
metric space. Let F : X × X → X be a mapping having the mixed
monotone property on X. Suppose that there exists ψ ∈ Φ such that

G(F (x, y), F (u, v), F (w, z)) +G(F (y, x), F (v, u), F (z, w))

≤ G(x, u, w) +G(y, v, z)− ψ (G(x, u, w) +G(y, v, z))(3.24)

for all x � u � w and y � v � z. Suppose that either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} is G-convergent to x, then
xn � x for all n,

(ii) if a non-increasing sequence {yn} is G-convergent to y, then
y � yn for all n.

If there exist x0, y0 ∈ X such that x0 � F (x0, y0) and y0 � F (y0, x0),
then F has a coupled fixed point in X.
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Proof. By taking θ(t1, t2) = ψ(t1 + t2) in Theorem 3.1 for all (t1, t2) ∈
[0,∞)2, we obtain Corollary 3.2. �

Corollary 3.4. Let (X,�) be a partially ordered set and suppose there
exists a G-metric G on X such that (X,G) is a complete G- metric
space. Let F : X ×X → X be a mapping having the mixed monotone
property on X. Suppose that there exists θ ∈ Θ with θ(t1, t2) = θ(t2, t1)
for all (t1, t2) ∈ [0,∞)2 such that

G(F (x, y), F (u, v), F (w, z)) ≤ G(x, u, w) +G(y, v, z)

2
−θ (G(x, u, w), G(y, v, z))(3.25)

for all x � u � w and y � v � z. Suppose that either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {xn} is G-convergent to x, then
xn � x for all n,

(ii) if a non-increasing sequence {yn} is G-convergent to y, then
y � yn for all n.

If there exist x0, y0 ∈ X such that x0 � F (x0, y0) and y0 � F (y0, x0),
then F has a coupled fixed point in X.

Proof. From (3.25), for all x � u � w and y � v � z, we have

G(F (x, y), F (u, v), F (w, z)) ≤ G(x, u, w) +G(y, v, z)

2
−θ (G(x, u, w), G(y, v, z))

and

G(F (y, x), F (v, u), F (z, w)) = G(F (z, w), F (v, u), F (y, x))

≤ G(z, v, y) +G(w, u, x)

2
−θ (G(z, v, y), G(w, u, x))

=
G(x, u, w) +G(y, v, z)

2
−θ (G(x, u, w), G(y, v, z))

Therefore,

G(F (x, y), F (u, v), F (w, z)) +G(F (y, x), F (v, u), F (z, w))

≤ G(x, u, w) +G(y, v, z)− 2θ (G(x, u, w), G(y, v, z))

≤ G(x, u, w) +G(y, v, z)− θ1 (G(x, u, w), G(y, v, z))
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for all x � u � w and y � v � z, where θ1(t1, t2) = 2θ(t1, t2) for all
(t1, t2) ∈ [0,∞)2. Since θ1 ∈ Θ, applying Theorem 3.1, we conclude
that F has a coupled fixed point in X. �

Remark 3.5. In Corollary 3.4, if we take θ(t1, t2) = (1−k)(t1+t2)
2

, we
obtain Theorem 3.1 and 3.2 in [5].

Now we shall prove the uniqueness of the coupled fixed point. Note
that if (X,�) is a partially ordered set, then we endow the product
X ×X with the following partial order relation:

(x, y), (u, v) ∈ X ×X, (x, y) � (u, v)⇔ x � u, y � v.

Theorem 3.6. In addition to the hypotheses of Theorem 3.1, suppose
that for every (x, y), (z, t) ∈ X×X, there exists a pair (u, v) ∈ X×X
such that (u, v) is comparable to (x, y) and (z, t). Then F has a unique
coupled fixed point.

Proof. Suppose (x, y) and (z, t) are coupled fixed points of F , that is,
x = F (x, y), y = F (y, x), z = F (z, t) and t = F (t, z). We shall show
that x = z and y = t.
By the assumption, there exists (u, v) ∈ X ×X that (u, v) is compa-
rable to (x, y) and (z, t).
We define the sequences {un} and {vn} as follows

u0 = u, v0 = v, un+1 = F (un, vn) and vn+1 = F (vn, un), for all n.

Since (u, v) is comparable with (x, y), we may assume that (x, y) �
(u, v) = (u0, v0) (the other case being similar). By mathematical in-
duction and the mixed monotone property of F , it is easy to prove
that

(3.26) (x, y) � (un, vn), for all n.

From (3.1) and (3.26), we have

G(x, x, un) +G(vn, y, y) = G(F (x, y), F (x, y), F (un−1, vn−1))

+G(F (vn−1, un−1), F (y, x), F (y, x)))

≤ G(x, x, un−1) +G(vn−1, y, y)

−θ(G(x, x, un−1), G(vn−1, y, y))(3.27)

which implies

G(x, x, un) +G(vn, y, y) ≤ G(x, x, un−1) +G(vn−1, y, y)
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that is, the sequence {G(x, x, un) +G(vn, y, y)} is decreasing. There-
fore, there exists α ≥ 0 such that

lim
n→∞

G(x, x, un) +G(vn, y, y) = α

We shall show that α = 0. Suppose, on the contrary, that α > 0.
Therefore, {G(x, x, un)}, {G(vn, y, y)} have subsequences converging
to α1, α2, respectively, where α1 + α2 = α. Taking the limit, up to
subsequences, as n→∞ in (3.27), we have

α ≤ α− lim
n→∞

θ(G(x, x, un−1), G(vn−1, y, y)) < α

which is a contradiction. Thus, α = 0, that is,

lim
n→∞

[G(x, x, un) +G(vn, y, y)] = 0

which implies

(3.28) lim
n→∞

G(x, x, un) = lim
n→∞

G(vn, y, y) = 0

Similarly, we can show that

(3.29) lim
n→∞

G(z, z, un) = lim
n→∞

G(vn, t, t) = 0

From (3.28) and (3.29), we get x = z and y = t, by the uniqueness of
the limit of a G− convergent sequence.
Therefore, the coupled fixed point of F is unique. �

Theorem 3.7. If in addition to the hypotheses of Theorem 3.1 x0 and
y0 are comparable then F has a fixed point.

Proof. Following the proof of Theorem 3.1, F hax a coupled fixed
point (x, y). We only have to show that x = y. Since x0 and y0
are comparable, we may assume that x0 � y0 (the other case being
similar). By using mathematical induction and the mixed monotone
property of F , one can easily show that

(3.30) xn � yn, for all n ≥ 0

where xn+1 = F (xn, yn) and yn+1 = F (yn, xn), n = 0, 1, 2, ...
By Lemma 2.7, we have

G(x, x, y) ≤ G(x, x, xn+1) +G(xn+1, xn+1, y)

≤ G(x, x, xn+1) +G(xn+1, xn+1, yn+1) +G(yn+1, yn+1, y)

= G(x, x, xn+1) +G(yn+1, yn+1, y)

+G(F (xn, yn), F (xn, yn), F (yn, xn))
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Similarly,

G(y, y, x) ≤ G(y, y, yn+1) +G(xn+1, xn+1, x)

+G(F (yn, xn), F (yn, xn), F (xn, yn))

Therefore,

G(x, x, y) +G(y, y, x) ≤ G(x, xn+1, xn+1) +G(yn+1, yn+1, y)

+G(y, y, yn+1) +G(xn+1, xn+1, x)

+G(F (xn, yn), F (xn, yn), F (yn, xn))

+G(F (yn, xn), F (yn, xn), F (xn, yn))

≤ G(x, x, xn+1) +G(yn+1, yn+1, y)

+G(y, y, yn+1) +G(xn+1, xn+1, x)

+G(xn, xn, yn) +G(yn, yn, xn)

−θ(G(xn, xn, yn), G(yn, yn, xn))

Suppose that x 6= y. Taking n→∞ in the last inequality, using (3.21)
and the continuity of G, we have

G(x, x, y)+G(y, y, x) ≤ G(x, x, y)+G(y, y, x)− lim
n→∞

θ(G(xn, xn, y), G(y, yn, xn))

hence,
lim
n→∞

θ(G(xn, xn, y), G(y, yn, xn)) ≤ 0,

which is false. Indeed, since lim
n→∞

G(xn, xn, y) =

G (x, x, y) > 0 and lim
n→∞

G(y, yn, xn) = G (y, y, x), we have

lim
n→∞

θ(G(xn, xn, y), G(y, yn, xn)) = limr1→G(x,x,y)
r2→G(x,x,y)

θ (r1, r2) > 0.r2 →

G (y, y, x)
Therefore, x = y. In other words, we conclude that F has a fixed

point in X. �
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