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PRESIC TYPE FIXED POINT THEOREM FOR FOUR
MAPS IN PARTIAL b-METRIC-LIKE SPACES

K.P.R.RAO , M.IMDAD AND E.T.RAMUDU

Abstract. In this paper, we obtain a Presic type fixed point the-
orem for two pairs of jointly 2k-weakly compatible maps in partial
b-metric-like spaces.We also give an example to illustrate our main
theorem. We obtain three corollaries, for three and two maps respec-
tively,which are variations of theorems from the papers [1, 2] and [8].

1. Introduction and Preliminaries
One of the generalizations of Banach contraction principle,for map-

pings f : Xk → X with X a complete metric space,was given by
S.B.Presic [6] in 1965.

Throughout this paper, R+ , N and k denote the set of all non-
negative real numbers , the set of all positive integers and a positive
integer respectively.
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Theorem 1.1 (6). Let (X, d) be a complete metric space and
f : Xk → X. Suppose that

d(f(x1, x2, · · · , xk), f(x2, x3, · · · , xk+1)) ≤
k∑

i=1

qi d(xi, xi+1)

holds for all x1, x2, · · · , xk, xk+1 ∈ X, where qi ≥ 0 for i = 1, 2, ..., n

and
k∑

i=1

qi ∈ [0, 1).

Then f has a unique fixed point x∗. Moreover, for any arbitrary
points x1, x2, · · · , xk+1 in X, the sequence {xn} defined by xn+k =
f(xn, xn+1, · · · , xn+k−1), for all n ∈ N converges to x∗.

Later Ciric and Presic [3] generalized the above theorem as follows.

Theorem 1.2. ([3]). Let (X, d) be a complete metric space and
f : Xk → X. Suppose that

d(f(x1, x2, · · · , xk), f(x2, x3, · · · , xk+1)) ≤ λ max
1≤i≤k

{d(xi, xi+1)}

holds for all x1, x2, · · · , xk, xk+1 in X, where λ ∈ [0, 1).
Then f has a fixed point x∗ ∈ X. Moreover, for any arbitrary
points x1, x2, · · · , xk+1 in X, the sequence {xn} defined by xn+k =
f(xn, xn+1, · · · , xn+k−1), for all n ∈ N converges to x∗.
Moreover, if d(f(u, u, · · · , u), f(v, v, · · · , v)) < d(u, v) holds for all
u, v ∈ X with u ̸= v, then x∗ is the unique fixed point of f .

Recently Rao et al.[1, 2] obtained some Presic type theorems for two
and three maps in metric spaces.Now we give the following definition
of [1, 2].

Definition 1.3. Let X be a non empty set and T : X2k → X
and f : X → X.The pair (f, T ) is said to be 2k-weakly compatible if
f(T (x, x, ..., x, x)) = T (fx, fx, ..., fx, fx) whenever x ∈ X such that
fx = T (x, x, ..., x, x).

Using this definition, Rao et al. [1] proved the following

Theorem 1.4. ([1]). Let (X, d) be a metric space and S, T : X2k →
X, f : X → X be mappings satisfying

(1.4.1) d(S(x1, x2, · · · , x2k), T (x2, x3, · · · , x2k+1)) ≤ λ max
1≤i≤2k

{d(fxi, fxi+1)}

for all x1, x2, · · · , x2k, x2k+1 in X,

(1.4.2) d(T (y1, y2, · · · , y2k), S(y2, y3, · · · , y2k+1)) ≤ λ max
1≤i≤2k

{d(fyi, fyi+1)}

for all y1, y2, · · · , y2k, y2k+1 in X, where 0 ≤ λ < 1.
(1.4.3) d(S(u, · · · , u), T (v, · · · , v)) < d(fu, fv), for all u, v ∈ X with
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u ̸= v
(1.4.4) Suppose that f(X) is complete and either (f, S) or (f, T ) is a
2k− weakly compatible pair.
Then there exists a unique point p ∈ X such that fp = p =
S(p, · · · , p) = T (p, · · · , p).

Very recently Nazir and Abbas [8] obtained the following Presic type
theorem for a pair of maps in partial metric spaces as follows

Theorem 1.5. ([8]). Let (X, p) be a complete partial metric space.
Suppose that f, g : Xk → X are two mappings satisfying

(1.5.1) p(f(x1, x2, · · · , xk), g(x2, x3, · · · , xk+1)) ≤ λ max
1≤i≤k

{p(xi, xi+1)}

for all x1, x2, · · · , xk, xk+1 in X,where λ ∈ [0, 1).
Then f has a unique fixed point x∗. Moreover, for any arbitrary
points x1, x2, · · · , xk+1 in X, the sequence {xn} defined by xn+k =
f(xn, xn+1, · · · , xn+k−1), converges to x∗.

We observed that the conclusion is not clear and the proof given
by Nazir and Abbas [8] to the Theorem is not correct. They wrongly
used the condition (1.3.1)(Here (1.5.1)) three times in page 53 of [8]
(see the line 5 from 4th line, line 12 from line 11 and line 19 from line
18 from the above).

In this paper, we obtain a Presic type theorem for four mappings
satisfying a slight different contractive condition in partial b-metric-
like spaces. We also give an example and three corollaries to our main
theorem. One of our corollary is a probable modification of main
theorem of [8](Theorem 1.5 of this section).

Recently Khan et al.[5] introduced partial b-metric-like spaces by
combining the concepts of b-metric-like spaces given by Alghamdi [4]
and partial metric spaces given by Mathews [7].

Now we recall some basic definitions and remarks which play a cru-
cial role in the theory of partial b-metric-like spaces.

Definition 1.6. ([5]) A partial b-metric-like on a nonempty set X
is a function p : X × X → R+ such that for all x, y, z ∈ X and a
constant s ≥ 1 the following are satisfied:

(p1) p(x, y) = 0 ⇒ x = y,
(p2) p(x, x) ≤ p(x, y),
(p3) p(x, y) = p(y, x),
(p4) p(x, y) ≤ s[p(x, z) + p(z, y)− p(z, z)].

The triad (X, p, s) is called a partial b-metric-like space .
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Definition 1.7. Let (X, p, s) be a partial b-metric-like space.

(i) A sequence {xn} in X is said to be convergent to x ∈ X if
p(x, x) = lim

n→∞
p(x, xn).

(ii) A sequence {xn} in X is said to be a Cauchy sequence in X if
lim

n,m→∞
p(xn, xm) exists and is finite.

(iii) X is said to be complete if every Cauchy sequence {xn} in X
converges to a point x ∈ X such that lim

n→∞
p(x, xn) = p(x, x) =

lim
n,m→∞

p(xn, xm).

Remark 1.8. Let (X, p, s) be a partial b-metric-like space and {xn}
be a sequence in X such that lim

n→∞
p(x, xn) = 0. Then

(i) x is unique,
(ii) 1

s
p(x, y) ≤ lim

n→∞
p(xn, y) ≤ s p(x, y) for all y ∈ X,whenever

the limit exists,
(iii) p(xn, x0) ≤ s p(x0, x1) + s2 p(x1, x2) + ...+ sn−1 p(xn−2, xn−1)

+ sn p(xn−1, xn).

Now, we introduce the definition of jointly 2k-weakly compatible
pairs.

Definition 1.9. Let X be a nonempty set, k a positive inte-
ger, S, T : X2k → X and f, g : X → X be mappings. Then
the pairs (f, S) and (g, T ) are said to be jointly 2k-weakly com-
patibe if f(S(x, x, ..., x) = S(fx, fx, ..., fx) and g(T (x, x, ..., x)) =
T (gx, gx, ..., gx) whenever there exists x ∈ X such that fx =
S(x, x, ..., x) and gx = T (x, x, ..., x).

Remark 1.10. If the two pairs (f, S) and (g, T ) are 2k-weakly com-
patible then the pairs (f, S) and (g, T ) are jointly 2k-weakly compatible.
But the converse need not be true in view of the following example.

Example 1.11. Let X = [0, 1] and k = 1. Define S(x, y) = 3x2+2y
72

,

T (x, y) = 2x+3y2

72
, fx = x

6
, gx = x2

4
for all x, y ∈ X.

The pair (g, T ) is not 2-weakly compatible since T (x, x) = gx implies
x = 0, 2

15
and g(T ( 2

15
, 2
15
)) ̸= T (g 2

15
, g 2

15
).But the pairs (f, S) and (g, T )

are jointly 2-weakly compatible.

Now we present our main result.

2. Main Result

Theorem 2.1. . Let (X, p, s) be a complete partial b-metric-like
space with s ≥ 1 and S, T : X2k → X and f, g : X → X be mappings
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satisfying
(2.1.1) S(X2k) ⊆ g(X), T (X2k) ⊆ f(X),
(2.1.2) p(S(x1, x2, · · · , x2k−1, x2k), T (y1, y2, · · · , y2k−1, y2k))

≤ λmax

{
p(gx1, fy1), p(fx2, gy2), p(gx3, fy3), p(fx4, gy4), · · · ,

p(gx2k−1, fy2k−1), p(fx2k, gy2k)

}
for all x1, x2, · · · , x2k, y1, y2, · · · , y2k ∈ X and λ ∈ (0, 1

s2k
),

(2.1.3) (f, S) and (g, T ) are jointly 2k−weakly compatible pairs.
(2.1.4) Suppose z = fu = gu for some u ∈ X whenever there exists a
sequence {y2k+n}∞n=1 in X such that lim

n→∞
y2k+n = z ∈ X.

Then z is the unique point in X such that z = fz = gz =
S(z, z, · · · , z) = T (z, z, · · · , z).

Proof. Suppose x1, x2, · · · , x2k are arbitrary points in X.
From (2.1.1), define
y2k+2n−1 = S(x2n−1, x2n, · · · x2k+2n−2) = gx2k+2n−1

y2k+2n = T (x2n, x2n+1, · · · x2k+2n−1) = fx2k+2n for n = 1, 2, · · ·
Let

α2n = p(fx2n, gx2n+1),
α2n−1 = p(gx2n−1, fx2n), n = 1, 2, · · ·
Let θ = λ

1
2k and µ = max{α1

θ
, α2

θ2
, · · · , α2k

θ2k
}.

Then 0 < θ < 1 and by the selection of µ we have
(1) αn ≤ µθn, for n = 1, 2, · · · , 2k.
(2) α2k+1 = p(gx2k+1, fx2k+2)
= p(S(x1, x2, x3, x4, · · · , x2k−1, x2k), T (x2, x3, x4, · · · , x2k, x2k+1))

≤ λmax

{
p(gx1, fx2), p(fx2, gx3), p(gx3, fx4),

p(fx4, gx5), · · · , p(gx2k−1, fx2k), (fx2k, gx2k+1)

}
from (2.1.2)
= λmax{α1, α2, α3, α4, · · · , α2k−1, α2k}
≤ λmax{µθ, µθ2, µθ3, µθ4, · · · , µθ2k−1, µθ2k} from(1)
= λµθ = θ2kµθ
= µθ2k+1

and
(3)α2k+2 = p(fx2k+2, gx2k+3)
= p(S(x3, x4, x5, x6, · · · , x2k+1, x2k+2), T (x2, x3, x4, · · · , x2k, x2k+1))

≤ λmax

{
p(gx3, fx2), p(fx4, gx3), p(gx5, fx4),

p(fx6, gx5), · · · , p(gx2k+1, fx2k), p(fx2k+2, gx2k+1)

}
from (2.1.2)
= λmax{α2, α3, α4, α5, · · · , α2k, α2k+1}
≤ λmax{µθ2, µθ3, µθ4, µθ5, · · · , µθ2k, µθ2k+1} from (1), (2)
= λµθ2 = θ2kµθ2

= µθ2k+2.
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Continuing in this way,by induction, we get
(4) αn ≤ µθn for n = 1, 2, · · ·
Now consider
(5)p(y2k+2n−1, y2k+2n)
= p(S(x2n−1, x2n, · · · , x2k+2n−3, x2k+2n−2),
T (x2n, x2n+1, · · · , x2k+2n−2, x2k+2n−1))
≤ λmax{p(gx2n−1, fx2n), p(fx2n, gx2n+1), · · · , p(fx2k+2n−2, gx2k+2n−1)}
= λmax{α2n−1, α2n, α2n+1, α2n+2 · · · , α2k+2n−3, α2k+2n−2}
≤ λmax{µθ2n−1, µθ2n, µθ2n+1, µθ2n+2, · · · , µθ2k+2n−3, µθ2k+2n−2},
from (4)
= λµθ2n−1 = θ2kµθ2n−1

= µθ2k+2n−1

Also
(6) p(y2k+2n, y2k+2n+1) = p(S(x2n+1, x2n+2, · · · , x2k+2n−1, x2k+2n),
T (x2n, x2n+1, · · · , x2k+2n−2, x2k+2n−1))
≤ λmax{p(gx2n+1, fx2n), p(fx2n+2, gx2n+1), · · · , p(fx2k+2n, gx2k+2n−1)}
= λmax{α2n, α2n+1, α2n+2, α2n+3, · · · , α2k+2n−2, α2k+2n−1}
≤ λmax{µθ2n, µθ2n+1, µθ2n+2, µθ2n+3, · · · , µθ2k+2n−2, µθ2k+2n−1},
from (4)
= λµθ2n = θ2kµθ2n

= µθ2k+2n

Thus from (5) and (6) we have
(7) p(y2k+n, y2k+n+1) ≤ µθ2k+n for n = 1, 2, 3, · · ·
Now from m > n consider
(8)p(y2k+n, y2k+m) ≤ s p(y2k+n, y2k+n+1) + s2 p(y2k+n+1, y2k+n+2) + · · ·
+sm−n−1 p(y2k+m−1, y2k+m)
≤ s µθ2k+n + s2 µθ2k+n+1 + · · ·+ sm−n−1 µθ2k+m−1

from (7) ≤ µ[(sθ)2k+n + (sθ)2k+n+1 + · · ·+ (sθ)2k+m−1], since s ≥ 1

≤ µ(sθ)2k (sθ)n

1−sθ
, since sθ = sλ

1
2k < s1

s
= 1

→ 0 as n → ∞,m → ∞
Hence {y2k+n} is a Cauchy sequence in (X, p, s). Since (X, p, s) is
complete, there exists z ∈ X such that
p(z, z) = lim

n→∞
p(y2k+n, z) = lim

n,m→∞
p(y2k+n, y2k+m).

From (8), we have
(9) p(z, z) = 0
From (2.1.4), there exists u ∈ X such that
(10) z = fu = gu
Now consider
(11) p(S(u, u, · · · , u, u), y2k+2n)
= p(S(u, u, · · · , u), T (x2n, x2n+1, · · · , x2k+2n−3)
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≤ λmax{p(gu, fx2n), p(fu, gx2n+1), · · · , p(gu, fx2k+2n−2), p(fu, gx2k+2n−1)}
Letting n → ∞ and using (9),(10)and Remark 1.8(ii) ,we get
1
s
p(S(u, u, · · · , u, u), fu) ≤ 0 so that fu = S(u, u, · · · , u, u)

Similarly we have
(12) gu = T (u, u, · · · , u, u)
Since (f, S) and (g, T ) are jointly 2k−weakly compatible pairs, we
have
(13) fz = f(fu) = f(S(u, u, · · · , u, u)) = S(fu, fu, · · · , fu, fu)) =
S(z, z, · · · , z, z)
and
(14) gz = T (z, z, · · · , z, z)
Now consider
p(fz, z) = p(fz, gu)
= p(S(z, z, z, z, · · · , z, z), T (u, u, u, u, · · · , u, u)), from (13),(12)
≤ λmax{p(gz, fu), p(fz, gu), · · · , p(gz, fu), p(fz, gu)}
= λmax{p(gz, z), d(fz, z)}, from (10)
Similarly we have p(gz, z) ≤ λmax{p(gz, z), p(fz, z)}.
Thus we have max{p(fz, z), d(gz, z)} ≤ λmax{p(fz, z), p(gz, z)}
which in turn yields that z = fz = gz.
From (13) and (14), it follows that
(15) z = fz = gz = S(z, z, · · · , z, z) = T (z, z, · · · , z, z)
Suppose there exists z′ ∈ X such that
z′ = fz′ = gz′ = S(z′, z′, · · · , z′) = T (z′, z′, · · · , z′).
Then from (2.1.2) we have
p(z, z′)
= p(S(z, z, · · · , z), T (z′, z′, · · · , z′))
≤ λmax{p(gz, fz′), p(fz, gz′), · · · , p(gz, fz′), p(fz, gz′)} = λp(z, z′)
This implies that z′ = z.
Thus z is unique point in X satisfying (15).
Now we give an example to illustrate our main Theorem 2.1.

Example 2.2. Let X = [0, 1] , p(x, y) = max{x2, y2} and
k = 1.Then (X, p, s) is a complete partial b-metric-like space with

s = 2.Define S(x, y) = [3x
2+2y
72

]
1
2 , T (x, y) = [2x+3y2

72
]
1
2 , fx = [x

6
]
1
2 and

gx = x
2
for all x, y ∈ X.
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Then for all x1, x2, y1, y2 ∈ X, we have

p(S(x1, x2), T (y1, y2))

= max{3x2
1+2x2

72
,
2y1+3y22

72
}

≤ 1
72
[max{3x2

1, 2y1}+max{2x2, 3y
2
2}]

≤ 1
36
max{max{3x2

1, 2y1},max{2x2, 3y
2
2}}

= 1
3
max{max{x2

1

4
, y1

6
},max{x2

6
,
y22
4
}}

= 1
3
max{p(gx1, fy1), p(fx2, gy2)}.

Thus the condition (2.1.2) of Theorem 2.1 is satisfied. One can easily
verify the remaining conditions of Theorem 2.1. Clearly,0 is the unique
point in X such that 0 = f0 = g0 = S(0, 0, ..., 0, 0) = T (0, 0, ..., 0, 0).

Corollary 2.3. Let (X, p, s) be a partial b-metric-like space with
s ≥ 1 and S, T : X2k → X and f : X → X be mappings satisfying
(2.3.1) S(X2k) ⊆ f(X), T (X2k) ⊆ f(X),
(2.3.2) p(S(x1, x2, · · · , x2k−1, x2k), T (y1, y2, · · · , y2k−1, y2k)) ≤
λ max

1≤i≤2k
{p(fxi, fyi)} for all x1, x2, · · · , x2k, y1, y2, · · · , y2k ∈ X

and λ ∈ (0, 1
s2k

),
(2.3.3) f(X) is a complete subspace of X,
(2.3.4) the pairs (f, S) or (f, T ) is 2k−weakly compatible.
Then there exists a unique z ∈ X such that z = fz =
S(z, z, · · · , z, z) = T (z, z, · · · , z, z).

Corollary 2.4. Let (X, p, s) be a complete partial b-metric-like
space with s ≥ 1 and S, T : X2k → X be mappings sat-
isfying (2.4.1) p(S(x1, x2, · · · , x2k−1, x2k), T (y1, y2, · · · , y2k−1, y2k)) ≤
λ max

1≤i≤2k
{p(xi, yi)} for all x1, x2, · · · , x2k, y1, y2, · · · , y2k ∈ X and

λ ∈ (0, 1
s2k

)
Then there exists a unique u ∈ X such that
u = S(u, u, · · · , u, u) = T (u, u, · · · , u, u).

Corollary 2.5. Let (X, p, s) be a partial b-metric-like space with
s ≥ 1and S : Xk → X and f : X → X be mapping satisfying
(2.5.1) S(Xk) ⊆ f(X),
(2.5.2) p(S(x1, x2, · · · , xk−1, xk), S(y1, y2, · · · , yk−1, yk)) ≤
λ max

1≤i≤k
{p(fxi, fyi)} for all x1, x2, · · · , xk, y1, y2, · · · , yk ∈ X

and λ ∈ (0, 1
sk
),

(2.5.3) f(X) is a complete subspace of X,
(2.5.4) the pair (f, S) is k−weakly compatible.
Then there exists a unique z ∈ X such that z = fz = S(z, z, · · · , z, z).
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