”Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 27(2017), No. 2, 125-156

SUPERMINIMIZERS FOR ENERGY INTEGRALS
IN ORLICZ-SOBOLEV SPACES ON METRIC SPACES

MARCELINA MOCANU

Abstract. We extend the basic part of the study of supermini-
mizers for Dirichlet energy integrals on metric spaces, initiated in a
seminal paper by J. Kinnunen and O. Martio (2002) and thoroughly
undertaken in the monograph of A. Bjorn and J. Bjérn (2011), to a
case where the role of Newtonian spaces is played by more general
Orlicz-Sobolev spaces. We prove a comparison principle for obstacle
problems in this generalized setting, then we give some characteriza-
tions of superminimizers and methods of constructing new supermini-
mizers from existing ones. Finally, we establish a two-way connection
between the solutions of obstacle problems and the superminimizers
associated to an energy integral.

Dedicated to Professor Valeriu Popa on the Occasion of His 80th
Birthday

1. INTRODUCTION

Laplace equation is the prototype for linear elliptic partial differ-
ential equations of second order and the properties of its solutions,
harmonic functions, are the object of study of potential theory.
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Dirichlet’s principle for Laplace equation establishes a strong con-
nection between PDE’S and calcululs of variations. Consider the en-
ergy integral (v f IVo(z)|” dz, where @ C R" is a nonempty

open set and v € C’2 (Q) Then v € C? () is harmonic in  if and
only if u is a stationary point of the functional 7, in the sense that
LT (u+ tgo)‘tzo = 0 for all ¢ € C§° (). In the special case where
is a bounded domain with a C'-boundary, a function u € C? (ﬁ) is
harmonic in €2 if and only if v is a minimizer of I, with respect to the
functions having the same boundary values: I (u) < I (w) whenever
w € C? (Q) satisfies w,q = ulyq.

Nonlinear potential theory extends the study of harmonic functions
to solutions of partial differential equations that are nonlinear, possibly
degenerate, elliptic or parabolic.

A first step in generalizing Laplace equation by a nonlinear ellip-
tic equation in divergence form has been taken by introducing the
p—Laplace equation

— div (|Vu['"* Vu) = 0.

Solutions of the p—Laplace equation in domains in R”, called
p—harmonic functions coincide with the minimizers of the p—Dirichlet
energy integral I,( f |Vu(z)[” de. Moreover, supersolutions of

the p—Laplace equation Com(nde with the superminimizers of the
p—Dirichlet energy integral.

A classical obstacle problem (in calculus of variations) requires to
find the equilibrium position of an elastic membrane whose boundary
is held fixed, and which is constrained to lie above a given obstacle.
This problem is related to the study of minimal surfaces and of the
capacity of a set in potential theory. The obstacle problem with the
obstacle identical —oo is the corresponding Dirichlet problem. Ob-
stacle problems have applications in continuous media mechanics (the
study of fluid filtration in porous media, elasto-plasticity), optimal
control ( applied e.g. to the study of the electrochemical machining
problem), financial mathematics and many others [24].

[14] was the first monograph dealing with a potential theory for a
class of second order quasilinear elliptic equations that are ”"measur-
able perturbations” of p—Laplace equation and whose solutions are in
a weighted Sobolev space of first order, with exponent p. An impor-
tant property of these solutions is that they are quasiminimizers of a
weighted p—Dirichlet integral.
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During the last two decades, potential theory has been developed in
the setting of doubling metric measure spaces supporting a p—Poincaré
inequality. Nonlinear potential theory on metric measure spaces uni-
fies the theory of variational integrals related to nonlinear elliptic
PDE’s, studied in various settings: in weighted Euclidean spaces with
Muckenhoupt weights, on Riemannian manifolds with nonnegative
Ricci curvature, on Carnot groups, on graphs, etc.

In the metric setting, the role of the length of the gradient is taken
by the notion of upper gradient, that was introduced by Heinonen
and Koskela [13]. The study of p—harmonic functions as solutions
of a partial differential equation is replaced by their study study as
minimizers of the p—Dirichlet integral, which belong to the Newtonian
space NV, llo’f (X). Superminimizers and solutions of the obstacle problem
for the p—Dirichlet integral play an important role in this study, as
shown in [16]. Quasiminimizers, that in first place have been used as
tools in studying regularity of minimizers of variational integrals, are
interesting in their own right, their potential theory on metric spaces
being developed in [17].

The monograph [3], considered a metric space enriched version of
[14], is a self-contained exposition on nonlinear potential theory of
p—harmonic functions on metric measure spaces supporting a p—Poin-
caré inequality.

We extend the basic part of the study of superminimizers for Dirich-
let energy integrals on metric spaces, initiated in a seminal paper by
J. Kinnunen and O. Martio [16], developed in papers as [2] and thor-
oughly undertaken in the monograph of A. Bjérn and J. Bjérn [3], to
a case where the role of Newtonian spaces is played by more general
Orlicz-Sobolev spaces. We prove a comparison principle for obstacle
problems in this generalized setting, then we give some characteriza-
tions of superminimizers and methods of constructing new supermini-
mizers from existing ones. Finally, we establish a two-way connection
between the solutions of obstacle problems and the superminimizers
associated to an energy integral.

2. PRELIMINARIES. WEAK UPPER GRADIENTS AND
ORLICZ-SOBOLEV SPACES

Let (X,d, 1) be a metric measure space. It is assumed that u is a
Borel regular measure, finite and positive on balls. We will denote by
B (x,r) the open ball centered at x € X of radius » > 0. By a curve
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we mean a continuous mapping from a compact interval into X. We
will denote the image of a curve 7 : [a,b] — X by |v|.

The measure p is doubling if there exists a constant C, > 1 such
that

p (B (x,2r)) < Cup (B (z,7))

whenever z € X and r > 0. Doubling measures play an important
role in harmonic analysis, through the notion of space of homogeneous
type.

We recall the notion of Orlicz space on a measure space [23]. The
notions of Young function and N—function are well-known. In what
follows, ¥ : [0, 00) — [0, co] will always be a Young function.

We deal with the growth rates given by As—and Vy—conditions for
Young functions. W is said to satisfy a As—condition (and is called
doubling) if there is a constant Cy > 0 such that W(2t) < Cy¥(t)
for every t € [0,00). On the other hand, ¥ : [0,00) — [0,00) is
said to satisfy a Vo—condition if there is a constant C' > 1 such that
U(t) < 55P(C1) for all t € [0, 00).

Let (X, A, 1) be a measure space with p a complete and o—finite
measure. The Orlicz space associated to VU is

LY(X) = { u: X — R measurable: /\Il()\ |u])du < oo for some A > 0

X

The Orlicz space is a Banach space with the Luxemburg norm defined
by

X

If a Young function ¥ satisfies both a As—condition and a
Vy—condition, then the space L®(€) is reflexive [6].

The notion on modulus of a curve family, with respect to an Orlicz
space, was introduced in [27] as a generalization of the p—modulus.
Denote by I' (X)) the family of all rectifiable non-constant curves = :
la,b] = X. Let I' C I'(X) . Then A (T'), the set of admissible function
for T', is defined as follows: p € A(T") if p : X — [0,00] is a Borel
function such that [p ds > 1. The W—modulus Mody (T') of T is

8!

defined by
Mody (1) = inf 1ol
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The W—modulus has the properties of an outer measure on I' (X). It
is said that a property of curves holds for ¥ —almost every curve if the
¥ —modulus of the set of curves in I' (X) for which the property does
not hold is zero [27].

In first order calculus on metric spaces, the notion of upper gradient,
introduced by Heinonen and Koskela in [13], is a substitute for the
length of the gradient of a smooth function. A related notion is that
of upper gradient along a curve. All non-constant rectifiable curves 7 :
la,b] — X are assumed to be parameterized by arc length. Denoting
the length of v by [,, we will consider curves parameterized by arc
length written as v : [0,1,] — X.

A Borel measurable function g : X — [0, o0] is an upper gradient of
an extended real-valued function u on X if

(2.1) )~ ulr ()] < [ gds

Y

Here the following convention is used: if at least one of u(~y (0)) and
u(v (1)) is not finite, then [ g ds = oo ([3, page 9]).
v

Definition 1. A Borel measurable function g : X — [0,00] is an
upper gradient of an extended real-valued function u on X, along a
non-constant rectifiable curve v : [0,1,] — X, if for every subcurve
7 [0,0,,] = X of v we have

(1 (0)) — u(n ()] < / g ds.

71

The upper gradients are sensitive, being not preserved neither under
changes almost everywhere, nor under limits. These drawbacks are
eliminated by using the more general notion of p—weak upper gradient,
introduced by Koskela and MacManus [19]. We can define the notion
of W—weak upper gradient associated to a Young function W, slightly
modifying the definition from [27], by omitting the Borel measurability
requirement, as it was first suggested in [4]. As a consequence of the
Borel regularity of the measure p, every measurable function f: X —
R agrees a.e. with a Borel function [3, Proposition 1.2]. Note that
for W (t) = t? the Borel measurable W—weak upper gradients coincide
with p—weak upper gradients.

Definition 2. A measurable function g : X — [0,00] is a V—weak
upper gradient of an extended real-valued function u on X if (2.1) holds
for W—almost every non-constant rectifiable curve v : [0,1,] — X.
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The fact that [ g ds is defined for ¥—almost every curve v € ' (X)
v
follows as shown in [3, Lemma 1.43] for the case ¥ (t) = t?, as we will

explain below.

Obviously, every upper gradient is a W—weak upper gradient. The
converse is not true, but every W—weak upper gradient is an upper
gradient along ¥ —almost every curve. Moreover, every W —weak upper
gradient can be approximated in Orlicz norm by upper gradients, with
arbitrarily small error.

Remark 1. If 'y and I" are curve families such that each v € I' has
a subcurve vy € Ty, then Mody (I') < Mody (T'y) [27, page 22].

Remark 2. As in [3, Lemma 1.40], it follows that for each W—weak
upper gradient g of u the family of curves v € T'(X) for which g is
not an upper gradient along v has zero W—modulus.

For a set £ C X, denote ' = {ye€T'(X) with |y|NE # 0}
and 't = {y € ['(X) with A; (v} (E)) # 0}, where A; is the outer
Lebesgue measure on R.

As in [3, Lemma 1.42], it is easy to prove that u(E) = 0 implies

Lemma 1. Let g : X — [0,00] be a measurable function and let

g : X — [0,00] be a Borel function such that g = g a.e. Then,

for W—almost every curve v € T'(X), we have [g ds = [§ ds, in
v v

particular [ g ds is well defined.
v

Proof. As g is a Borel function, [ g ds is defined for every curve v €
Y
I'(X).
Let E={ze€ X :g(x)#7(x)}. if v € T(X)\I'f, then [g ds =
8!
[ g ds. But Mody (T'};) =0, since we have u(E) = 0. 1

~

Corollary 1. Fach nonnegative function that agrees a.e. with a
VU —weak upper gradient of u is also a V—weak upper gradient of u.
In particular, a function possesing a measurable W—weak upper gradi-
ent also has a Borel V—weak upper gradient.

The first part of the above corollary was proved for Borel measurable
functions in [27, Lemma 4.4].
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The following extension of [3, Lemma 2.6] can be proved as in the
case LY (X) = L? (X), using only basic properties of ¥ —weak upper
gradients and of W—modulus, as well as the property from Remark 2.

Lemma 2. If g1, 9, € LY (X) are U—weak upper gradients of a mea-
surable function w in X, then g = min {g1, g2} is also a V—weak upper
gradient of u.

The problem of approximation in LY norm of a W—weak upper
gradient by upper gradients was first solved in [19, Lemma 2.4] for
U (t) = tP, then in [27, Lemma 4.3] for an arbitrary Young function
W. Note that is not necessary to assumme that the W—weak upper
gradient belongs to LY(X). From [27, Lemma 4.3] and Lemma 1 we
obtain

Lemma 3. Let g : X — [0, 00| be a YV—weak upper gradient of A func-
tion u. Then there is a decreasing sequence (gi)i21 of upper gradients
of w such that ||g; — | pw x) = 0 as i — oo.

Now we can recall the definition of the Orlicz-Sobolev space N¥ (X))
introduced in [27]. First, the family of all functions v € L¥ (X)) having
a U—weak upper gradient g € LY(X) is denoted by N7 (X).

N-Y(X) is a vector space. One defines a seminorm on N%¥(X) by
setting

ol = lull,, . +inflgll,

where the infimum is taken over all W—weak upper gradients g €
LY(X) of u.

Remark 3. Lemma 1 shows that the definition of N (X) is not af-
fected if we use measurable, not necessarily Borel, V—weak upper gra-
dients. In addition, by Lemma 3 the seminorm |lu||, y is not changed

if we take the infimum only over the upper gradients g € LY(X) of u.

As in the case of LP—spaces, the seminormed space N LY(X) is
turned into a normed space via an equivalence relation. It is said
that functions u,v € NY(X) are equivalent, u ~ v, if ||u — vl = 0.
Denote the equivalence class of u by .

One defines the normed space (NL‘I’(X), H-HNW(X)) with

NY(X) = F(X)/ ~ and [[ilyiece = lullg for every u e
NLY(X). To ease the notation, we write u € N'Y(X) instead of
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u € NM7(X), understanding that we choose an arbitrary represen-
tative of a given equivalence class belonging to N1¥(X). The normed

space (va‘l’(X), H'HNL\I,(X)> is the Orlicz-Sobolev space associated to

the Young function W.

In the above definitions we may replace X by a nonempty open
subset Q C X. It is said that a function u : X — R belongs to the
local Orlicz-Sobolev space Npo¥ (X) if u € NVY(B) for each ball B € X
[27, Definition 6.3].

Some function spaces related to NV (X) are very useful.

The Dirichlet space DY (X) can be defined as the space of measur-
able functions u : X — R having an upper gradient in LY (X) (equiva-
lently, by Lemma 1, having a W —weak upper gradient in LY (X)). We
sce that N2 (X) = LY(X) N DY (X).

The space ACCy(X) of functions that are absolutely continuous on
U —almost every curve in X is defined in [27, Definition 4.5], as follows:
u € ACCy(X) if u : X — R and w o« is absolutely continuous on
0, 1,] for ¥—almost every curve v € I' (X).

It is shown in [27, Lemma 4.6] that every u : X — R with
u € DY (X) also belongs to ACCy(X). Note that we may drop
the restriction of finiteness of u. The existence of an upper gradi-
ent g € LY(X) of u implies that the family ', C T'(X), of curves ~
with [ gds = oo, has zero W —modulus. According to Remark 2, the

8!
family I’y of curves v € I' (X) for which g is not an upper gradient
along v also has zero ¥—modulus. If v € T'(X) \ (I'nc UT), it fol-
lows that u o 7 is absolutely continuous on [0, l,], see the proof of 3,
Theorem 1.56]. Then DY (X) C ACCy(X).

In particular, we get N2¥(X) c ACCy(X) [27, Corollary 6.4].

A Sobolev capacity with respect to the space NM¥(X) is the
W —capacity introduced in [27, Definitions 6.1 and 6.2], defined by
Capy(E) = inf{||ul yrwix) + u € N (X) and v > 1 on E} for
each set £ C X. The U—capacity is an outer measure. [27, Propo-
sition 7.3]. We have Capg(E) = 0 if and only if pu(E) = 0 and
Mody (') = 0 [27, Proposition 7.4].

It is said that a property regarding points in X holds V—quasievery-
where (¥—q.e.) if the set of points for which the property does not
hold has zero ¥—capacity.
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Remark 4. The V—capacity represents the correct gauge for distin-
guishing between two functions representing classes in N2 (X): if
ue NYW(X)andv: X — R, thenv = u V—q.e. if and only if
v € NYW(X) and |ju — 0| yru(xy = 0, see [3, Proposition 1.61], [21,
Proposition 4].

A proof similar to that of [3, Proposition 1.59] shows that two func-
tions belonging to ACCy(X), that agree a.e., actually agree ¥—q.e.,
see also [27, Corollary 6.12]. It follows that every representative of a
class in N'¥(X) is finite ¥—q.e., see [3, Corollary 1.70].

In order to compare boundary values of Orlicz-Sobolev functions we
need Orlicz-Sobolev spaces with zero boundary values on a set £ C X.
Denote by Ni™¥ (E) be the collection of functions u : £ — R for which
there exists @ € N“¥(X) such that 7 = u a.e. on E and u(z) = 0
U—qein X\E. If u,v € NJ'Y(E) define u ~ v if u = v ae. on
E. Then ~ is an equivalence relation. We consider the quotient
space No'¥(E) = Ny (E)/ ~. A norm on N;*"(E) is unambiguously
defined by Hu”NS’\D(E) = [[@|| yr1w(x)- By Remark 4, we have

Ny"(E) = {ulp:ue N"(X) and u=0in X\E}.

Denote by Lip. (E) the set of Lipschitz functions with compact sup-
port in E. If Q C X is open, then Lip. (2) C N&"P(Q).
The following lemma generalizes [3, Lemma 2.37].

Lemma 4. Assume that E C X is measurable. If u € N"YW (E) and
v, W E N&’\I’ (E) satisfy the inequalities v < u < w ¥—gq.e. in E, then
ue Ny (E).

Proof. We denote the extension by zero of a function f: E — R to X
also by f. The extensions by zero of v, w belong to N*Y¥ (X).
We define the difference
d(z) = u(z) —v(x), if x € E and v(z) < 400
0,ifre Fandv(z) =4occorifz € X\ E °

Similarly, we define D replacing u by w. Note that D € Nol"l’ (E).

Then we have u =v +d and w=v+ D on X.

Since v < u < w ¥Y—q.e. in F, it follows that 0 < d < D. It suffices
to prove that d € Ny'¥ (E).

The above discussion show that it suffices to prove the lemma in
the case where v = 0. After redefining functions on sets of zero
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W —capacity, we may assume that 0 < u < w everywhere in E. We
prove that the extension by zero of u belongs to Nb¥ (X).
Fix g, € LY (E) an upper gradient of v in £ and g, € LY (X) an
upper gradient of w in X.
Define
_ ) Gutguink
9= gwin X\ E
Clearly, g € LY (X). We prove that g is an upper gradient of v in X,
hence u € N'7 (X).
Let v : [0,]] — X be a curve of length 0 < | < 0o, parameterized
by arc length. Denote |y| =~ ([0,1(7)]).
Case 1. If |vy| < E, then |u(y(0)—u(y()| =

u(7(0)) —u(y ()] < [ guds < [ gds.

Case 2. 16 {7(0),7 (1)} © X \ E, then [7 (7 (0)) — @ ( (1))| = 0 <
[ gds.

Case 3. It remains to study the case when |y| N (X \ E) # 0 and

{r(0),7(yNEF#D.
a) If only one of the points 7 (0), v (1) belongs to £, we may assume

that v(0) € E, v(I) € X \ E, since the case v(l) € E, v(0) € X \ E
is similar. Then

[a(y(0)) —u(y () = [u(v(0))]=wu
w(7(0)) = |w (v(0)) —w (v (1))l

/gwds < /gds.

Y v

b) If v(0),~(I) € E, we consider 0 < ¢t < [ such that v (t) € X \ E.
The above argument shows that |u (v (0)) —u (v (¢))] < [ gds and
’Y‘[o,t]

IN

IN

that [ (y (1)) —u(y ()] < [ gds. Then

7‘[“]

G ) -a W< [ gast [ gds= [gas

’Y\[o,t] ’Y|[t,z]
|
Obviously, upper gradients, as well as W—weak upper gradients,

are not unique (the sum between such a gradient and an arbitrary
nonnegative Borel function being a gradient of the same type). In
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order to substitute, in the problem of minimizing energy integral, the
length of the gradient |Vu| by an appropriate ¥ —weak upper gradient
of u, we need the notion of minimal V—weak upper gradient.

Definition 3. Let u € DY (X). A U—weak upper gradient g, €
LY (X) of u is a minimal W—weak upper gradient if g, < g a.e.
in X for every W—weak upper gradient g € LY (X) of u.

Note that g, < ¢ ae. implies [V (g,)dp < [ (g)du and
X X

ngHL‘I’(X) < HgHL‘I’(X)‘
Tuominen [27] proved the following existence result for minimal
weak upper gradients of Orlicz-Sobolev functions.

Proposition 1. [27, Corollary 6.9] Assume that ¥ is a doubling
Young function (i.e., satisfies the Ag—condition). Then for each
u € NV (X)) there exists a W—weak upper gradient g, € LY (X) of u

such that [V (g,)du = irg}ff\lf(g) dpand [|gul| v ) = 0 {|glle ).
X X

where the infimum is taken over all V—weak upper gradients of wu.
Moreover, for every ¥—weak upper gradient g € LY (X) of u we have
gy < g a.e. in X.

Remark 5. An analysis of the proofs from [27, 6.1], including the
proof of [27, Corollary 6.9], shows that the assumption u € LY (X)
1s not used. Therefore the results regarding minimal V—weak upper
gradients in 27, 6.1] hold for u € DY (X).

Note that a U—weak upper gradient g € LY (X) of u € DY (X) is
determined up to sets of zero measure.

Now we can prove a glueing lemma for (measurable) W—weak upper
gradients, extending [3, Lemma 2.19] from the case where LY (X) =
LP (X)), with a similar proof. The glueing lemma for W—weak upper
gradients that are Borel functions was stated (without proof) in [27,
Lemma 4.11].

Lemma 5. Let u € ACCy (X) and let v,w : X — R with g,h €
LY (X) being ¥ —weak upper gradients of v and w, respectively . As-
sume that there exists a a measurable set F' C X such that u|, = v
and u|X\F = w. Then the function p = gxr + hxx\r s a ¥—weak
upper gradient of u. Moreover, if ¥ is doubling and g = g, and h = g,
are minimal V—weak upper gradients of v and w, respectively, then p
15 a minimal V—weak upper gradient of u.
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Proof. Let g1 = g+hxx\r and g2 = gxr-+h. Note that g1, g2 € LY (X)
and p = min{g, go}. It suffices to prove that g; is a W—weak upper
gradient of u. By symmetry, we see that ¢, is also a W —weak upper
gradient of u. Then using Lemma 2 it follows that p is a U—weak
upper gradient of .

By Remark 2 and Lemma 1, there exists a curve family I'y C T" (X)
of zero ¥—modulus such that for every v € I'(X) \ T'g, v : [0,{] = X
the following properties hold:

(1) v~1 (F) is measurable;

(2) u,v and w are absolutely continuous on 7;

(3) g and h are upper gradients along « of v and w, respectively.

Case 1. If |y| C X \ F, then

u(v(0) =u(y (D) = |w (v (0) —wly D) < /hds < /glds,

hence

u(r©) -l W) < [ gids.

Case 2. Now assume that |y N ;7 £ 0. Let o =
inf{t € [0,]]:y(t) € F} and f =sup{t € [0,]] : v (¢t) € F}.
If a > 0, then Ju(y(0)) —u(y(a))] = lim |w (v (0)) —w (v (1))

th/{n [ hds= [ hds< [ gids, hence

IN

o,1 V0,0] V0,0]

(7 (0)) — u (3 ()] < / g1ds.

o,01

For a = 0 the above inequality is trivial.
Similarly, u(y(8) —u(y ()] < [ guds.

iy
Using the continuity of u and v along v we get

u (7 (@) — u (v (B)] = v (7 (@) — v (v (8))] < / gds < / g1ds.

a1 i)
By the triangle inequality,

wO) -uo < [ gdst [ ads+ [ gds= [ s

0,a) o] s Y
hence the first part of the proof is complete.
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We proved that p, that clearly belongs to LY (X), is a ¥—weak
upper gradient of u, hence u € DY (X).

Now assume that W is doubling (i.e., satisfies a Ay—condition). By
Lemma 1 and Remark 5, there exists a minimal W—weak upper gra-
dient g, of u. Then g, < p a.e. on X.

For g = g, and h = g,, the first part of this lemma shows that

P1 = GuXF + JuXX\F
is a W—weak upper gradient of u.
Applying the first part of the lemma, but with the roles of u and v
interchanged, we obtain that ps := g, Xxr + guXx\F is a Y—weak upper
gradient of v. Then, by the a.e. minimality of g, and g,, we get

G < p2o =9, < p=g, a.e. on F.

Then g, = g, a.e. on F', hence g, = p; a.e. on F.

Similarly, applying the first part of this lemma, with the roles of u
and w interchanged, we obtain that ps := g, Xr + guXx\F is a ¥—weak
upper gradient of w. Then, by the a.e. minimality of ¢, and g,, we
get

Gw < p3=Ggu < p= gy a.c.on X\ F.
Then g, = g,, a.e. on X \ F, hence g, = p; a.e. on X.
We proved that p; is a minimal W—weak upper gradient of u. §

Corollary 2. Assume that the Young function W is doubling. If v,w €
DY (X)), then g, = gy a.e. on E:={x € X :v(z) =w(2)}.

Proof. Define u = vxx\g +wxg. Since w = v on E, we see that u = v
on X. In particular, u € DY (X) C ACCy (X).

By the second part of the glueing lemma, Lemma 5, with F' := X\ E,
it follows that

P = GuXX\E + GuwXE

is a minimal W—weak upper gradient of u, hence of v, on X.

Since g, is also a W —weak upper gradient of v, we have g, = p a.e.
on X. This implies g, = g, a.e. on E. &

Following the steps from the proof of [3, Lemma 2.23] and using
Remark 2 and Lemma 5 we get the next lemma. Note that the re-
striction of a minimal weak upper gradient is not always minimal [3,
page 51].

Lemma 6. Let Q C X be a nonempty open set. Ifu € DY (X) and g,
15 a minimal V—weak upper gradient of u in X, then the restriction
Gulg of gu to Q0 is a minimal V—weak upper gradient of u in €.
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Using Lemma 6, Proposition 1 can be extended from N'¥ (X) to
D} (X), by the following result that generalizes [3, Theorem 2.25],
showing that every function in D}’ (X) has a minimal ¥—weak upper

gradient, determined up to a set of measure zero.

Proposition 2. Assume that the Young function V is doubling. Then
for each uw € DY (X) there exists a minimal U—weak upper gradient

gu € LY (X) of u, i.e. gu < g a.e. for all V—weak upper gradients

loc

ge L. (X) of u.

loc

Proposition 3. Assume that the Young function V is doubling. If
v,w € DY (X)), then g, = g, a.e. on E:={z € X :v(z) =w(z)}.

Proof. Fix zop € X. For every n > 1 it follows, by Lemma 6 and
Corollary 2, that there exists a set E,, C EN B (xg,n) of zero measure

such that g, = g, on (EN B (xp,n)) \ E,. Forevery x € E\ | E,
=1

there exists k > 1 such that z € (EN B (zo, k)) \ Ex, hence g, () =

oo
gw (). Since |J F, has zero measure, g, = g, a.e. on E. §
n=1

3. A COMPARISON PRINCIPLE FOR THE SOLUTIONS OF
OBSTACLE PROBLEMS

We recall the definition the obstacle problem in Orlicz-Sobolev
spaces and an existence result for this problem.

Let ¥ be a doubling Young function and let 2 C X be a bounded
nonempty open set. For u € N¥() denote by g, a minimal ¥—weak
upper gradient of u in §2. The existence of a minimal W—weak upper
gradient, which is determined up to sets of zero measure, is guaranteed
by Proposition 1.

The obstacle problem’s requirement is to minimize the energy in-
tegral I(u,Q) = [ ¥(g,)du among the Orlicz-Sobolev functions u €

Q

NLY(Q) that have given boundary values 3 € N1'¥(Q) and lie above
an obstacle function w : Q — R a.e.

Note that I(u,Q) < oo whenever u € NV¥(Q), since g, € LY (Q)
and the Young function ¥ is doubling.

The set of admissible functions for the obstacle problem is

Kos(Q)={ve N (Q):v—- e NY(Q), v>wae}

If Capy (X \ Q) = 0, then Ny'¥(Q) = NV¥(Q), therefore the condi-
tion v — 8 € Ny'¥(Q) becomes void. One defines obstacle problems
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assuming that @ C X is a bounded nonempty open set such that
Capyg (X \ 2) > 0. Note that (X \ ) > 0 implies Capy (X \ ) >
0.

Definition 4. A function v € K, () is said to be a solution to
the K, 3(Q)—obstacle problem if [W(g,)dp < [W(g,)du, for every
Q Q

v E Kwﬁ(Q).

It was proved in [22] that the obstacle problem stated above has
a unique solution under some assumptions that guarantee that a
(¥, U)— Poincaré inequality for functions in Ny'¥ () holds.

Theorem 1. [22, Theorem 4] Let X be a proper metric space, equipped
with a doubling measure, supporting a weak (1, ®)— Poincaré inequality
for some strictly increasing Young function ®. Assume that ¥ is a
doubling N— function and that ¥ o ®~1 is an N—function satisfying
a Vay-condition. Let 2 C X be a bounded nonempty open set such that
diam(Q) < diam(X)/3. If K, () is nonempty, then there exists
a solution to the K, 3(2)—obstacle problem. Moreover, if U is also
strictly convex, then the solution to this obstacle problem is unique.

The uniqueness of the solution means that, whenever u, us are so-
lutions of the K, 5(€2)—obstacle problem, the functions u,, us generate
the same equivalence class of N¥(Q), in particular u; = uy ¥—q.e.
in Q.

Theorem 1 gives a partial extension of Theorem 3.2 proved by
Kinnunen and Martio in [16], in the case W(t) = . The word
"partial” refers to the fact that in Theorem 1 the more general as-
sumption p(X \ Q) > 0 used in [16] is replaced by the assumption
diam(Q2) < diam(X)/3, needed in the proof of a (¥, V)—Poincaré
inequality for functions in N;'¥(Q) [22, Theorem 2]. Note that in
[16] it was assumed that the metric measure space supports a weak
(1,q) —Poincaré inequality for some 1 < ¢ < p, but later it turned
out that this follows from the apparently weaker assumption that the
space supports a weak (1, p) —Poincaré inequality for some p > 1 [15].

A variant of the above obstacle problem was studied in [3]. Replac-
ing the condition v > w a.e. in the definition of the admissible set
K, 5(2) by the stronger condition v > w VU—q.e., the admissible set
turns into

Kop(@) ={v e N"(Q):0 -8 N (Q), v>w ¥ —qel.
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A function v € K,z(Q) is said to be a solution to the
K, 5(2)—obstacle problem if [ W(g,)dp < [¥(g,)dp for every v €
0 0

Kop(Q).

Note that K, 5(2) C K, (), since zero capacity sets have zero
measure. If u € K, 3(§2) is a solution to the K, 5(€2)—obstacle prob-
lem, then u is also a solution to the K, 3(€2)—obstacle problem.

An analysis of the proof of Theorem 1 shows that its assumptions
actually ensure the existence of a solution of the K, 5(2)—obstacle
problem, if K, 5(2) is non-empty, as we will describe in the following.

Let I := inf {I(U,Q) NS }?wg(Q))} Consider a minimizing se-
quence (u;),~, in K,5(Q), ie. I = limI(g;,Q), where g; == g, for

- 1—00
every ¢ > 1. Using the (W, ¥) —Poincaré inequality as in the proof
of [22, Theorem 2], we may assume, passing to some subsequences,
that (u;);», and (g;);5, are weakly convergent in LY (X), to u and
g, respectively, where g > 0. By a consequence of Mazur’s lemma,

27, Theorem 4.17], there are sequences (u;),, and (g;),, of convex
combinations

i>1

nj nj
u; = E AkjUk, g5 = E AkjGks
py p

such that w; — u and g; — ¢ in LY (X) as j — oo. It is clear

that w; € K,p(Q2) and g; is a W—weak upper gradient of w;, for

each j > 1. Moreover, the convexity of W and the minimality of [

imply hﬁm J ¥ (g7) du = I. In Orlicz spaces norm convergence implies
J700 0

¥ —mean convergence, hence I = [V (g) dp.

Q
Let u = limsupw; and @ = liminfw;. As in the proof of [3, Propo-
Jj—ro0 Jj—oo

sition 2.3], it follows that g is a W—weak upper gradient of @ and of

@. Then @, & € N*Y(Q). On the other hand, since there exists a
subsequence of (), that converges a.e. to u, we see that u = u =1
a.e. Having U, @ € N“Y(Q) and & = 4 a.c., it follows that @ and @
represent the same equivalence class in N%¥(€), hence @ = u ¥—q_.e.
Considering a subsequence (u]m)m>1 such that u = hm u] , We see

that © > w ¥—q.e. As in the proof of [22, Theorem 2] we obtain
i—pBe Ny (Q). Then @ € K, 4(9).



SUPERMINIMIZERS IN ORLICZ-SOBOLEV SPACES 141
Then I < [V (gz)dp < [V (g)dp = I. We proved that u is a
Q Q

solution of the K, 3(2)—obstacle problem. Similarly, @ is a solution
of the K, g(€2)—obstacle problem.

The uniqueness in N¥(Q) of the solution for ¥ strictly convex
follows as in the proof of [22, Theorem 2].

In the particular case when the obstacle w belongs to N%¥ (X), the
set K, 5(Q2) is nonempty if and only if (w— ), € NV (). For
U (t) = t” with 1 < p < oo this was proved in [3, Proposition 7.4].

Proposition 4. Assume that 2 is a bounded nonempty open set
in the metric measure space X, such that Capy (X \ Q) > 0. Let
B,w e NY(Q). Then K, 5(Q) is nonempty if and only if (w — B), €
Ny (Q).

Proof. Note that (w — ), = max{w, 8} — 3.

Necessity. Let u € K., 5(€). Then 0 < (w — B), < (u—p), ¥—qe.
This inequality and (u — ), € N;Y (€) imply (w — B), € NV (),
according to Lemma 4.

Sufficiency. Define v := max {w, 3}. Since 3,w € N»¥(€), we have
ve NV (Q). Clearly, v — 3= (w—f8), € Ny (Q) and v > w on Q.
Then v € lN(wﬂ(Q). ]

Assume that 1 < p < oo, that X is a doubling metric measure space
supporting a (1,p) —Poincaré inequality and Q@ C X is a bounded
nonempty open set such that Cap, (X \ ) > 0. Let 8 € N'?(Q) and
w : Q@ — R. Under these assumptions, it was proved in [3, Theorem
7.3] that lN(w”g(Q) is nonempty if and only if the Choquet integral
[ (w—=B)E d cap, (-, Q) is finite.

N We do not know if there is an analogue for the above Adams’ crite-

rion in the setting of Orlicz-Sobolev spaces on metric measure spaces.

We prove a comparison principle for the solutions of a
K, 5(€2)—obstacle problem, assuming that every such problem has an
unique solution in NY¥(€). This holds under the assumptions of The-
orem 1.

Proposition 5. Assume that every K, 5(€2)—obstacle problem has an
unique solution in NV (Q), whenever K, 5(€) is nonempty.
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Forj=1,2, letw; : Q — R and B; € N*Y(Q) be such that K., 5,(Q)
is nonempty and let u; be a solution of the K., 3,(€2)—obstacle problem.
If wi <ws ace. in Q and (B1 — B2), € NOM’(Q), then u; < ug U—gq.e.
in €.

Proof. For each f € N“¥(Q) we will denote by g; a minimal ¥—weak
upper gradient of f.

Let u = min {u;, us}. Then u € NH¥(Q). We will prove that u = u,
PU—q.e. in 2.

First we show that u € K, 3, (). Clearly, u > w; a.e. in €.

Define h := (u; — 1) — (uz — B2). Note that h € No'¥(Q). We have

u— P51 = min{ug — B, (ug — f2) + (B2 — f1)}
= (ug — B2) + min{h, By — B1},

hence u — By € Ny'¥ (). Tt follows that u € K, 5,(Q).
Similarly, for v = max{uj,us} € N“¥(Q) we show that v €
K, 5,(£2). Obviously, v > wy a.e. in Q2. We have

v— Ly = max{us — i, (ug — B2) + (B2 — £1)}
= (uz — B2) + max{h, By — Bi},

hence v — By € Ny (Q). Tt follows that v € K, 5,(Q).
Next we compare f\II Gu)dp and f‘I’ Guy ).

Let A:={ze€Q: u1 () > ug (x )} The set A is measurable. Since
u(z) =uy (x) for x € Aand u(x) = uy (z) for x € Q\ A, the function
Gu = GusXA + GuXona 18 a Y—weak upper gradient of w. Similarly,
since v () = uy (z) for x € A and v (x) = us (z) for x € Q\ A, the
function g, = gu, X4 + Gu. X4 5 a ¥—weak upper gradient of v, by
Lemma 5.

Since wug is a solution of the K, g,-obstacle problem and v €
K., 5,(2), we have

/\I’(guz)du < /\I'(gv)du < /\If@v)duzf\l’(gul)dw/ U (Gu, )dpt.
Q Q Q A Q\A

The above inequalities imply

[ vdan < [ ot

A A
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hence
(3.1) Q/ U(g)dp < Q/ W(G,)dp =
A/\If(qu)dquQ\/A U (guy)dp < Q/‘If(gul)du-

Since wu; is a solution of the K, s (§2)-obstacle problem and u €
K, 5(9), inequality (3.1) shows that u is also a solution of the
K., s, (2)-obstacle problem.

By the uniqueness property for the solution of an obstacle problem,
it follows that u = u; ¥—q.e. in Q. 1

Remark 6. Replacing in the statement and in the proof of Proposition
5 inequalities a.e. by inequalities W—q.e. we oblain a comparison
principle for K, 3(2)—obstacle problem, extending [3, Lemma 7.6].

4. SUPERMINIMIZERS

In the following we assume that ¥ is a doubling Young function,
in order to ensure the existence of minimal W—weak upper gradient
gu € LY, () for each functions u € N,>¥ (), see Proposition 2.

Given a doubling Young function ¥ and a nonempty open set
Q C X, we want to find functions u € N-V(Q) that locally mini-

mize the energy integral I (v, D) = [V (g,) du for all nonempty open
D

sets D CC () among all functions v € u + NS’W(Q) or at least among
all functions v € u + Lip.(2).

The case W (t) = t” was thoroughly studied in several papers, such
as [8], [26], [18], [16], [2], see the monograph [3, Chapter 7].

Ifu e NoY(Q) and v € u + Ny'¥(Q), then g, € LY (D) for every
nonempty open set D CC €, hence I(v,D) < oo by the doubling
property of the Young function V.

Let ) > 1 be a number.

Definition 5. A function u € Nlloc\y(Q) s a ()—quasiminimizer n )
if for all ¢ € Lip.(Q) we have

(4.1) /‘P(gu)duéQ/‘lf(guw)du.

p#0 »#0
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Definition 6. A function u € Nliclp(Q) is a (Q—quasisuperminimizer
(a Q—quasisubminimizer) in § if the inequality (4.1) holds for all
@ € Lip.(Q) with ¢ >0 (respectively, with ¢ <0).
Definition 7. A function u € N2 (Q) is

1) a Q—quasiminimizer in a strong sense in ) if the inequality (4.1)
holds for all p € N;¥ (Q);

2) a Q—quasisuperminimizer (a QQ—quasisubminimizer) in a strong
sense in Q if the inequality holds (4.1) holds for all ¢ € Ny'¥ (Q) with
© >0 (respectively, with ¢ <0).

When we take () = 1 in the above definitions, the prefix ” (Q—quasi”
will be omitted, so that we talk about minimimizers, superminimaizers,
subminimizers.

We will show below that the class of ()—quasiminimizers is the in-
tersection between the class of ()—quasisuperminimizers and the class
of Q—quasisubminimizers. Note that u is a ()—quasisubminimizer (in
a strong sense) if and only if (—u) is a Q—quasisuperminimizer (in a
strong sense). Therefore, it suffices to study @) —quasisuperminimizers.

Remark 7. Note that we obtain an equivalent definition of
Q— quasisuper-minimizers (in a strong sense) by replacing the con-
dition 7o > 07 by "¢ > 0 a.e.”, see [3, Remark 7.10]. Indeed,
if a function o € NVY(Q) is assumed to be nonnegative a.e., then
max {¢,0} € NMY(Q) by the lattice property of Orlicz-Sobolev spaces
and ¢ = max {p,0} a.e., therefore p = max{p,0} >0 ¥—gq.e. in (.
Moreover, replacing ¢ by a nonnegative representative of its equiva-
lence class in NYY(Q) the integrals involved in (4.1) do not change.

Lemma 7. Let u € N2Y(Q). Then u is a Q—quasiminimizer (in a
strong sense) if and only if u is both a Q— quasisuperminimizer and a

Q— quasisubminimizer (in a strong sense).

Proof. The necessity is obvious.
Sufficiency: Let ¢ € Lip.(Q) ((,0 e NyY(Q). Then ¢, ¢p_ €
Lip.(Q) (respectively, o, o_ € Ny'¥ ().
As u is a (Q—quasisuperminimizer (in a strong sense),
J V(0)dn<Q [ V(gupe,)dp=0Q [ ¥ (gury)dp.
p+7#0 s@+¢0 ©>0
As uis a Q quasisubminimizer (in a strong sense),
f \I} gu d,u S Q f v (gu—cpf) d:u Q f \I} gu+<,0) d:u
p-7#0 p—7#0 ©<0
Adding the above inequalities we get (4.1). 1
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In the case ¥ (t) = t?, 1 < p < oo, several characterizations of
()—quasisuperminimizers have been proved in [2, Proposition 3.2,
see also [3, Proposition 7.9] for the special case @ = 1. One
of these characterizations proves the equivalence between the above
definition of Q—quasisuperminimizers involving (4.1) and the def-
inition of ()—quasisuperminimizers introduced in [17] (called here
Q— quasisuper-minimizers in a strong sense).

We extend below some characterizations of superminimizers.

Proposition 6. Let u € N2 (Q). Then u is a minimizer (supermin-
imizer, subminimizer) in Q if and only if

(4.2) /‘If(gu)dus / U (Gutp) dpe

suppp suppp

for all ¢ € Lip. () (that in addition are nonnegative, respectively
nonpositive).

Proof. Let ¢ € Lip. (). Denote A = {z € suppy : ¢ (z) = 0}. Since
suppy is compact, the integrals in (4.2) are finite.
For all v € N2Y(Q) we have

[ verdn= [ v+ [vig)an

suppy p#0
By Proposition 3, ¢, = gut, ae. in A, hence [V(g,)du =
A
J ¥ (guty) di < 0. It follows that
A

/ U (gy)dp < / VU (guty) dp if and only if

suppy suppy
/ U (gu)dp < / W (Guryp) dpa-
p#0 p#0

Now compare the definition of minimizers (superminimizers, sub-
minimizers) used here with the extension of the definition introduced
by Kinnunen and Martio [16] in the case W(t) = tP.
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Proposition 7. Let u € N (). Then u is a minimizer (supermin-
imizer, subminimizer) in Q if and only if

(43) Jv@adns [

D D

holds for all open nonempty sets D CC  and all ¢ € Lip. (D) (that
in addition are nonnegative, respectively nonpositive).

Proof. Tt suffices to study the case of superminimizers.

Sufficiency: Let ¢ € Lip.(Q). It suffices to assume that ¢ > 0,
but ¢ is not identically zero. Let D = {x € Q: ¢ (z) # 0}. Then D is
open, nonempty and D CC Q and (4.3) turns into (4.1).

Necessity: Fix an open nonempty set D CC {2 and a nonnegative
function ¢ € Lip. (D) . Then we also have ¢ € Lip. (€2). Moreover,
{r €Q:p(x)#0} C D, hence D = {x € Q: p(x) # 0} U A, where
A:={zx e D :p(x)=0}.

Since u is a superminimizer in , we have [ U (g,)du <

»#0
f N4 (gu-HD) d/'L
p#0

AS gy = Guiyp ae. in A, we have [V (g,)du = [V (guty)dp =:
A A

I (u, A). Adding I (u, A) to both members of the above inequality we
get (4.3). 1

If 2 is bounded and X is proper it is enough to test the minimizing
property from the definition introduced by Kinnunen and Martio using
(4.3) only for D = €, as it is shown below.

Proposition 8. Let u € N>¥(Q). Assume that

loc

(4.4) / U (gu) dp < / U (Gury) dp

for all open nonempty sets D CC Q and all ¢ € Lip. (D) (that in
addition are nonnegative, respectively nonpositive). If Q is bounded
and X is proper, then (4.4) also holds for D = Q and ¢ € Lip. ().

Proof. Let ¢ € Lip. (). It suffices to assume that ¢ > 0, but ¢ is not
identically zero.

For n > 1, define D,, := {z € Q:d(z,00) >1}. The set D,
is nonempty for n large enough. By the continuity of the func-
tion x +— d(x,00), the set D, is always open. Since D, C
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{re€Q:d(z,00) > 1} C Qand we have Q bounded and X proper,
it follows that D,, is compact, hence D,, CC €.
Note that for large n we have suppy C D,,, hence ¢ € Lip. (D,,).
By Proposition 3, g, = gut, a.e. in {x € Q:p(x) =0}. Then we
have

/‘If(gu)duz / U (gu) dp + / U (gu) dps

Dn, Dnn{p#0} Dnn{e=0}
and
[veddi= [ wadir [ wi)de
Bn DA{p0) Drfp=0}
Using (4.4) for D = D,, and the fact that [ ¥ (g,)dp < oo it
Dnn{p=0}

follows that

(4.5) / U (gu) dpdp < / U (gu) dp-

DnN{p#0} Dn{p#0}

Since D,, C D, for all m > 1 and Q = |J D, letting n — oo in
n=1
(4.5) we get (4.3) for D = 2. n

Since we have Lip, (Q) € Ny'¥ (Q), every Q—quasiminimizer in a
strong sense is also a ()—quasiminimizer. The analogous statements
hold for ()—quasisuperminimizers and )Q—quasubsiminimizers. It is
very important to point out that the converse holds in the case where
U(t) =1t 1 <p < oo, as it is proved in [2, Proposition 3.2], using
the density of compactly supported Lipschitz function in Newtonian
spaces with zero boundary values under some usual assumptions on
the metric measure space X. The proofs of implications (e) = (a)
and (¢) = (f) in [2, Proposition 3.2], that use this density property
are not easy to extend to our case.

We recall some results on the density of compactly supported Lip-
schitz functions in an Orlicz-Sobolev space with zero boundary value,
20, Theorem 1] and [20, Corollary 2].

Lemma 8. ([20, Theorem 1)) Let X be a proper metric measure space
and let W be a doubling N — function. If locally Lipschitz functions are
dense in NV (X), then Lip, () is a dense subset of Ny'¥ (), for
every nonempty open set {2 C X.
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Remark 8. The proof of the above result shows that every nonneg-
ative function in Ny (Q) is the limit in NYY (Q) of a sequence of
nonnegative functions belonging to Lip, (S2).

By [27, Theorem 6.17], if ¥ is a doubling Young function and if the
metric measure space X is doubling and supports a (1, ¥) —Poincaré
inequality, then Lipschitz functions are dense in N*¥ (X)), both in
norm and in Lusin’s sense. The following sufficient conditions for the
density of Lip. () in Ny (Q) follows.

Corollary 3. ([20, Corollary 2|) Assume that ¥V is a doubling
N —function and that the metric measure space X s proper, doubling
and supports a (1, V) — Poincaré inequality. Then Lip. () is a dense
subset of N&’q] (Q), for every open set Q2 C X.

Proposition 9. Let X be a proper metric measure space and let W
be a doubling N—function, such that locally Lipschitz functions are
dense in NV (X). Assume that u € N2Y(Q). If u is a minimizer
(superminimizer, subminimizer) in , then u is a Q— quasiminimizer
(Q— quasisuperminimizer, Q— quasisubminimizer) in a strong sense in
Q, where Q) depends only on the doubling constant of V.

Proof. 1t suffices to assume that u is a superminimizer.

Let o € Ny'¥ (Q) be nonnegative. Let 0 < £ < 1. By Lemma 8 and
Remark 8, there exists a nonnegative function f € Lip. (€2) such that
If = SOHL‘I’ <e

By [11, Lemma 3.8.4], the following inequalities between the
W —integral and the Luxemburg norm hold:

f\Il ([o]) dp < vl po gy if [v][Le(q) < 1, respectively f\Il (Jv]) dp >

HU“L‘I’ if HU”L\I’Q > 1. Since || f — SOHL\IJQ < € < 1, we have
f‘I’(!f— el) du < ||f Pl <e
0

As u is a superminimizer in a weak sense,
f\I’ gu) dp < f‘P (Guts) dps-

ertmg u+ f =u+ ¢+ (f —p), we see that gu+r < Gury + g7y
a.e.. Then, using the doubling constant C'y of ¥ and the properties of
monotonicity and convexity of ¥, we get

1
v (9u+f) <V <9u+s0 + gfw?) < 50\11 (U (9u+s@> + W (gfﬂp)) .
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Then
/W(gu) dp < /\If(gu+f) dp
Q Q
1 1
S 50\11/\Ij(gu+<p) dM+§C\I//\If(9f¢) dﬂ>

Q Q
hence [ (g,)dp < 3Cy [V (guty) dp+ 3Cye.
QO Q

Letting ¢ tend to zero, we get

/‘If(gu) dp < %C@/‘I'(guw) dp.

Q Q

Since 0 < ¢ € NyY(Q) is arbitrary, it follows that u is a
@—quasisuper-minimizer, where Q := 3Cy. I

We consider the problem of constructing new superminimizers from
existing ones.

Lemma 9. Consider an ascending sequence of open sets {2y C g C

oo
L CQ=UQ andu € N2Y(Q). Then u is a superminimizer in
j=1

if and only if u is a superminimizer in 2, for each j > 1.

Proof. Necessity: Use Lip. (€);) C Lip. (), where j > 1.
Sufficiency: Assume that u is a superminimizer in €2; for each j > 1.
Then u is defined on Q = (J Q.
j=1
Let ¢ € Lip. (€2) be nonnegative. Since suppy is a compact subset

of Qand O C Qy C ... C Q= | Q,, there exists ¢ > 1 such that
=1

]7
suppy C €2, in particular {z € Q: ¢ (z) #0} C Q,. Since u is a
superminimizer in €; we get (4.1).
It follows that u is a superminimizer in 2.

Theorem 2 (Pasting superminimizers). Let Q0 C Qs be open sets.
Assume that w; is a superminimizer in a strong sense in §);, where
7 =1,2. Define
" { min {uy, us} in
o U9 m QQ \ Ql

Ifu e Nllo’c\ll(92>; then u is a superminimizer in (ly.
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Proof. Let ¢ € Lip. (€2) be nonnegative. We have to show that

(4.6) /‘I’(gu) dp < /‘I’(gv)du,

G G
where G := {z € Qs : ¢ (x) > 0} and v := u + . Note that G CC s
is an open set.

Consider M := {x € Qs : uy () < uz (z)}. Then

U= ulianﬂM
o (%) in (QQ\QI)U(Ql\M) ’

Let A:i={z € Q:uz(x) <v(z)}and B:={z € Qo : us (z) < v (x)}.

The above representation of u shows that
G=BNUNM)UAN((2\2)U Q1 \M))).

Note that A C G, since u < uy in €.

Obviously, BNy NM C GNQyNM. For every x € GNQNM we
have u () = u; (x) < v (z), hence z € B. It follows that BNQ,NM =
GNyNM.

Denote E := G Ny N M. We conclude that G = F U A.

Since u = u1Xg + ugXa\E, We have g, = gu, XE + JuuXa\E a-€. in G,
by Lemma 5. Noticing that G\ E = A\ E, it follows that

an [ ve)di= [ des [ )
G E A\E

x € E; (b) x € Q and uy (z) <
x) < min {us (z),v (z)}.

The following are equivalent: (a)
min {us (x),v (2)}; (¢) v € Qy and u

Denote m (x) := min {uy (x) ,v (x)}.

Then F = {x € Qs :u(z) <m(x)}.

As E C G CC Q, we have (m —u) € NVY(E). But (m—u), =
m —wu; on Eand m —u = 0in Qy \ E, hence (m —u), € Ny (E).
Since u; is a superminimizer in a strong sense and m = u; +(m — u),
in F. it follows that

(4.8) /\I’(gul)du < /\If(gm) dp.

But m = uaxa + vXa.\4, therefore g, = gu,xa + guXa,\a a.e. in (.
Then g, = gu,XENA + GuXE\4 a.€. in E, hence

@9 [vedu= [ [ Vi)

E ENA E\A
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Using (4.7), (4.8) and (4.9), we obtain

Jr@ins [wadnr [ wigndns [ o) dn

G F\A ENA A\E
ie.
Jrdns [wigdns [ v de
G F\A A
As A C G CC Q, we have (v —up) € NV¥(A). But (v —up), =

v—uyin A and (v —uz), = 0in Qy\ A, therefore (v —uy), € NV (A).
Since uy is a superminimizer in a strong sense and v = ug + (v — uy)
in A, we have

+

/‘If(gw)duﬁ /\If(gv) dp.

The latter two inequalities imply
Jveidns [ va)dus [wi)dn
G E\A A

This is the required inequality (4.6), since A and E '\ A are disjoint
and AU(E\A)=AUE=G.1

Corollary 4. If uy and us are superminimizers in a strong sense in
Q, then u = min {uy,us} is a superminimizer in Q.

Proof. Apply the above theorem with €1 = Qy = Q. 1

5. CONNECTIONS BETWEEN SUPERMINIMIZERS AND
OBSTACLE PROBLEMS

In the following we assume that ¥ is a doubling Young function and
) C X is a nonempty open set.

Proposition 10. Let 2 C X be a bounded nonempty open set. As-
sume that f € NY¥W(Q) and w : Q — R. If u is a solution of the

K, 5(Q2)—obstacle problem or of the K, 3(2)—obstacle problem, then
U 18 @ SUPermiInImizer in a strong sense.

Proof. Let u be a solution of the K, s(€2)—obstacle problem (or of the
K, 3(Q)—obstacle problem). Let 0 < ¢ € Ny¥(Q). Then we have
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u+ ¢ € K, 5(9) (respectively, u + ¢ € K, 5(€)), hence

/ U (gu) dp < / U (Gury) dpt.

Q Q

Let A= {zeQ:¢(z)=0}. By Corollary 2, g, = gu+, a.e. in A.
Substracting [ U (g,) dp = [ ¥ (gu+,) dp < 0o from both sides of the
A A

above inequality, it follows that

/‘I’(Qu) dp < /\If(guw)dw

»7#0 p#0

Proposition 11. Let u be a superminimizer in a strong sense in
Q. Assume that D C € is a bounded nonempty open set with
Capy (X \' D) > 0 and u € N*Y(D). Then u is a solution of the
Kuu(D)—obstacle problem.

Proof. Obviously, u € I?UU(D) Let v € I?uu(D) We have to prove
that [ U(g,)du < [ ¥(g,)dp.
D D

Denote ¢ = v — u. Then ¢ € Ny*¥ (D) and ¢ > 0 U—q.e.

Let E={z € D: ¢ (z) <0}. By our assumption, Capy (E) = 0.

Define « on D by a(z) = ¢ (z)ifx € D\ F and a(x) =0ifz € E.
Then 0 < o € Ny'¥(D) and « represents the same equivalence class
as p in NV¥(D).

Since w is a superminimizer in a strong sense in 2, [ U (g,)du <

a#0
I ¥ (guta) dp, hence [ (g,)dp < [V (guta) dpr.
a#0 D D

We have g, = ¢y a.e. in D\ E, hence g, = gy a.e. in D. Then

g‘l’(gv)du =g‘lf(gu+a) dp > g\lf(gu) dp- u

Proposition 12. Assume that either X is unbounded or Q@ # X.
If u € N2Y(Q) is a solution of K,,(D)—obstacle problem for all
nonempty open sets D CC §2, then u is a superminimizer in 2.

Proof. Let 0 < ¢ € Lip.(2). Then G = {z € Q:p(x) >0} is an
open set with G CC €.
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Since u is a solution of the I~(U7U(G)—0bstacle problem and 0 < ¢ €
Nolv‘l’ (@), we have [ WU(g,)dp < [ U(gury)du, ie.
e e

[ v s [ v

»#0 »#0

This proves that u is a superminimizer in €).

In the case ¥(t) = t?, 1 < p < oo, the following equivalence is
proved in [3]: assuming that either X is unbounded or Q # X, u €

NJEP(9) is a superminimizer in Q if and only if u is a solution of the

K,..(D)—obstacle problem for all D CC €. Recall that in this case
the notions of superminimizer and superminimizer in a strong sense
are equivalent.

Proposition 11 and the counterpart of the comparison principle,
Proposition 5, discussed in Remark 6 imply the following extension
of [3, Corollary 7.17], showing that a solution of an obstacle problem
is the smallest superminimizer with the prescribed boundary values,
which lies above the obstacle.

Corollary 5. Assume that 2 C X s a bounded nonempty open set
with Capy(X \ Q) > 0, 8 € NY(Q) and w : Q@ — R. Ifu is a
solution of the K, 5(Q)—obstacle problem and if v € K,5(Q) is a
superminimizer in a strong sense in ), then u < v W—gq.e. in 2.

Proof. By Proposition 11, v is a solution of the }N(v’v(Q)—obstacle prob-
lem. But u is a solution of the K, 5(£2)—obstacle problem and as w < v

V—q.e. in Q and (8—-v), € Ny (). Then the counterpart for

K, 5(2)—obstacle problems of the comparison principle, Proposition
5, implies u < v ¥—q.e. in . 11
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