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Abstract.In this paper, we investigate the growth of solutions of
higher order linear differential equations

f (k) + Ak−1 (z) f (k−1) + · · ·+ A1 (z) f ′ + A0 (z) f = 0

and

f (k) + Ak−1 (z) f (k−1) + · · ·+ A1 (z) f ′ + A0 (z) f = F (z) ,

where A0 (z) 6≡ 0, A1 (z) , · · · , Ak−1 (z) and F (z) 6≡ 0 are meromor-
phic functions of finite iterated p-order. We improve and extend some
results of papers [1] and [5] by using the concept of the iterated order
and considering the growth of some arbitrary dominant coefficient As
(s = 0, 1, · · · , k − 1) instead of A0.
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1. Introduction and main results

In this paper, a meromorphic function will mean meromorphic in the
whole complex plane. We shall use the standard notations in Nevan-
linna value distribution theory of meromorphic functions [12, 20, 21] ,
such as T (r, f) , N (r, f) , m (r, f) . For the definition of iterated order
of meromorphic function, we use the same definition as in [15] , [17] .
For all r ∈ R, we define exp1 r := er and expp+1 r := exp

(
expp r

)
,

p ∈ N. We also define for all r sufficiently large log1 r := log r and
logp+1 r := log

(
logp r

)
, p ∈ N.

Definition 1.1 [15, 17] Let f be a meromorphic function. Then the
iterated p-order ρp (f) of f is defined by

ρp (f) := lim sup
r→∞

log+
p T (r, f)

log r
, (p ≥ 1 is an integer) .

For p = 1, this notation is called order and for p = 2 hyper-order.

Definition 1.2 [15] The finiteness degree of the order of a meromor-
phic function f is defined by

i (f) :=


0, for f rational,

min {j ∈ N : ρj (f) <∞} , for f transcendental
for which some j ∈ N with ρj (f) <∞ exists,
+∞, for f with ρj (f) = +∞, ∀j ∈ N.

Definition 1.3 [15] Let n(r, a, f) be the unintegrated counting func-
tion for the sequence of a-points of a meromorphic function f . Then
the iterated convergence exponent of a-points of f is defined by

λp (f, a) := lim sup
r→∞

log+
p n(r, a, f)

log r
, (p ≥ 1 is an integer) .

In the definition of the iterated convergence exponent, we may replace
n(r, a, f) with the integrated counting function N(r, a, f), and we have

λp (f, a) := lim sup
r→∞

log+
p N(r, a, f)

log r
, (p ≥ 1 is an integer) ,

where N(r, a, f) = N
(
r, 1

f−a

)
. If a = 0, the iterated convergence

exponent of the zero-sequence of f is defined by

λp (f) := lim sup
r→∞

log+
p N

(
r, 1

f

)
log r

, (p ≥ 1 is an integer) ,
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where N
(
r, 1

f

)
is the integrated counting of zeros of f in {z : |z| ≤ r}.

If a = ∞, the iterated convergence exponent of the pole-sequence of
f is defined by

λp

(
1

f

)
:= lim sup

r→∞

log+
p N (r, f)

log r
, (p ≥ 1 is an integer) .

Similarly, the iterated convergence exponent of distinct zero-sequence
of f is defined by

λp (f) := lim sup
r→+∞

log+
p N

(
r, 1

f

)
log r

,

where N
(
r, 1

f

)
is the integrated counting of distinct zeros of f in

{z : |z| ≤ r}, and the iterated convergence exponent of distinct pole-
sequence of f is defined by

λp

(
1

f

)
:= lim sup

r→+∞

log+
p N (r, f)

log r
.

Definition 1.4 [18] The iterated lower p-order µp (f) of a meromor-
phic function f is defined by

µp (f) := lim inf
r→∞

log+
p T (r, f)

log r
, (p ≥ 1 is an integer) .

Definition 1.5 [13] The Lebesgue linear measure of a set E ⊂ [0,+∞)
is m (E) =

∫
E

dt, and the logarithmic measure of a set F ⊂ [1,+∞) is

ml (F ) =
∫
F

dt
t
. The upper density of E ⊂ [0,+∞) is given by

dens (E) = lim sup
r→+∞

m (E ∩ [0, r])

r
.

The upper logarithmic density of the set F ⊂ (1,+∞) is defined by

log dens (F ) = lim sup
r−→+∞

ml (F ∩ [1, r])

log r
.

Proposition 1.1 [1, 5] For all H ⊂ [1,+∞) the following statements
hold :
(i) If lm (H) =∞, then m (H) =∞;
(ii) If densH > 0, then m (H) =∞;
(iii) If log densH > 0, then ml (H) =∞.



134 M. SAIDANI AND B. BELAÏDI

In this paper, we consider for k ≥ 2 the homogeneous and non-
homogeneous linear differential equations

(1.1) f (k) + Ak−1 (z) f (k−1) + · · ·+ A1 (z) f ′ + A0 (z) f = 0,

(1.2) f (k) + Ak−1 (z) f (k−1) + · · ·+ A1 (z) f ′ + A0 (z) f = F (z) ,

where A0 (z) 6≡ 0, A1 (z) , · · · , Ak−1 (z) and F (z) 6≡ 0 are meromorphic
functions of finite iterated p−order. Several authors [3, 4, 7, 8, 16, 19]
have investigated the growth of solutions of second order and higher
order homogeneous and non-homogeneous linear differential equations
with entire or meromorphic coefficients. In [1], Andasmas and Beläıdi,
investigated the zeros and growth of meromorphic solutions of equa-
tions (1.1), (1.2) and obtained the following results.

Theorem A [1] Let H ⊂ [0,+∞) be a set with infinite linear measure,
and let Aj(z) (j = 0, 1, · · · , k − 1) be meromorphic functions with
finite order. If there exist positive constants σ > 0, α > 0 such that
ρ = max{ρ(Aj) : j = 1, 2, · · · , k − 1} < σ and |A0 (z)| ≥ exp {α |z|σ}
as |z| = r ∈ H, r → +∞, then every meromorphic solution f 6≡
0 of equation (1.1) satisfies µ(f) = ρ(f) = +∞ and ρ2(f) ≥ σ.
Furthermore, if λ(1/f) <∞, then σ ≤ ρ2(f) ≤ ρ (A0) .

Theorem B [1] Let H ⊂ [0,+∞) be a set with a positive upper den-
sity, and let Aj(z) (j = 0, 1, · · · , k − 1), and F (z) 6≡ 0 be mero-
morphic functions with finite order. If there exist positive constants
σ > 0, α > 0 such that ρ = max{ρ(Aj) : j = 1, 2, · · · , k−1, ρ(F )} < σ
and |A0 (z)| ≥ exp {α |z|σ} as |z| = r ∈ H, r → +∞, then meromor-
phic solution f with λ(1/f) < σ of equation (1.2) is of infinite order
and

λ(f) = λ(f) = ρ(f) = +∞, λ2(f) = λ2(f) = ρ2(f).

Furthermore, if λ(1/f) < min{µ(f), σ}, then σ ≤ ρ2(f) ≤ ρ (A0) .

Recently, Beläıdi in [5] considered the growth of meromorphic
solutions of equations (1.1) and (1.2) with meromorphic coefficients
of finite iterated order and obtained some results which improve and
generalize some previous results.

Theorem C [5] Let H ⊂ [0,+∞) be a set with a positive upper
density, and let Aj (z) (j = 0, 1, · · · , k − 1) be meromorphic func-
tions with finite iterated p−order. If there exist positive constants
σ > 0, α > 0 such that ρ = max {ρp (Aj) : j = 1, · · · , k − 1)} < σ and
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|A0 (z) | ≥ expp (αrσ) as |z| = r ∈ H, r → +∞, then every meromor-
phic solution f 6≡ 0 of equation (1.1) satisfies

µp (f) = ρp(f) = +∞, ρp+1(f) ≥ σ.

Furthermore, if λp

(
1
f

)
<∞, then i (f) = p+ 1 and

σ ≤ ρp+1 (f) ≤ ρp (A0) .

Theorem D [5] Let H ⊂ [0,+∞) be a set with a positive upper
density, and let Aj (z) ( j = 0, 1, · · · , k − 1) and F (z) 6≡ 0 be mero-
morphic functions with finite iterated p−order. If there exist positive
constants σ > 0, α > 0 such that |A0 (z) | ≥ expp (αrσ) as |z| = r ∈ H,
r → +∞, and ρ = max {ρp (Aj) (j = 1, · · · , k − 1), ρp (F )} < σ, then

every meromorphic solution f of equation (1.2) with λp

(
1
f

)
< σ sat-

isfies

λp (f) = λp(f) = ρp(f) = +∞, λp+1 (f) = λp+1(f) = ρp+1(f).

Furthermore, if λp

(
1
f

)
< min {µp (f) , σ} , then i (f) = p+ 1 and

λp+1 (f) = λp+1(f) = ρp+1 (f) ≤ ρp (A0) .

There exists a natural question: How about the growth of mero-
morphic solutions of equations (1.1) and (1.2) with meromorphic co-
efficients of finite p-order if we replace the dominant fixed coefficient
A0 by the arbitrary coefficient As? The main purpose of this paper
is to consider the above question. Now, we show our main results.
For the homogeneous linear differential equation (1.1), we obtain the
following result.

Theorem 1.1 Let H ⊂ (1,+∞) be a set with a positive upper loga-
rithmic density (or ml (H) =∞), and let Aj (z) (j = 0, 1, · · · , k − 1)
be meromorphic functions with finite iterated p−order. If there exist
positive constants σ > 0, α > 0 and an integer s, 0 ≤ s ≤ k − 1,
such that |As (z) | ≥ expp (αrσ) as |z| = r ∈ H, r → +∞, and
ρ = max {ρp (Aj) (j 6= s)} < σ, then every non-transcendental so-
lution f(z) 6≡ 0 of (1.1) is a polynomial with deg f ≤ s− 1 and every

transcendental meromorphic solution f of (1.1) with λp

(
1
f

)
< µp (f)

satisfies i (f) = p+ 1

µp (f) = ρp(f) = +∞
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and

σ ≤ ρp+1 (f) ≤ ρp (As) .

Corollary 1.1 Under the hypotheses of Theorem 1.1, suppose further
that ϕ be a transcendental meromorphic function satisfying i (ϕ) <
p+1 or ρp+1 (ϕ) < σ. Then every transcendental meromorphic solution

f of equation (1.1) with λp

(
1
f

)
< µp (f) satisfies

σ ≤ λp+1 (f − ϕ) = λp+1 (f − ϕ) = ρp+1 (f − ϕ) = ρp+1 (f) ≤ ρp (As) .

Considering the non-homogeneous linear differential equation
(1.2), we obtain the following result.

Theorem 1.2 Let H ⊂ (1,+∞) be a set with a positive upper loga-
rithmic density (or ml (H) =∞), and let Aj (z) ( j = 0, 1, · · · , k− 1)
and F (z) 6≡ 0 be meromorphic functions with finite iterated p−order.
If there exist positive constants σ > 0, α > 0 and an integer s, 0 ≤ s ≤
k − 1, such that |As (z) | ≥ expp (αrσ) as |z| = r ∈ H, r → +∞, and
max {ρp (Aj) (j 6= s), ρp (F )} < σ, then every non-transcendental so-
lution f of (1.2) is a polynomial with deg f ≤ s−1 and every transcen-

dental meromorphic solution f of (1.2) with λp

(
1
f

)
< min {σ, µp(f)}

satisfies i (f) = p+ 1

λp (f) = λp(f) = ρp(f) = µp (f) = +∞
and

σ ≤ λp+1 (f) = λp+1(f) = ρp+1 (f) ≤ ρp (As) .

Corollary 1.2 Let Aj (z) (j = 0, 1, · · · , k − 1) , F (z) , H satisfy all
of the hypothesis of Theorem 1.2, and let ϕ be a transcendental mero-
morphic function satisfying i (ϕ) < p+ 1 or ρp+1 (ϕ) < σ. Then every

transcendental meromorphic solution f with λp

(
1
f

)
< min {σ, µp(f)}

of equation (1.2) satisfies

σ ≤ λp+1 (f − ϕ) = λp+1 (f − ϕ) = ρp+1 (f − ϕ) ≤ ρp (As) .

Remark 1.1. Obviously, Theorem 1.1 and Theorem 1.2 are general-
ization of Theorems A, B, C and D.

2. Auxiliary lemmas

In order to prove our theorems, we need the following lemmas.
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Lemma 2.1 [9] Let f be a transcendental meromorphic function in
the plane, and let η > 1 be a given constant. Then there exist a set
E1 ⊂ (1,+∞) that has a finite logarithmic measure, and a constant
B > 0 depending only on η and (m,n) (m,n ∈ {0, 1, · · · , k}) m < n
such that for all z with |z| = r 6∈ [0, 1] ∪ E1, we have∣∣∣∣ f (n)(z)

f (m)(z)

∣∣∣∣ ≤ B

(
T (ηr, f)

r
(logη r) log T (ηr, f)

)n−m
.

Lemma 2.2 [11] Let p ≥ 1 be an integer and let f (z) = g(z)
d(z)

be a

meromorphic function, where g (z), d (z) are entire functions satisfy-
ing µp (g) = µp (f) = µ ≤ ρp (f) = ρp (g) ≤ +∞, i (d) < p or i (d) = p
and ρp (d) = ρ < µ. Then there exists a set E2 of finite logarithmic
measure such that |z| = r /∈ E2, |g (z) | = M (r, g), we have∣∣∣∣ f (z)

f (s) (z)

∣∣∣∣ ≤ r2s (s ≥ 1 is an integer) .

Lemma 2.3 [18] Let p ≥ 1 be an integer. Suppose that f (z) is a
meromorphic function such that i (f) = p, ρp (f) = ρ < +∞. Then,
there exist entire functions π1 (z) , π2 (z) and D (z) such that

f (z) =
π1 (z) eD(z)

π2 (z)
and ρp(f) = max

{
ρp(π1), ρp(π2), ρp(e

D(z))
}
.

Moreover, for any given ε > 0, we have

exp
{
− expp−1

(
rρ+ε

)}
≤ |f (z) | ≤ expp

(
rρ+ε

)
, r /∈ E3,

where E3 ⊂ (1,+∞) is a set of r of finite linear measure.

To avoid some problems caused by the exceptional set, we recall the
following lemmas.

Lemma 2.4 [2] Let g : [0,+∞) → R and h : [0,+∞) → R be
monotone nondecreasing functions such that g(r) ≤ h(r) outside of
an exceptional set E4 of finite linear measure. Then for any λ > 1
there exists r0 > 0 such that g(r) ≤ h(λr) for all r > r0.

Lemma 2.5 [10] Let ϕ : [0,+∞) → R and ψ : [0,+∞) → R be
monotone nondecreasing functions such that ϕ(r) ≤ ψ(r) for all r /∈
(E5 ∪ [0, 1]) , where E5 is a set of finite logarithmic measure. Let γ > 1
be a given constant. Then there exists an r1 = r1(γ) > 0 such that
ϕ(r) ≤ ψ(γr) for all r > r1.
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Lemma 2.6 [5] Assume that k ≥ 2 and A0, A1, · · · , Ak−1, F are
meromorphic functions. Let

ρ = max {ρp (Aj) , (j = 0, 1, · · · , k − 1), ρp (F )} < ∞

and let f be a meromorphic solution of infinite iterated p-order of

equation (1.2) with λp

(
1
f

)
< µp (f) . Then ρp+1(f) ≤ ρ.

Lemma 2.7 Under the assumptions of Theorem 1.1 or Theorem 1.2,
we have ρp (As) = β ≥ σ.

Proof. Suppose that ρp (As) = β < σ. Then, by using Lemma 2.3,
there exists a set E3 ⊂ (1,+∞) that has finite linear measure (and so
of finite logarithmic measure) such that when |z| = r /∈ E3, we have
for any given ε with 0 < ε < σ − β

(2.1) |As (z) | ≤ expp
(
rβ+ε

)
.

On the other hand, by the hypotheses of Theorems 1.1 or 1.2, there
exist positive constants σ > 0, α > 0 such that

(2.2) |As (z) | ≥ expp (αrσ)

as |z| = r ∈ H, r → +∞, where H ⊂ (1,+∞) is a set with a positive
upper logarithmic density (by Proposition 1.1, we have ml (H) =∞).
From (2.1) and (2.2) , we obtain for |z| = r ∈ H\E3, r → +∞

expp (αrσ) ≤ |As (z) | ≤ expp
(
rβ+ε

)
and by ε is arbitrary with 0 < ε < σ − β, this is a contradiction as
r → +∞. Hence ρp (As) = β ≥ σ.

Lemma 2.8 Let H ⊂ (1,+∞) be a set with a positive upper log-
arithmic density (or infinite logarithmic measure), and let Aj (z)
(j = 0, 1, · · · , k − 1), F (z) be meromorphic functions with finite it-
erated p−order. If there exist positive constants σ > 0, α > 0 and
an integer s, 0 ≤ s ≤ k − 1, such that |As (z) | ≥ expp (αrσ) as
|z| = r ∈ H, r → +∞, and ρ = max {ρp (Aj) (j 6= s) , ρp (F )} < σ,
then every transcendental meromorphic solution f of equation (1.2)
satisfies ρp(f) ≥ σ.
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Proof. Assume that f is a transcendental meromorphic solution of
equation (1.2) . From (1.2) , we have

(2.3) As =
F

f (s)
− f (k)

f (s)
−

k−1∑
j=0
j 6=s

Aj
f (j)

f (s)

Combining the formula (2.3) and the first main theory in Nevanlinna
theory, we get

T (r, As) ≤
k∑
j=0
j 6=s

T
(
r, f (j)

)
+

k−1∑
j=0
j 6=s

T (r, Aj)

(2.4) + (k + 1)T
(
r, f (s)

)
+ T (r, F ) +O (1) .

For every integer j ∈ [1, k] , we have the estimate, see ([12] , p. 56) ,

(2.5) T
(
r, f (j)

)
≤ (j + 1)T (r, f ) + S (r, f) ,

where S (r, f) = O (log T (r, f) + log r) , possibly outside a set E ⊂
[0,+∞) of a finite linear measure. Combining the two inequalities
(2.4) and (2.5), we obtain

(2.6) T (r, As) ≤
k−1∑
j=0
j 6=s

T (r, Aj)+ cT (r, f)+T (r, F )+S (r, f)+O (1) ,

with c > 0. It follows from max {ρp (Aj) (j 6= s) , ρp (F )} < σ ≤
ρp (As) , Lemma 2.4 and Lemma 2.7 that (2.6) gives

ρp (f) ≥ ρp (As) ≥ σ.

Lemma 2.9 [6] Let A0, A1, · · · , Ak−1, F 6≡ 0 be finite iterated p-order
meromorphic functions. If f is a meromorphic solution with ρp (f) =

+∞ and ρp+1 (f) = ρ < +∞ of equation (1.2) , then λp (f) = λp(f) =

ρp(f) = +∞ and λp+1 (f) = λp+1(f) = ρp+1(f) = ρ.

Lemma 2.10 [14] Let Aj (z) (j = 0, 1, · · · , k − 1) , F (z) (6≡ 0) be
meromorphic functions and let f (z) be a meromorphic solution of
(1.2) satisfying one of the following conditions:
(i) max{i (F ) = p, i (Aj) (j = 0, 1, · · · , k − 1)} < i (f) = p + 1(0 <
p < +∞),
(ii) b = max {ρp+1 (F ) , ρp+1 (Aj) (j = 0, 1, · · · , k − 1)} < ρp+1 (f) .

Then λp+1(f) = λp+1(f) = ρp+1 (f) .
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3. Proof of Theorem 1.1

Assume that f(z) 6≡ 0 is a rational solution of (1.1). If either f(z) is
a rational function, which has a pole at z0 of degree m ≥ 1, or f(z) is
a polynomial with deg f ≥ s, then f (s)(z) 6≡ 0. By (1.1) , we have

As (z) f (s) (z) = −

f (k) (z) +
k−1∑
j=0
j 6=s

Aj (z) f (j) (z)

 .

Then, by using Lemma 2.7

σ ≤ ρp(As) = ρp(Asf
(s)) = ρp

(
−

(
f (k) +

k−1∑
j=0, j 6=s

Ajf
(j)

))

≤ max
j=0,1,··· ,k−1, j 6=s

{ρp (Aj)} ,

which is a contradiction. Therefore, f(z) must be a polynomial with
deg f ≤ s− 1.

Now, we assume that f(z) is a transcendental meromorphic solution

of (1.1) such that λp

(
1
f

)
< µp(f). By (1.1) , we have

(3.1) |As| ≤
∣∣∣∣ ff (s)

∣∣∣∣
∣∣∣∣f (k)

f

∣∣∣∣+ |A0|+
k−1∑
j=1
j 6=s

|Aj|
∣∣∣∣f (j)

f

∣∣∣∣
 .

By the hypotheses of Theorem 1.1, there exists a set H ⊂ (1,+∞)
with ml (H) =∞, such that for all z satisfying |z| = r ∈ H, r → +∞,
we have

(3.2) |As (z) | ≥ expp (αrσ) .

By using Lemma 2.1, for η = 2, there exists a set E1 ⊂ (1,+∞)
with ml(E1) < ∞ and constant B > 0, such that for all z satisfying
|z| = r /∈ [0, 1] ∪ E1, we have

(3.3)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ B [T (2r, f)]k+1 , j = 1, 2, · · · , k, j 6= s.

By Lemma 2.2, there exists a set E2 ⊂ (1,+∞) of finite logarithmic
measure such that |z| = r /∈ E2, |g (z) | = M (r, g) and for r sufficiently
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large, we have

(3.4)

∣∣∣∣ f (z)

f (s) (z)

∣∣∣∣ ≤ r2s (s ≥ 1 is an integer) .

And by Lemma 2.3, for any given ε with 0 < ε < σ−ρ there exists a set
E3 ⊂ (1,+∞) with a finite linear measure (and so of finite logarithmic
measure) such that

(3.5) |Aj (z) | ≤ expp
(
rρ+ε

)
, j = 0, 1, · · · , k − 1, j 6= s

holds for all z satisfying |z| = r /∈ E3. Hence it follows from (3.1) ,
(3.2) , (3.3), (3.4) and (3.5) that for all z satisfying |z| = r ∈ H\([0, 1]∪
E1 ∪ E2 ∪ E3), r → +∞, we have

(3.6) expp (αrσ) ≤ Bkr2s expp
(
rρ+ε

)
[T (2r, f)]k+1 .

By 0 < ε < σ − ρ, it follows from Lemma 2.5 and (3.6) that

(3.7) µp (f) = ρp (f) = +∞ and ρp+1 (f) ≥ σ.

By using Lemma 2.7, we have

max {ρp (Aj) : j = 0, 1, · · · , k − 1} = ρp (As) = β < +∞.
Since f is a transcendental meromorphic solution of equation (1.1)

with ρp (f) = +∞ and λp

(
1
f

)
< µp (f), then by Lemma 2.6, we get

(3.8) ρp+1 (f) ≤ ρp (As) .

By (3.7) and (3.8) , we conclude that i (f) = p + 1, µp (f) = ρp (f)
= +∞ and σ ≤ ρp+1 (f) ≤ ρp (As) .

4. Proof of Corollary 1.1

Setting h = f − ϕ where ϕ is such that i (ϕ) < p+ 1 or ρp+1 (ϕ) < σ.
Using the properties of iterated order, we get ρp+1 (h) = ρp+1 (f), so
σ ≤ ρp+1 (h) ≤ ρp (As) . By substituting f = h + ϕ into (1.1), we
obtain

h(k) + Ak−1 (z)h(k−1) + · · ·+ A1 (z)h′ + A0 (z)h

(4.1) = −
(
ϕ(k) + Ak−1 (z)ϕ(k−1) + · · ·+ A1 (z)ϕ′ + A0 (z)ϕ

)
.

Set K (z) = ϕ(k) +Ak−1 (z)ϕ(k−1) + · · ·+A1 (z)ϕ′+A0 (z)ϕ. If i (ϕ) <
p+ 1 or ρp+1 (ϕ) < σ, then by Theorem 1.1, we deduce that ϕ is not a
solution of equation (1.1) , implying that K (z) 6≡ 0, and in this case we
have ρp+1 (K) ≤ max {ρp+1 (ϕ) , ρp+1 (Aj) (j = 0, 1, · · · , k − 1)} < σ,
so max {ρp+1 (K) , ρp+1 (Aj) (j = 0, 1, · · · , k − 1)} < σ ≤ ρp+1 (f)
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and by Lemma 2.10, we obtain σ ≤ λp+1 (f − ϕ) = λp+1 (f − ϕ) =
ρp+1 (f − ϕ) = ρp+1 (f) ≤ ρp (As) .

5. Proof of Theorem 1.2

Assume that f(z) is a rational solution of (1.2). If either f(z) is a
rational function, which has a pole at z0 of degree m ≥ 1, or f(z) is a
polynomial with deg f ≥ s, then f (s)(z) 6≡ 0. By (1.2) , we have

As (z) f (s) (z) = F (z)−

f (k) (z) +
k−1∑
j=0
j 6=s

Aj (z) f (j) (z)

 .

Then, by using Lemma 2.7

σ ≤ ρp(As) = ρp(Asf
(s)) = ρp

(
F −

(
f (k) +

k−1∑
j=0, j 6=s

Ajf
(j)

))
≤ max

j=0,1,··· ,k−1, j 6=s
{ρp (Aj) , ρp (F )} ,

which is a contradiction. Therefore, f(z) must be a polynomial with
deg f ≤ s− 1.

Now, we assume that f(z) is a transcendental meromorphic solution

of (1.2) such that λp

(
1
f

)
< min{µp(f), σ}. By (1.2) , we have

(5.1) |As| ≤
∣∣∣∣ ff (s)

∣∣∣∣
|A0|+

∣∣∣∣f (k)

f

∣∣∣∣+
k−1∑
j=1
j 6=s

|Aj|
∣∣∣∣f (j)

f

∣∣∣∣+

∣∣∣∣Ff
∣∣∣∣
 .

By Lemma 2.8, we know that f satisfies ρp (f) ≥ σ. By the hypothesis

λp

(
1
f

)
< min{µp(f), σ} and Hadamard factorization theorem, we can

write f as f (z) = g(z)
d(z)

, where g (z) and d (z) are entire functions

satisfying

µp(g) = µp(f) = µ ≤ ρp(g) = ρp(f),

ρp(d) = λp

(
1

f

)
= β < min{µp(f), σ}.

By the definition of the iterated lower p−order, for sufficiently large r

(5.2) M(r, g) ≥ expp{rµp(g)−ε}.
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Set
ρ1 = max {ρp (Aj) , j 6= s, ρp (F )} < σ.

Then by Lemma 2.3, we have by using (5.2), for any given ε with

0 < ε < min{σ − ρ1, µp(g)−ρp(d)2
}, there exists a set E3 ⊂ (1,+∞) with

a finite logarithmic measure such that for all z satisfying |z| = r /∈ E3

at wich |g (z) | = M(r, g),
(5.3)∣∣∣∣F (z)

f (z)

∣∣∣∣ =

∣∣∣∣F (z) d (z)

g (z)

∣∣∣∣ ≤ expp (rρ1+ε) expp
(
rρp(d)+ε

)
expp (rµp(g)−ε)

≤ expp
(
rρ1+ε

)
.

By using the same arguments as in the proof of Theorem 1.1, for

any given ε with 0 < ε < min{σ − ρ1,
µp(g)−ρp(d)

2
} and for all z

satisfying |z| = r ∈ H\ ([0, 1] ∪ E1 ∪ E2 ∪ E3) , r → +∞ at wich
|g (z) | = M(r, g), we have

(5.4)

∣∣∣∣f (j) (z)

f (z)

∣∣∣∣ ≤ B [T (2r, f)]k+1 , j = 1, 2, ..., k, j 6= s,

(5.5)

∣∣∣∣ f (z)

f (s) (z)

∣∣∣∣ ≤ r2s (s ≥ 1 is an integer) ,

(5.6) |Aj (z) | ≤ expp
(
rρ1+ε

)
, j = 0, 1, ..., k − 1, j 6= s,

(5.7) |As (z) | ≥ expp (αrσ) .

Hence, it follows from (5.1) , (5.3) , (5.4) , (5.5), (5.6) and (5.7) that
for all z satisfying |z| = r ∈ H\ ([0, 1] ∪ E1 ∪ E2 ∪ E3) , r → +∞, at
which |g (z) | = M (r, g) , that for any given ε with 0 < ε < min{σ −
ρ1,

µp(g)−ρp(d)
2

}

expp (αrσ) ≤ r2s
(

expp
(
rρ1+ε

)
+B [T (2r, f)]k+1

+
k−1∑
j=1
j 6=s

expp
(
rρ1+ε

)
B [T (2r, f)]k+1 + expp

(
rρ1+ε

)
(5.8) ≤ r2sB (k + 1) [T (2r, f)]k+1 expp

(
rρ1+ε

)
.

By 0 < ε < σ − ρ1, it follows from Lemma 2.5 and (5.8) that

(5.9) µp (f) = ρp(f) = +∞ and ρp+1(f) ≥ σ.

Since F 6≡ 0, from Lemma 2.9, we have
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(5.10)
λp (f) = λp(f) = µp (f) = ρp(f) = +∞,

σ ≤ λp+1 (f) = λp+1(f) = ρp+1(f).

By Lemma 2.7, we have

max {ρp (Aj) , (j = 0, 1..., k − 1), ρp (F )} = ρp (As) = β < +∞.

Since f is a meromorphic solution of (1.2) with ρp(f) = +∞, λp
(

1
f

)
<

σ < µp (f) = +∞, then by Lemma 2.6, we get

(5.11) ρp+1(f) ≤ ρp (As) .

By (5.10) and (5.11) , we obtain i (f) = p+ 1

λp (f) = λp(f) = ρp(f) = +∞,
σ ≤ λp+1 (f) = λp+1(f) = ρp+1(f) ≤ ρp (As) .

6. Proof of Corollary 1.2

Setting h = f−ϕ such that i (ϕ) < p+1 or ρp+1 (ϕ) < σ. By Theorem
1.2, we have σ ≤ ρp+1 (f) ≤ ρp (As) . Using the properties of iterated
order, we get σ ≤ ρp+1 (h) = ρp+1 (f) ≤ ρp (As) . By substituting
f = h+ ϕ into (1.2), we get

h(k) + Ak−1 (z)h(k−1) + · · ·+ A1 (z)h′ + A0 (z)h

(6.1) = F (z)−
(
ϕ(k) + Ak−1 (z)ϕ(k−1) + · · ·+ A1 (z)ϕ′ + A0 (z)ϕ

)
.

SetG (z) = F (z)−
(
ϕ(k) + Ak−1 (z)ϕ(k−1) + · · ·+ A1 (z)ϕ′ + A0 (z)ϕ

)
.

If i (ϕ) < p + 1 or ρp+1 (ϕ) < σ, then by Theorem 1.2, we deduce
that ϕ is not a solution of equation (1.2), implying that G (z) 6≡ 0,
and in this case we have

ρp+1 (G) ≤ max{ρp+1 (ϕ) , ρp+1 (F ) , ρp+1 (Aj) (j = 0, 1, · · · , k − 1)}
< σ,

so

max {ρp+1 (G) , ρp+1 (Aj) (j = 0, 1, · · · , k − 1)} < σ ≤ ρp+1 (f)

and by Lemma 2.10, we obtain

σ ≤ λp+1 (f − ϕ) = λp+1 (f − ϕ) = ρp+1 (f − ϕ) ≤ ρp (As) .
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[14] J. He, X. M. Zheng and H. Hu, Iterated order of meromorphic so-
lutions of certain higher order linear differential equations with mero-
morphic coefficients of infinite iterated order, Acta Univ. Apulensis
Math. Inform. No. 33 (2013), 145–157.
[15] L. Kinnunen, Linear differential equations with solutions of finite
iterated order, Southeast Asian Bull. Math. 22 (1998), no. 4, 385–405.
[16] K.H. Kwon, On the growth of entire functions satisfying second
order linear differential equations, Bull. Korean Math. Soc. 33 (1996),
no. 3, 487–496.
[17] I. Laine, Nevanlinna theory and complex differential equations. de
Gruyter Studies in Mathematics, 15. Walter de Gruyter & Co., Berlin,
1993.
[18] J. Tu and T. Long, Oscillation of complex high order linear dif-
ferential equations with coefficients of finite iterated order, Electron.
J. Qual. Theory Differ. Equ. 2009, No. 66, 1-13.
[19] X. Shen and H. Y. Xu, The zeros and growth of solutions of higher
order differential equations, Fourth International Conference on Com-
putational and Information Sciences (2012), 605-608.
[20] C. C. Yang and H. X. Yi, Uniqueness theory of meromorphic
functions, Mathematics and its Applications, 557. Kluwer Academic
Publishers Group, Dordrecht, 2003.
[21] L. Yang, Value distribution theory, Springer-Verlag, Berlin, 1993.

Department of Mathematics, Laboratory of Pure and Applied Math-
ematics, University of Mostaganem (UMAB), B. P. 227 Mostaganem-
Algeria.
e-mails: saidaniman@yahoo.fr; benharrat.belaidi@univ-mosta.dz


