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Abstract.In this paper, we investigate the growth of solutions of
higher order linear differential equations

FO 4 A () f5 D 4 Ay (2) f 4+ Ao (2) f =0
and
FO+ A0 @) SV 4+ AR+ A (2) f = F(2),

where Ay (z) £ 0, A1 (2), -+, Ak_1(2) and F(z) # 0 are meromor-
phic functions of finite iterated p-order. We improve and extend some
results of papers [1] and [5] by using the concept of the iterated order
and considering the growth of some arbitrary dominant coefficient A,

(s=0,1,--- ,k—1) instead of Ay.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, a meromorphic function will mean meromorphic in the
whole complex plane. We shall use the standard notations in Nevan-
linna value distribution theory of meromorphic functions [12, 20, 21],
such as T (r, f), N (r, f), m (r, f). For the definition of iterated order
of meromorphic function, we use the same definition as in [15], [17].
For all r € R, we define exp;r := €" and exp,,,r = exp (expp r) ,
p € N. We also define for all r sufficiently large log, r := logr and

log, ., 7 :=log (logp 7’) ,peN.

Definition 1.1 [15, 17] Let f be a meromorphic function. Then the
iterated p-order p, (f) of f is defined by

logt T (r,
pp (f) == limsup gp—(f)
r—00 log r

For p = 1, this notation is called order and for p = 2 hyper-order.

, (p>1is an integer).

Definition 1.2 [15] The finiteness degree of the order of a meromor-
phic function f is defined by

0, for f rational,
o) min{j €N :p;(f) <oo}, for f transcendental
i(f) = for which some j € N with p; (f) < oo exists,
+00, for f with p; (f) = 400, Vj € N.

Definition 1.3 [15] Let n(r, a, f) be the unintegrated counting func-
tion for the sequence of a-points of a meromorphic function f. Then
the iterated convergence exponent of a-points of f is defined by

log) n(r,a, f)
A =1 —r -’
p (f,a) = limsup og r
In the definition of the iterated convergence exponent, we may replace
n(r, a, f) with the integrated counting function N(r, a, f), and we have

loe™ N
Ap (f,a) :== limsup O8p (rya, f)

r—00 log r

, (p>1is an integer) .

, (p>1is an integer)

where N(r,a,f) = N (r,ﬁ) . If @ = 0, the iterated convergence

exponent of the zero-sequence of f is defined by

log,y N (r, %)
Ap (f) == limsup —————~

7 , (p>11is an integer) ,
r—00 ogr
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where N (7, 1) is the integrated counting of zeros of f in {z : |z| < r}.
7 g g

If a = oo, the iterated convergence exponent of the pole-sequence of
f is defined by

1 log, N (r,
A <?> = limsup ng—(rf), (p > 1is an integer) .

r—00 log r

Similarly, the iterated convergence exponent of distinct zero-sequence
of f is defined by

B ' log; N (7", %)
A (f) = lim sup T logr

where N (7", %) is the integrated counting of distinct zeros of f in
{z : |z| <}, and the iterated convergence exponent of distinct pole-
sequence of f is defined by

_ /1 logh N (r, f)
A | = ) = limsup 22— 22,
b (f) r—>+oop 1Og r

Definition 1.4 [18] The iterated lower p-order p, (f) of a meromor-
phic function f is defined by

.
o (F) 1= timinf &2 L f)

, (p>11is an integer) .
r—00 log r

Definition 1.5 [13] The Lebesgue linear measure of aset £ C [0, +00)
is m(E) = [dt, and the logarithmic measure of a set ' C [1,4+00) is
E

my (F) = [%. The upper density of E C [0, +00) is given by
F

dens (E) = lim sup M

r—-+00 r

The upper logarithmic density of the set F' C (1,+00) is defined by

log dens (F) = lim supw.
400 logr
Proposition 1.1 [1,5] For all H C [1,+00) the following statements
hold :
(i) If Im (H) = oo, then m (H) = oo
(ii) If densH > 0, then m (H) = oo;
(iii) If logdensH > 0, then m; (H) = oc.

I
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In this paper, we consider for k > 2 the homogeneous and non-
homogeneous linear differential equations

(1.1) O 4 Ay (2) fE Y 4 A (2) f + Ag(2) f =0,

(1.2)  fO A () f* Vo A )+ A (2) f=F(2),

where Ay (2) #0, A1 (2),- -+, Ak—1 (2) and F (z) # 0 are meromorphic
functions of finite iterated p—order. Several authors [3,4,7,8,16,19]
have investigated the growth of solutions of second order and higher
order homogeneous and non-homogeneous linear differential equations
with entire or meromorphic coefficients. In [1], Andasmas and Belaidi,
investigated the zeros and growth of meromorphic solutions of equa-
tions (1.1), (1.2) and obtained the following results.

Theorem A [1] Let H C [0,400) be a set with infinite linear measure,
and let Aj(z) (j = 0,1,--- ,k — 1) be meromorphic functions with
finite order. If there exist positive constants o > 0, a > 0 such that
p=max{p(4;):j=1,2,--- [k —1} <o and |4y (2)| > exp{a|z|"}
as |z| = r € H, r — +oo, then every meromorphic solution f #*
0 of equation (1.1) satisfies p(f) = p(f) = +oo and pa(f) > o.
Furthermore, if A(1/f) < oo, then o < pa(f) < p(Ay) .

Theorem B [1] Let H C [0,+00) be a set with a positive upper den-
sity, and let A;j(z) (j = 0,1,--- ,k — 1), and F(z) # 0 be mero-
morphic functions with finite order. If there exist positive constants
o> 0,a >0 such that p=max{p(A4;):j=1,2,--- [k—1,p(F)} <o
and |Ap (2)| > exp{a|z|°} as |z| =r € H,r — 400, then meromor-
phic solution f with \(1/f) < o of equation (1.2) is of infinite order
and
X(F) = MF) = () = +00, Talf) = Ma(f) = ().

Furthermore, if AN(1/f) < min{u(f),c}, then o < pa(f) < p(Ap).

Recently, Belaidi in [5] considered the growth of meromorphic
solutions of equations (1.1) and (1.2) with meromorphic coefficients
of finite iterated order and obtained some results which improve and
generalize some previous results.

Theorem C [5] Let H C [0,+00) be a set with a positive upper
density, and let A;(z) (j=0,1,--- ,k—1) be meromorphic func-
tions with finite iterated p—order. If there exist positive constants
o> 0,a >0 such that p=max{p,(A;):j=1,---  k—1)} < o and
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0(2)| >exp, (ar?) as |z| =r € H, r — +o0, then every meromor-
| Ao (2) | > exp, (ar?) as |z H, , th y
phic solution f # 0 of equation (1.1) satisfies

o (f) = pp(f) = +00, ppyi(f) 2> 0.

Furthermore, if A, (%) < 00, then i(f)=p+1 and

0 < ppi1(f) < pp(Ao) -

Theorem D [5] Let H C [0,+00) be a set with a positive upper
density, and let Aj(z) (7 =0,1,--- ,k—1) and F (2) # 0 be mero-
morphic functions with finite iterated p—order. If there exist positive
constants o > 0, > 0 such that |Ao (2) | > exp, (ar?) as |z| =r € H,
r — 400, and p=max{p,(4;) (j=1,---,k—1),p,(F)} < o, then

every meromorphic solution f of equation (1.2) with A, (%) < o sat-

1sfies
Ap (f) = /\p(f) = pp(f) = +09, Xp—&-l (f) = )‘p+1(f> = pp+1(f)‘
Furthermore, if A, (%) <min{p, (f),o}, then i(f) =p+1 and

XIDJrl (f) = Xpr1(f) = ppi1 (f) < pp (Ao) -

There exists a natural question: How about the growth of mero-
morphic solutions of equations (1.1) and (1.2) with meromorphic co-
efficients of finite p-order if we replace the dominant fixed coefficient
Ag by the arbitrary coefficient A,? The main purpose of this paper
is to consider the above question. Now, we show our main results.
For the homogeneous linear differential equation (1.1), we obtain the
following result.

Theorem 1.1 Let H C (1,+00) be a set with a positive upper loga-
rithmic density (or my (H) = 00), and let A; (z) (j=0,1,--- ,k—1)
be meromorphic functions with finite iterated p—order. If there exist
positive constants o > 0,a > 0 and an integer s, 0 < s < k — 1,
such that |As(z)| > exp,(ar?) as |z| = r € H, r = +oc0, and
p = max{p, (4;) (j #s)} < o, then every non-transcendental so-
lution f(z) #Z 0 of (1.1) is a polynomial with deg f < s —1 and every
transcendental meromorphic solution f of (1.1) with X, (%) < pp (f)

satisfies i (f) =p+1
,up(f) :pp(f) = +00
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and
0 < pPpi1 (f) </ (AS)-

Corollary 1.1 Under the hypotheses of Theorem 1.1, suppose further
that ¢ be a transcendental meromorphic function satisfying i(p) <
p+1or ppy1 (p) < 0. Then every transcendental meromorphic solution

[ of equation (1.1) with A, <%> < pp, (f) satisfies

o< M1 (f =) =M1 (f —©) = pp1 (f —©) = pp1 () < pp (As).

Considering the non-homogeneous linear differential equation
(1.2), we obtain the following result.

Theorem 1.2 Let H C (1,400) be a set with a positive upper loga-
rithmic density (or my (H) = 00), and let A;(z) (7 =0,1,--- ,k—1)
and F (z) # 0 be meromorphic functions with finite iterated p—order.
If there exist positive constants o > 0,a > 0 and an integer s, 0 < s <
k —1, such that |As (2)| > exp, (ar?) as |z| =r € H, r — +o0, and
max {p, (4;) (j #s), pp (F)} < o, then every non-transcendental so-
lution f of (1.2) is a polynomial with deg f < s—1 and every transcen-

dental meromorphic solution f of (1.2) with A, (%) < min {o, u,(f)}

satisfies i1 (f) =p+1
Ao (f) = M) = pp(f) = 1y (f) = +00

and

o< Apr1 (f) = )\p+1(f) = Pp+1 (f) < Pp (AS) :
Corollary 1.2 Let A;(z) (j=0,1,--- ,k—1), F(2), H satisfy all
of the hypothesis of Theorem 1.2, and let ¢ be a transcendental mero-
morphic function satisfying i (@) < p+1 or py1 (p) < 0. Then every

transcendental meromorphic solution f with X, (%) < min{o, 1, (f)}

of equation (1.2) satisfies
0 <1 (f =) = X1 (f = 0) = ppar (f — ) < pp (A)-

Remark 1.1. Obviously, Theorem 1.1 and Theorem 1.2 are general-
ization of Theorems A, B, C and D.

2. AUXILIARY LEMMAS

In order to prove our theorems, we need the following lemmas.
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Lemma 2.1 [9] Let f be a transcendental meromorphic function in
the plane, and let n > 1 be a given constant. Then there exist a set
Ey, C (1,400) that has a finite logarithmic measure, and a constant
B > 0 depending only on n and (m,n) (m,n € {0,1,--- ,k}) m <n
such that for all z with |z| =r ¢ [0,1] U Ey, we have

f(z) ULT I o
'f(m)(z) <B (—(10g r)log T'(nr, f)) :

r
Lemma 2.2 [11] Let p > 1 be an integer and let f(z) = % be a
meromorphic function, where g(z), d(z) are entire functions satisfy-

ing pip (9) = pp (f) = 1 < pp (f) = pp (9) < +00,0(d) <pori(d)=p
and p, (d) = p < p. Then there exists a set Ey of finite logarithmic
measure such that |z| =r ¢ Es, |g(2)| = M (r,g), we have

f(2)
f(2)
Lemma 2.3 [18] Let p > 1 be an integer. Suppose that f(z) is a

meromorphic function such that i (f) = p, p, (f) = p < +oo. Then,
there exist entire functions m (z), my (z) and D (2) such that

7 (2) eP®) D
f (Z> = 77'2—(2) and pp(f) = max {/)p(ﬂﬂ,pp(ﬂz), pp(e (Z))}‘

Moreover, for any given € > 0, we have
exp {—exp,_; (")} < |f (2)| < exp, ("), 7 ¢ B,

where E3 C (1,+00) is a set of r of finite linear measure.

<r* (s>1is an integer).

To avoid some problems caused by the exceptional set, we recall the
following lemmas.

Lemma 2.4 [2] Let g : [0,400) — R and h : [0,4+00) — R be
monotone nondecreasing functions such that g(r) < h(r) outside of
an exceptional set E, of finite linear measure. Then for any A > 1
there exists ro > 0 such that g(r) < h(Ar) for all r > ry.

Lemma 2.5 [10] Let ¢ : [0,4+00) — R and ¢ : [0,400) = R be
monotone nondecreasing functions such that ¢(r) < 1(r) for all r ¢
(E5 U [0,1]), where Es is a set of finite logarithmic measure. Let v > 1
be a given constant. Then there exists an r1 = r1(y) > 0 such that

o(r) < (yr) for all v > ry.
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Lemma 2.6 [5] Assume that k > 2 and Ay, Ay,--- ,Ap_1, F are
meromorphic functions. Let

p:max{pp(Aj)a(j:()?la"' ak_1)7pp(F)}< o0

and let f be a meromorphic solution of infinite iterated p-order of
equation (1.2) with A, G) < pp (f). Then ppir(f) < p.

Lemma 2.7 Under the assumptions of Theorem 1.1 or Theorem 1.2,
we have p, (As) =8 > 0.

Proof. Suppose that p,(A;) = f < o. Then, by using Lemma 2.3,
there exists a set E5 C (1, +00) that has finite linear measure (and so
of finite logarithmic measure) such that when |z| = r ¢ Ej3, we have
for any given e with 0 <e <o —f3

(2.1) |45 (2) ] < exp, (r*9).

On the other hand, by the hypotheses of Theorems 1.1 or 1.2, there
exist positive constants o > 0, « > 0 such that

(2.2) |As (2) | > exp,, (ar?)

as |z| =r € H, r — 400, where H C (1,+00) is a set with a positive
upper logarithmic density (by Proposition 1.1, we have m; (H) = c0).
From (2.1) and (2.2), we obtain for |z| =r € H\E3, r — 400

exp,, (ar?) <|As(2)] < exp,, (rﬁ+€)

and by ¢ is arbitrary with 0 < ¢ < ¢ — (3, this is a contradiction as
r — +o00. Hence p, (4s) = > 0.

Lemma 2.8 Let H C (1,+00) be a set with a positive upper log-
arithmic density (or infinite logarithmic measure), and let A;(2)
(j =0,1,--- k= 1), F(z) be meromorphic functions with finite it-
erated p—order. If there exist positive constants o > 0, a > 0 and
an integer s, 0 < s < k — 1, such that [A,(2)| > exp, (ar?) as
|z| =r € H, r = 400, and p =max{p, (4;) (J#S3), pp(F)} < 0,
then every transcendental meromorphic solution f of equation (1.2)
satisfies p,(f) > 0.
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Proof. Assume that f is a transcendental meromorphic solution of
equation (1.2). From (1.2), we have

Foofw = o

(23) As:_s__S—ZAJ 5

fG) £ s fs)

J#s

Combining the formula (2.3) and the first main theory in Nevanlinna
theory, we get

k k-1
T(r,A) <> T (r f9)+> T(r,A))
=0 =0
J#s J#s
(2.4) +k+1D)T (r, f+T(,F)+0(1).
For every integer j € [1, k|, we have the estimate, see ([12], p. 56),
(2.5) T(rf9)<@G+D)T 0, f)+S0f),

where S (r, f) = O (logT (r, f) +logr), possibly outside a set £ C
[0,400) of a finite linear measure. Combining the two inequalities
(2.4) and (2.5), we obtain
k—1
(2.6) T(r,A)) <Y T (r, Aj)+cT (r, /) +T (r, F)+S (r, /) + 0 (1),
=0
i
with ¢ > 0. It follows from max{p, (A4;) (j#s), pp(F)} < 0 <
pp (As), Lemma 2.4 and Lemma 2.7 that (2.6) gives

Pp (f) > Pp (4) > 0.

Lemma 2.9 [6] Let Ag, Ay, , Ax_1, F Z 0 be finite iterated p-order
meromorphic functions. If f is a meromorphic solution with p, (f) =
+00 and py11 (f) = p < +00 of equation (1.2), then A () =2(f) =
pp(f) = Ho0 and Apr1 (f) = Apsr(f) = ppa(f) = -

Lemma 2.10 [14] Let A;(z) (j=0,1,---,k—1), F(2)(#0) be
meromorphic functions and let f(z) be a meromorphic solution of
(1.2) satisfying one of the following conditions:

p < +00),

(i) = max {pps1 (F), ppr1(4;) (G=0,1,---  k=1)} < ppi1 (f).
Then Xpr(£) = Apir(F) = ppin (F):
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3. PROOF OF THEOREM 1.1

Assume that f(z) # 0 is a rational solution of (1.1). If either f(z) is
a rational function, which has a pole at z of degree m > 1, or f(z) is
a polynomial with deg f > s, then f(*)(z) # 0. By (1.1), we have

k—1

A @S0 () == [ I+ D42 9 (2)
s

Then, by using Lemma 2.7

k—1
0 < pp(As) = pp(As ) = py (— (f(’“) + > AjfU)))

J=0, j#s

< omax o {py(4))},

o j:0717 7k717 .7758

which is a contradiction. Therefore, f(z) must be a polynomial with
deg f <s—1.

Now, we assume that f(z) is a transcendental meromorphic solution
of (1.1) such that A, (%) < pp(f). By (1.1), we have

f
76

B1) A< ‘

f(k)
7

k—1 ;
f(])
j=1

J#s

By the hypotheses of Theorem 1.1, there exists a set H C (1, +00)
with m; (H) = oo, such that for all z satisfying |z| =r € H, r — +00,
we have

(3.2) |As (2) | > exp, (ar?) .

By using Lemma 2.1, for n = 2, there exists a set F; C (1,+00)
with m;(F1) < oo and constant B > 0, such that for all z satisfying
|z| =r ¢ [0,1] U Ey, we have

‘ f(j) (2)
f(z)
By Lemma 2.2, there exists a set Ey C (1,+00) of finite logarithmic
measure such that |z| =r ¢ Es, |g(2) | = M (r, g) and for r sufficiently

(3.3) < B[T@r O, j=1,2,-- k, j#s.




ON THE GROWTH OF SOLUTIONS OF LDE 141

large, we have

(3.4) <r* (s>11s an integer) .

f

And by Lemma 2.3, for any given € with 0 < ¢ < o—p there exists a set
Es3 C (1,+00) with a finite linear measure (and so of finite logarithmic
measure) such that

(35) ‘Aj(Z)‘Sepr(Tp+E),j:O,l,"',k—l,j#S

holds for all z satisfying |z| = r ¢ Ej. Hence it follows from (3.1),
(3.2),(3.3), (3.4) and (3.5) that for all z satistying |z| = r € H\([0, 1]U
EyUFEy U E3), r — +o0, we have

(3.6) exp,, (ar”) < Bkr* exp,, (7”’+E) (T (2r, f)]kJrl )

By 0 < e < o — p, it follows from Lemma 2.5 and (3.6) that

(3.7) tp (f) = pp (f) = +o0 and pyps1 (f) = 0.

By using Lemma 2.7, we have

maX{pP(‘Aj):j:Oalv"'? 1}_pp( ) 6<+OO
Since f is a transcendental meromorphic solution of equation (1.1)
with p, (f) = 400 and A, ( ) < pp (f), then by Lemma 2.6, we get

(3~8) Pp+1 (f) < pp (AS) .

By (3.7) and (3.8), we conclude that i (f) = p+ 1, p, (f) = pp (f)
= +oo and 0 < p11 (f) < pp (As)

4. PROOF OF COROLLARY 1.1

Setting h = f — ¢ where ¢ is such that i (¢) < p+1 or p,41(p) < 0.
Using the properties of iterated order, we get p,41 (h) = ppi1 (f), so
0 < ppi1(h) < p,(As). By substituting f = h + ¢ into (1.1), we
obtain

A 4 Ay (2) R*D o A (2) R+ Ag (2) b

A1) == (P + A1 (2)e* TV 4+ A (2) @+ Ao (2) ) -

Set K (2) = o™ + Ap_1 (2) @* Do Ay (2) @ + Ao (2) . If i (p) <
p+1or pyi1 (@) < o, then by Theorem 1.1, we deduce that ¢ is not a
solution of equation (1.1) , implying that K ( ) # 0, and in thls case we
have py11 (K) < max{pp+1 (), pp+1 (4;) ( 0,1, -1} <o,
so max {pp+1 (K), pp1(4;) (j=0,1,---, )} o < Pp+1 (f)
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and by Lemma 2.10, we obtain o < A1 (f — ) = A\t (f — ) =
pp+1 (f = 0) = ppsr (f) < pp (As) -

5. PROOF OF THEOREM 1.2

Assume that f(z) is a rational solution of (1.2). If either f(z) is a
rational function, which has a pole at zy of degree m > 1, or f(z) is a
polynomial with deg f > s, then f®*)(2) # 0. By (1.2), we have

k—1
A2 O =F @) = [ fP () +) 4 9 ()
Js
Then, by using Lemma 2.7

k—1
USPP<A>—pp<AfS>>—pp< (f PR )>
Jj=0, j#s
< .
- j=0,1,{r.{%§17 ks {op (45), pp (F)}
which is a contradiction. Therefore, f(z) must be a polynomial with
deg f < s—1.

Now, we assume that f(z) is a transcendental meromorphic solution
of (1.2) such that A, ( ) < min{u,(f),o}. By (1.2), we have

2[5

By Lemma 2.8, we know that f satisfies p, (f) > 0. By the hypothesis
Ap (%) < min{u,(f), o} and Hadamard factorization theorem, we can

(5.1) |Ag| < ' | Ao| + ‘

74

write f as f(z) = ZE‘?, where ¢ (z) and d(z) are entire functions

satisfying
tp(9) = pp(f) = 1 < pp(g9) = pp(f),

1 :

(@) =3, (3) = 8 < min{uy ().,

By the definition of the iterated lower p—order, for sufficiently large r
(5.2) M(r,g) > expp{r’”?(g)_g}.
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Set

p1 =max{p, (4;), j # s,pp (F)} <o
Then by Lemma 2.3, we have by using (5.2), for any given ¢ with
0 < & < min{o — py, M}, there exists a set B3 C (1, 4+00) with

a finite logarithmic measure such that for all z satisfying |z| = r ¢ Ej
at wich |g (2) [ = M(r, g),

(5.3)
F)| _|F(2)d(z)
‘f (2) _‘ 9(2)

By using the same arguments as in the proof of Theorem 1.1, for

any given ¢ with 0 < ¢ < min{o — pl,w} and for all z

satisfying |z| = r € H\ ([0,1]]UE;UEyUE3), r — +oo at wich
lg (2)| = M(r,g), we have

19 (2)

exp, (rPrte) exp,, (rpp(d)Jre)

expp (rﬂp (9)*5)

< exp, (7"’1+5) .

J\<) k1 o .
s [ s Brmen it i- L iz
(5.5) ‘f{s)(?)z) <7r* (s >1is an integer) ,

(5.6) |Aj (2)| <exp, (r™*°), 7=0,1,...,k—1, j #s,
(5.7) |As (2) | > exp,, (ar?).

Hence, it follows from (5.1), (5.3), (5.4), (5.5), (5.6) and (5.7) that
for all z satisfying |z| = r € H\ ([0,1] U Ey U Ex U E3), 7 — 00, at
which |g (2)| = M (r,g), that for any given ¢ with 0 < ¢ < min{o —

o1, up(g);pp(d)}

exp (a17) < 7% (exp, (r"*) + BT (2r, )]

k—1
+ Z exp, (r/*) B[T (2r, DI+ exp, (r71+9)
=1

s
(5.8) <r*B(k+1)[T (2r, f)]kJrl exp,, (7"’)1%) }
By 0 < e <o — py, it follows from Lemma 2.5 and (5.8) that
(5.9) tp (f) = pp(f) = +o0 and ppi1(f) = 0.

Since F' # 0, from Lemma 2.9, we have
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(5 10) XP (f) :_)‘p(f) = HKp (f) :pp(f) = +09,
. 0 < Apr1 (f) = Apsa () = ppa ()
By Lemma 2.7, we have

max {p, (4;), (G =0,1...k = 1),p, (F)} = pp (As) = B < +00.
Since f is a meromorphic solution of (1.2) with p,(f) = +00, A, G) <
o < i, (f) = +o0, then by Lemma 2.6, we get

(5.11) po+1(f) < pp (As).
By (5.10) and (5.11), we obtain i (f) =p+ 1

Xp (f) = A(f) = pp(f) = +o0,
o< Xerl (f) = )‘p+1(f) = /)p+1(f) < P (As) -
6. Proof of Corollary 1.2

Setting h = f —¢ such that i (¢) < p+1 or p,41 (¢) < 0. By Theorem
1.2, we have 0 < py11 (f) < pp (As) . Using the properties of iterated
order, we get 0 < pyi1(h) = ppi1 (f) < pp(As). By substituting
f=h+pinto (1.2), we get

A 4 Ay (2)R*D o A ()R + A (2) b

(6.1) =F(2) = (¢ + A (2) 9" V4 + AL () ' + A0 (2) ) -

Set G (2) = F (2)— (™ + Ap1 (2) 97D+ 4+ A1 (2) ¢ + Ao (2) ) -
If i(¢) <p+1orpyi(p) < o, then by Theorem 1.2, we deduce
that ¢ is not a solution of equation (1.2), implying that G (z) # 0,
and in this case we have

Pp+1 (G) < maX{perl (W) y Pp+1 (F) y Ppt+1 (Aj) (.7 = 07 17 e 7k - 1)}
< 0o,

SO

max {pp+1 (G) y Pp+il (A]) (] = 07 17 e 7k - 1)} <o < Pp+1 (f)
and by Lemma 2.10, we obtain

o< Xp+1 (f—¢) = Ap+1 (f—9)= Pp+1 (f =) < Pp (As)
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