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FIXED POINTS FOR COMPATIBLE MAPPINGS
IN S - METRIC SPACES

VALERIU POPA AND ALINA-MIHAELA PATRICIU

Abstract. The purpose of this paper is to prove a general fixed
point theorem for two pairs of compatible mappings in S - metric
spaces, which extend Theorem 2 [11] to S - metric spaces and general-
ize Theorems 2.2 and 2.7 [20] and other results for a pair of mappings
and for a single mapping..

1. INTRODUCTION

Let f and g be two self mappings of a metric space (X,d). Sessa
[21] defines f and g be weakly commuting if

d(fgzr,gfr) <d(fz,gx), for all z € X.
In 1986, Jungck [4] defines f and g to be compatible if
A(Fgm, g fn) =0,
whenever {z,} is a sequence in X such that

lim fz, = lim gz, =t for some t € X.
n—oo n— o0
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Clearly, commuting mappings are weakly commuting and weakly
commuting mappings are compatible, but neither implication is re-
versible (Example 13 [22] and Example 2.2 [4]).

A generalization of metric space, named D - metric space, is intro-
duced in [1], [2].

Mustafa and Sims [10], [11] proved that most of the claims con-
cerning the fundamental topological structures on D - metric spaces
are incorrect and introduced appropriate notion of generalized metric
spaces, named G - metric space.

In fact, Mustafa, Sims and other authors studied many fixed point
results for self mappings in G - metric spaces.

Recently in [16], the authors introduced a “generalization” of G -
metric spaces, named S - metric space. In [3], the authors proved that
the notion of S - metric space is not a generalization of G - metric
space or vice versa. Hence, the notions of G' - metric space and S -
metric space are independent.

Other results in the study of fixed points in S - metric space are
obtained in [6], [9], [14], [15], [17], [19] and in other papers.

Several classical fixed point theorems and common fixed point the-
orems in metric spaces have been unified in [10], [11], considering a
general condition by implicit function.

The study of fixed point for two pairs of compatible mappings sat-
isfying an implicit relation is initiated in [11].

The study of fixed point for mappings satisfying an implicit relation
in G - metric spaces is initiated in [12], [13].

Quite recently, new type of implicit relations in S - metric spaces is
introduced in [17] and [18].

The purpose of this paper is to prove a general fixed point theorems
for two pairs of compatible mappings in S - metric spaces which extend
Theorem 2 [11] to S - metric spaces, generalizing Theorem 2.2 and 2.7
[20] and other results for a pair of mappings and for a single mapping.

2. PRELIMINARIES

Definition 2.1 ([16], [17]). Let X be a nonempty set. A S - metric
on X is a function S : X* — R, such that:
(S1): S(z,y,2)=0if and only if x = y = z;
(S2): S(z,y,2) <S(x,z,a)+S (y,y,a)+S (2, z,a) for all x,y, z,a €
X.

The pair (X, S) is called a S - metric space.
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Example 2.2. Let X =R and S (z,y,2) = |x — 2| + |y — z|. Then,
S(x,y,z) is a S - metric on R, which is named a usual S - metric on

X.

Lemma 2.3 ([16], [17]). If S is a S - metric on a nonempty set X,
then S (z,x,y) = S (y,y,x) for all x,y € X.

Definition 2.4. Let (X,S) be a S - metric space. For r > 0 and
x € X we define the open ball with center z and radius r, the set

Bs(z,r)={ye X :S(x,z,y) <r}.

The topology induced by S is the topology determined by the base
of all open balls in X.

Definition 2.5 ([16], [17]). a) A sequence {x,} in a S - metric space
(X, S) is convergent to x, denoted lim, o, z, = z or x, — =z, if
S (zp, T, z) = 0 as n — oo.

b) A sequence {z,} in (X,S) is a Cauchy sequence if
S(Tp, Tny Tp) — 0 as n,m — 0.

c) (X,9) is complete if every Cauchy sequence is convergent.

Example 2.6. (X, S) with the usual S - metric is complete.

Lemma 2.7 ([16], [17]). Let (X, S) be a S - metric space. If x, — x
and y, — y, then S (zn, Tp, yn) = S (z,2,y).

Lemma 2.8 ([16], [17]). The limit of a convergent sequence is unique.

Lemma 2.9 ([20]). Let (X,S) be a S - metric space. If there ex-
ist {xzp} and {y,} in X such that lim, o S (Tp, Tp,yn) = 0 and
lim,,_ o x, = t, then lim,_,o y, = t.

Definition 2.10 ([5]). Let (X, S) and (X’,S’) be S - metric spaces
and f : (X,5) — (X', 9) be a function. Then f is continuous at a
point a € X if every sequence {x,} in X with S (z,, x,,a) — 0 implies
S (fxn, fr,, fa) — 0. fis continuous if has this property in all x € X,

Definition 2.11 ([20]). Let (X,S) be a S - metric space. A
pair {f,g} of self mappings of (X,S) is said to be compatible if
limy, oo S (f9Tn, f9Tn,9fx,) = 0 whenever {z,} is a sequence in X
such that lim,, . fr, = lim, . gz, =t for some t € X.

Quite recently, the following two theorems are proved.

Theorem 2.12 (Theorem 2.2 [20]). Suppose that f,g, R and T be
self mappings of a complete S - metric space (X,S) with f(X) C
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T(X), g(X) C R(X) and the pairs {f, R} and {g,T} are compatible.

If
S(Rx,Ry,Tz),S (fx, fr, Rx),
(21 S fy.92) < qmax{ S (92,92, T2), 5 (fy, fy, 92) }

for each x,y,z € X, with q € (0,1).
Then f,qg, R and T have a unique common fized point in X provided
that R and T are continuous.

Theorem 2.13 (Theorem 2.7 [20]). Let {f, R} and {g,T} be com-
patible mappings of a complete S - metric space (X,S) and for all
x,y,z € X satisfying

S (fxa fy7gz) < arS (Rl’7 Ry,TZ) + asS (fxa Jz, TZ) +

a3S (Rz, Ry, 92) + asS (fy, fy,Tz) + a5S (92, 92, T%)
where a; >0, 1=1,2,3,4,5, are real constants with a; + 3as + 3az +
3a4 +as < 1.

If f(X)CT(X) and g(X) C R(X) and R and T are continuous,
then f,g, R and T have a unique common fized point.

Remark 2.14. In the proofs of Theorems 2.12 and 2.13 is used only
x =y. Hence instead inequalities (2.1) and (2.2) we obtain

S (Rz, Rz, Tz),
(2.3) S(fx, fr,g2) < gmax<{ S(fx,fz, Rx),
S (92,92, Tz)

(2.2)

S(fx, fr,g2) < a1S(Rx, Rx,Tz) + aS (fx, fx,Tz) +

(2:4) asS (Rx, Rz, g2) + ayS (fx, fx,Tz) + a5S (92,92, Tz)

Remark 2.15. [t is known that q (z,y) = G (z,x,y) is a quasi - metric
on X. By Lemma 2.3 and (Sy) we have that s (z,y) = S (z,z,y) is a
symmetric on X.

3. IMPLICIT RELATIONS

Let Fog be the set of all real continuous functions F : R‘i — R
satisfying the following conditions:
(F1): F is nonincreasing in variables t5 and tg;
(Fy) : There exists h € [0,1) such that for all u,v >0,
(Fy) :  F(u,v,v,u,0,2u+v) <0
or
(Fo):  F(u,v,u,v,2u+v,0) <0
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implies u < hv;
(F3): F(t,t,0,0,t,t) >0, ¥Vt > 0.
In all the following examples, condition (F}) is obviously.

Example 3.1. F (t1,...,ts) = t1 — kmax {to, t3,t4, 5,16}, where k €

)

(Fy) : (Fy) : Let u,v > 0 and F (u,v,v,u,0,2u+v) = u —
kmax {u,v,2u+v} < 0. If w > v, then u(1—3k) < 0, a contra-
diction. Hence, u < v, which implies u < hv, where 0 < h = 3k < 1.
(Fy) @ The proof is similar to the proof of (Fy,).

(F):  F(t,t,0,0,t,t) =t(1—k) >0, Vt > 0.

Example 3.2. F (tl, ...,tﬁ) =1t — aty — btg —cty — dt5 — €t6, where
a,b,c,d,e >0 and a+ b+ c+ 3d+ 3e < 1.

(Fy) : (Fy): Let u,v >0 and F (u,v,v,u,0,2u+v) =u — av —
bv—cu—e(Ru+v) <0. Ifu>v,thenu[l —(a+b+c+3e)] <0, a
contradiction. Hence, u < v, which implies v < hyv, where 0 < hy =
a+b+c+3e <l
(Fy) :  The proof is similar to the proof of (Fy,), with u < hov, where
0<hy=a+b+c+3d<1.

If h = max{hy, ho}, then (F3) is proved.
(Fy): F(t,1,0,0,t,t) =t[1 — (a+d+e)] >0, ¥t > 0.

Example 3.3. F (t1,...,t5) = t; — aty — bmax {t3,t4,t5,ts}, where
a,b>0 and a+ 3b < 1.

(Fy) : (Fo): Let w,v >0 and F(u,v,v,u,0,2u+v) = u—av —
bmax {u,v,2u+ v} < 0. If u > v, then u [l — (a + 3b)] <0, a contra-
diction. Hence, u < v, which implies u < hv, where 0 < h = a+3b < 1.
(Fy) :  The proof is similar to the proof of (Fb,).

(Fy): F(£,£,0,0,£,t) =t[L — (a+b)] >0, Vt > 0.

Example 3.4. F (ty,...,tg) = t1 —aty— btz —cty —dmax {t5, ts}, where
a,b,c,d>0anda+b+c+3d<1.

(Fy) . (Fy): Let u,v >0 and F (u,v,v,u,0,2u+v) =u — av —
bv—cu—d2u+wv) <0. Ifu>wv, thenu[l —(a+b+c+3d)] <0,
a contradiction. Hence, © < v, which implies © < hv, where 0 < h =
a+b+c+3d<1.

(Fy) :  The proof is similar to the proof of (Fy,).

(F):  F(t,t,0,0,t,t) =t[1 — (a+d)] >0, Vt > 0.
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Example 3.5. F' (ty, ..., tg) = t1 —aty —dmax {t3, t4 } — bt —ctg, where
a,b,c,d>0anda+d+3(b+c)<1.

(Fy) : (Fo,): Let w,v >0 and F(u,v,v,u,0,2u+v) = u—av —
dmax {u,v} —c(2u+v) <0. If u > v, then u[1l — (a+d+ 3¢)] <0,
a contradiction. Hence, u < v, which implies u < hyv, where 0 < hy =
a+d+3c<1.

(Fy) : Let u,o > 0 and F(u,v,v,u,0,2u4+v) = u — av —
dmax {u,v} —b(2u+v) <0. If u> v, then u[l — (a +d + 3b)] <0,
a contradiction. Hence, u < wv, which implies © < hyv, where

If h = max{hy, hs}, then (F3) is proved.
(Fy):  F(t,t,0,0,t,t) =t[l — (a+b+c)] >0, Vt > 0.

Example 3.6. F (t1,....,t5) = t1 — a(t5 +ts) — bty — cmax{t3, 14},
where a,b,c >0 and 3a +b+c < 1.

(Fy) : (Fy) : Let wy,v > 0 and F(u,v,v,u,0,2u+v) = u —
a(2u+v)—bv—cmax{u,v} <0. Ifu > v, thenu[l — (Ba+b+c)] <
0, a contradiction. Hence, v < v, which implies © < hv, where
0<h=3a+b+c<l.

(Fy) :  The proof is similar to the proof of (F,).

(Fy): F(£1,0,0,t,¢) = t[1 — (2a +b)] > 0, Vt > 0.

Example 3.7. F(tl, ...,tﬁ) = tl — a(tg +t4) — btg — cmax{t5,t6},
where a,b,c > 0 and 2a + b+ 3¢ < 1.

(Fy) : (Fy) : Let uy,v > 0 and F (u,v,v,u,0,2u+v) = u —
a(u+v)—bv—c2u+wv) <0. Ifu>v, thenu[l — (2a + b+ 3¢)] <0,
a contradiction. Hence, v < v, which implies u© < hv, where
0<h=2a+b+3c<1.

(Fy) @ The proof is similar to the proof of (Fy,).

(Fy): F(t,t,0,0,t,t) =t[1— (b+¢)] >0, V> 0,

Example 3.8. F (t1,...,tg) = t; —amax {t, + t5,t3 + tg} — bta, where
a,b>0 and 4a+b < 1.

(Fy) @ (Fa) : Let w,o > 0 and F (u,v,v,u,0,2u+v) = u —
amax {u,2u +2v} —2bv < 0. If u > v, then u[l — (4a+b)] < 0,
a contradiction. Hence, u < v, which implies u© < hv, where
0<h=4a+b<l.

(Fy) @ The proof is similar to the proof of (Fy,).

(Fy): F(t,£,0,0,t,t) =t[l — (a+b)] >0, Vt > 0.

Example 3.9. F (ty,...,ts) = 12 — t; (aty + btz + cty) — dists, where
a,b,c,d>0, a+b+c<1landa+d<1.
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(Fp) © (Fe) : Let w,v > 0 and F (u,v,v,u,0,2u+v) = u® —
u(av+bv +cu) < 0. If u > v, then v?[1 — (a+b+c)] < 0, a con-
tradiction. Hence, u < v, which implies © < hv, where 0 < h =
va+b+c<l.

(Fy) :  The proof is similar to the proof of (Fy,).

(F3): F(t,1,0,0,t,t) =t*[1 — (a+d)] >0, Vt > 0.

Example 3.10. F (t,...,t5) = t? —atyty — btzty — ctsts, where a,b,c >
0, a+b<landa+c<1.

(Fp): (Fy): Letu,v>0and F (u,v,v,u,0,2u+v) = u®—auv —
buv < 0. If u > v, then v?[1 — (a +b)] < 0, a contradiction. Hence,
u < v, which implies u < hv, where 0 < h =+va+b < 1.

(Fy) @ The proof is similar to the proof of (Fy,).

(F3): F(t,t,0,0,t,t) =t*[1 — (a+c)] >0, Vt > 0.

t t
Example 3.11. F'(tq,...,ts) = t; — kmax {tg,tg,t4, 5;; 6}, where
kel0,1)..

(Fy) : (Fy) @ Let u,v > 0 and F (u,v,v,u,0,2u+v) = u —
2u+v

kmax { u, v, < 0. If u > v, then u(1 —k) < 0, a contra-

diction. Hence, u < v, which implies v < hv, where 0 < h =k < 1.
(Fy) @ The proof is similar to the proof of (Fy,).
(F3): F(t,t,0,0,t,t)=t(1—k) >0, vVt > 0.

4. MAIN RESULTS

Theorem 4.1. Let f,g, R and T be self mappings of a complete S -
metric space (X,S) with

1) f(X)CT(X) andg(X)C R(X),

2) R and T are continuous,

and

(4.1) F( S (fz, fr,9y),S (Re, R, Ty),S (fx, fr, Rz), ) <0

S gy, 9y, Ty),S (fz, fx,Ty), S (9y, gy, Rx)

for all x,y € X and some F € Feg.
If (f,R) and (g,T) are compatible, then f, g, R and T" have a unique
common fized point.

Proof. Let zq be an arbitrary point of X. Since f (X) C T (X), there
exists ;1 € X such that fry = Tx; and also, as gr; € R(X), we
choose 9 € X such that gr; = Rxz,. Continuing this process, if
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ZTont1 € X is chosen such that fwxg, = Txo,.1 and x9,12 € X such
that gxe,1 = R¥a,yo, We obtain a sequence {y,} in X such that

Yon = fﬂUzn = T$2n+1 and Yon+1 = GTon4+1 = R$2n+2-

By (4.1) for x = x9, and y = x9,,; we have

S (.fony fx2n> 9$2n+1) ) S (R$2na Rx2n7 T:U?n—‘rl) )

F S (f$2m fxon, R5U2n) ;S (9x2n+17 9Ton+1, T$2n+1) ) <0
S (fﬂCQm fon, T$2n+1) S (9$2n+1, 9Ton+1, Rl‘zn)
S (yzm Yon, y2n+1) ) S <y2n—17 Yon-1, y2n) s
(4-2) F S (y2n7 Yon, an—l) S (y2n+17 Yon+1, yzn) ) <0
0,8 (y2n+1; Yon+1, y2n—1)
By Lemma 2.3,

S (y2n, Yon, ZJZn—l) =S (yzn—h Yon—1, y2n) )
S (y2n+1, Yon+1, yzn) =S (yzn, Yon, y2n+1) .

By (S2) and Lemma 2.3 we have

S (y2n+1, Yon+1, ?j2n—1) < 25 (y2n+1, Yon+1, y2n) + 5 (an—b Yon—1, y2n)

= 25 (Yans Yon, Y2nt1) + S (Yan—1, Yan—1, Yan) -
Then, by (4.2) we obtain

S (anv Yon, y2n+1) ) S (y2n—17 Yon—1, y2n) 5

S <y2n—17 Yon—1, an) ) S (y2n> Yon, y2n+1) 5 S 0
0,25 (Yan, Yon, Yont1) + S (Y2n—1, Y2n—1, Y2n)

By (F3,) we obtain

F

S (Yons Yon, Yont1) < AS (Yon—1, Yon—1,Yon) -
If © = x9, and y = 29,1, by (4.1) we obtain

S (f@m f@m gxzn—l) ) S (Rme szn, TIzn—l) )

F | S(fxan, fron, RTan), S (9Ton-1, 9Ton—1, TTop_1), <0
S (fony fx2n7 Tx?n—l) ) O
S (y2n7 Yon, yzn—l) ;S (y2n—1a Yon—1, yzn—2) )
(4.3) F

S (y2n7 Yon, y2n—1) ) S (y2n—1a Yon—1, y2n—2) 5 S 0
S (yZn, Yon, y2n72) 3 0

By (S2) we have

S (Y2ns Yon, Yon—2) < 255 (Yon—1, Y2n—1,Y2n) + S (Y2n—2, Yon—2, Yon) -
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By (4.3) and Lemma 2.3 we obtain

S (92%1, Yon—1, ?J2n) , S <y2n72> Yon—2, y2n71> )
F S (Yon—1;Y2n—1, Y2n) s S (Y2n—1, Yon—1, Y2n) , <0.
25 (Yon—1,Yon—1, Y2n) + S (Y2n—2, Yon—2, Yan—1) , 0

By (Fy) we obtain
S (Yon—1;Y2n—1,Y2n) < hS (Y2n—2, Yon—2, Y2n—1) -

Hence for all n € N we have

S (yrw Yn, yn—l) S hS (yn—la Yn-1, yn)

for all n = 1,2, ..., which implies

S (Un> Yny yn—1) < IS (y1,91,0) -

By a routine calculation, see for example [17], we obtain that {y,}
is a Cauchy sequence. Since (X, S) is complete, there exists z € X
such that

lim fx, = lim T2y,11 = lim gx9,11 = lim Rzg,0 = 2.
n—o00 n—00 n—00 n—00
Suppose that R is continuous. Then

lim Rfxs, = R lim fx,, = Rz
n—oo n—oo

and

lim R2x2n+2 = Rz.
n—oo

Since (f, R) are compatible, them by (S3)
S (fRxap, fRxoy, Rz) < 2S5 (f Rrop, fRxon, Rfxe,)+S (Rz, Rz, Rfxs,) .

Letting n tend to infinity we obtain
nli_)HOloS(fon, fRx,, Rz) = 0.

By Lemma 2.9,
lim fRz, = Rz.

n—oo

By (4.1) for x = Rxo,, y = To,41, We have

S (fR$2m fR$2n> g$2n+1) ) S (R2£E2m R2$2m T5E2n+1) )
F | S(fRxan, fRxon, R?x2,) S (9%2n+1, §T2nt1, T2n41), | <0
S (fR$2n, le'zm T$2n+1) ,S (9$2n+1, 9Ton+1, RQZEQn)

Letting n tend to infinity by Lemma 2.3, we obtain
F(S(Rz,Rz,2),S(Rz,Rz,2),0,0,S (Rz,Rz,2),S (2,2, Rz)) <0.
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By Lemma 2.3,
S(z,z,Rz) =S (Rz,Rz,z).

Hence,
F(S(Rz,Rz,2),S(Rz,Rz,2),0,0,S (Rz,Rz,z),S (Rz,Rz,2)) <0,

a contradiction of (F}) if S (Rz, Rz,z) > 0. Hence, S (Rz,Rz,z) =0

and by (S51), z = Rz.
In a similar way, since 7" is continuous, we obtain

lim T2x2n+1 =Tz and lim Tgre,1 =Tx2
n—o0 n—0o0

and by compatibility of g and T" we obtain

lim gTxo, 1 =1Tx.
n—oo

By (4.1) for x = x4, and y = T'x9,,1 we obtain that
S (f-r2na f-r2na ngQn—‘rl) ) S <R$2na Rx?n, T2$2n+1) )

F S (f$2n7 f$2n7 R$2n> ) S (gT$2n+17 gTw2n+17 T2$2n+1) )
S (fl’zm fTon, T29€2n+1) ;S (9T$2n+1, 9T o1, RﬂCQn)

<0.

Letting n tend to infinity we obtain
F(S(z,2,Tz),S(2,2,T2),0,0,S(2,2,Tz),S(z,2,Tz)) <0,
a contradiction of (F3) if S (z,2,7z) > 0. Hence, S(z,2,Tz) = 0,

which implies, by (S;) that z = Tz.
Also, by (4.1) for x = z and y = 29,1 we obtain

S (fza fz>gx2n+1) ) S (RZ7 Rz,Tx2n+1) )

F S (f% fz, RZ) ;S (91’2n+17 9Ton+1, T132n+1) )
S (fZ; fZ7 T$2n+1) ;S (9I2n+17 9Ton+1, RZ)

F(S(fz,f22),0,5(fz, f2,2),0,5(fz fz,2),0) <0.
By (F}) we have
F(S(fz fz,2),0,S(fz, fz2),0,25(fz,fz,2),0) <0.

By (F25)7

<0,

S(fz f22) =0

which implies
z=fz.

By (4.1) for x = z and y = z we obtain that
r ( S(fz, fz,92),S (Rz,Rz,Tz),S fz fz, Rz2) >

I/\

S(gZ,gZ,TZ),S(fZ,fZ,TZ) gZ gz, RZ
F(S(z,2,92),0,0,5(z,2,92),0,5(z,2,92)) <0,



FIXED POINTS FOR COMPATIBLE MAPPINGS IN S - METRIC SPACES 73
By (F}) we obtain

F(S(Z,Z,QZ) 70,0,5(2,2,92) 70725 (Z,Z,gZ)) S O
By (Fs.), S (z,2,92) = 0 which implies by (S), 2 = gz. Hence, z

is a common fixed point of f, g, R and T.

Suppose that u is other common fixed point of f, g, R and T. By
(4.1) we obtain

S (gv,gv,Tv),S (fu, fu,Tv),S (gv, gv, Ru) -
F (S (u,u,v),S (u,u,v),0,0,5 (u,u,v),S (v,v,u)) <0.
By Lemma 2.3,
S (u,u,v) =8 (v,v,u).

Hence,
F (S (u,u,v),S (u,u,v),0,0,5 (u,u,v),S (u,u,v)) <0,
a contradiction of (Fy). Hence, S (u,u,v) = 0. By (S1), u = v. O
By Theorem 4.1 and Example 3.11 we obtain

Theorem 4.2. Let f, g, R and T be self mappings of a complete S -
metric space (X,S) with

1) J(X)CT(X) and g(X) C R(X),

2) R and T are continuous,

and

S (Rz, Rz, Ty),
S(fx, fx,Rx),
S(fz, fr,gy) < gmax S gy, 9y, Ty) ,
S(fx, fx,Ty) + S (gy, gy, Rx)
3

for all x,y € X, where q € (0,1).

If (f,R) and (g, T) are compatible, then f, g, R and T have a unique
common fized point.

Corollary 4.3. Let f,g, R and T be self mappings of a complete S -
metric space (X,S) with

1) f(X)CT(X) and g(X) C R(X),

and

S(fx, fr,gy) < qmax{S (Rx, Rz, Ty), S (fz, fx, Rx), S (9y, 9y, Ty)}
for all x,y € X, where q € (0,1).

If (f,R) and (g, T) are compatible, then f, g, R and T have a unique
common fized point.
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Proof. The proof follows by Theorem 4.2 because
max {5 (Rx,Rw,Ty),S(fx,fx,Rx),S 99,9y, Ty)} <

S(Rx,Rx,Ty),S (fx, fx, Rx),S (gy, 9y, Ty), )
maX{ S (f, f2,Ty) + S (9y, gy, Rz) }

3

Remark 4.4. This corollary is a new form of Theorem 2.12.

Theorem 4.5. Let f, g, R and T be self mappings of a complete S -
metric space (X,S) with
1) F(X)CT(X) and g (X) C R(X),
2) R and T are continuous,
and
S(fx, fr,qy) < a1S (Rx, Rz, Ty) + asS (fz, fx, Rx) +
azS (9y, 9y, Ty) + asS (fx, fx, Ty) + as5 (9y, gy, Rx) ,
where aq, ...,a5 > 0 and a1 + as + ag + 3aq + 3a; < 1, for all x,y € X.
If (f,R) and (g, T) are compatible, then f, g, R and T" have a unique
common fized point.

Proof. The proof follows by Theorem 4.1 and Example 3.2. UJ

Corollary 4.6. Let f,g, R and T be self mappings of a complete S -
metric space (X, S) with

1) F(X)CT(X) and g(X) C R(X),

2) R and T are continuous,

and

S(fx, fx,gy) < arS (Rz, Rx, Ty) + a5 (9y, gy, Ty) +
+asS (fz, fx, Ty) + asS (9y, gy, Rx)

for all x,y € X, where ay,...,ay >0 and ay + as + 3az + a4 < 1.
If (f,R) and (g,T) are compatible, then f, g, R and T have a unique
common fized point.

Proof. The proof is similar to the proof of Corollary 4.3. U
If R and T are identity mappings on X by Theorem 4.1 we obtain

Theorem 4.7. Let f and g be self mappings of a complete S - metric
space (X, S) such that

F( S(fz, fx,9y), 8 (@, 2,y), S (fz, fr,x), ) <0
S (9y,9v,y),S (fz, fx y),S (9y,9y,2) ) =

forall z,y € X and some F' € Feg.
Then f and g have a unique common fixed point.
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By Theorem 4.1 and Example 3.11 we obtain

Theorem 4.8. Let (X,S) be a complete S - metric space and f,g be
self mappings of X such that

S(z,2,y),S(fx, fr,x),S (9y, 9y,v),
S(fx, fr,gy) < gmax S (fz, fr,y) + S (9y, 9y, )
3

for all z,y € X and some F' € Feg.
Then f and g have a unique common fixed point.

If f = g, then by Theorem 4.7 we obtain

Theorem 4.9. Let (X, S) be a complete S - metric space and f : X —
X be a mapping nonincreasing in tg such that

F<S(fx7fx7fy>7S<I7'T7y>75<fx7fx7x)7)<O

Sy, fy.y), 8 (fx, fr,y), S (fy. fy,x) )

for allz,y € X and some F satisfying properties (Fy) , (Fs,) and (F3).
Then f has a unique fixed point.

By Example 3.11 we obtain a new Ciri¢ type theorem in S - metric
spaces.

Corollary 4.10. Let (X,S) be a complete S - metric space and f :
X — X be a mapping such that

S(x,z,y),S (fx, fx,x),S (fy, fy.y),
S(fx, fz, fy) < gmax S(fz, fx,y) + S (fy, fy,x)
3

for all z,y € X and q € [0,1).
Then f has a unique fixed point.

Remark 4.11. 1) By Examples 3.1 - 3.8 we obtain all the results
from [9].

2) By Ezxample 3.2 we obtain Corollary 2.19 [17], Theorems 2.3, 2.4
[13] and Theorems 3.2, 3.3, 3.4 [14].
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