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fg-CLOSED SETS IN A FUZZY SET TOPOLOGY

ANJANA BHATTACHARYYA

Abstract. This paper deals with a new type of fuzzy generalized
version of closed sets, called fg-closed sets, which is already defined
in [16]. Again the mutual relationships of this class of sets with other
classes defined in [3, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16] are estab-
lished. Then a new type of closure operator, called fg-closure opera-
tor, is introduced and it is proved that this is an idempotent operator.
With the help of this operator, fg-open, fg-closed, fg-continuous and
fg-irresolute functions are introduced and characterized. Afterwards,
fg-regular, fg-normal, fg-compact, fg-T5-spaces are introduced and
characterized. Lastly, applications of the above mentioned functions
on these spaces are given.

1. Introduction

In [3], the notion of fuzzy generalized closed set has been introduced.
Afterwards, dif and only iferent types of generalized versions of fuzzy
closed sets are introduced and studied. In this context we have to
mention [5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16]. Here we also introduce
a new type of generalized version of fuzzy closed sets, which implies
other generalized version of fuzzy closed sets, but not conversely. With
the help of this notion a new type of separation axioms are introduced
and studied.

Keywords and phrases: fgj-closed set, fuzzy compact space, fg-
closed function, fg-open ¢-nbd, fg-regular space, fg-continuous func-
tion, fuzzy Ty-space, fuzzy semiopen set.
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2. Preliminaries

Throughout this paper, by (X, 7) or simply by X we shall mean a
fuzzy topological space (fts, for short) in the sense of Chang [20]. A
fuzzy set [35] A in an fts X, denoted by A € IX, is defined to be a
mapping from a non-empty set X into the closed interval I = [0, 1].
The support [35] of a fuzzy set A, denoted by suppA [35] and is defined
by suppA = {x € X : A(z) # 0}. The fuzzy set with the singleton
support {x} C X and the value ¢ (0 < ¢ < 1) will be denoted by
x; [35]. Ox and 1x are the constant fuzzy sets taking values 0 and
1 respectively in X. The complement [35] of a fuzzy set A in X is
denoted by 1x \ A and is defined by (1y \ A)(x) =1 — A(x), for each
x € X. For any two fuzzy sets A, B in X, A < B means A(x) < B(z),
for all x € X [35] while AgB means A is quasi-coincident (q-coincident,
for short) [32] with B, i.e., there exists € X such that A(z)+ B(z) >
1. The negation of these two statements will be denoted by A £ B
and A¢B respectively. For a fuzzy set A, clA and intA will stand for
fuzzy closure [20] and fuzzy interior [20] respectively. A fuzzy set A
in an fts X is called fuzzy regular open [2] if A = intclA. A fuzzy set
A is called a fuzzy neighbourhood (nbd, for short) of a fuzzy point x;
if there exists a fuzzy open set G in X such that z; < G < A [32]. If,
in addition, A is open, then A is called a fuzzy open nbd [32] of x;. A
fuzzy set A in X is called a ¢g-neighbourhood (¢g-nbd, for short) [32] of
a fuzzy point x; if there is a fuzzy open set U in X such that z;,qU < A.
If, in addition, A is fuzzy open (resp., fuzzy regular open), then A is
called fuzzy open ¢-nbd [32] (resp., fuzzy regular open g-nbd [2]) of x;.
A fuzzy point z,, is said to be a fuzzy J-cluster point of a fuzzy set A in
an fts X if every fuzzy regular open ¢-nbd U of z,, is ¢g-coincident with
A [24]. The union of all fuzzy d-cluster points of A is called the fuzzy
d-closure of A, denoted by dclA [24]. A fuzzy set A is called fuzzy
d-closed if A = dclA [24] and the complement of a fuzzy J-closed set is
called fuzzy d-open [24]. The union of all fuzzy J-open sets contained
in a fuzzy set A is called fuzzy d-interior of A and is denoted by dint A
[24]. For a fuzzy set A in an fts (X, 7), dcl(1x \ A) = 1x \ dintA [24].
A fuzzy set A in an fts X is called fuzzy semiopen [2] (respectively,
fuzzy p-open [23]) if A < clintA (respectively, A < clintclA). The
complement of a fuzzy semiopen (respectively, fuzzy [-open) set is
called fuzzy semiclosed [2] (respectively, fuzzy [-closed [23]). The
intersection of all fuzzy semiclosed (respectively, fuzzy [-closed) sets
containing a fuzzy set A is called fuzzy semiclosure [2] (respectively,
fuzzy [-closure [23]) of A, denoted by sclA (respectively, SclA). The
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collection of all fuzzy semiopen (respectively, fuzzy [-open, fuzzy J-
open) sets in an fts X is denoted by F.SO(X) (respectively, F/SO(X),
FSO(X)) and that of fuzzy semiclosed (respectively, fuzzy [-closed,
fuzzy d6-closed) sets is denoted by FSC(X) (respectively, FSC(X),
FéC(X)).

3. fg-Closed Set : Some Properties

In this section we first introduce the class of fg-closed sets which is
strictly larger than the class of fuzzy closed sets. Then some important
properties of this class of sets are established here and its mutual rela-
tionships with dif and only iferent types of generalized version of fuzzy
closed sets, which are defined in [5, 6, 7, 8,9, 11, 12, 13, 14, 15, 16],
are investigated.

Definition 3.1. Let (X, 7) be an fts and A € IX. Then A is called
fg-closed set in X if clA < U whenever A < U € FSO(X).
The complement of fg-closed set is called fg-open set.

Remark 3.2. It is clear from definition that every fuzzy closed
set is an fg-closed set. But the converse is not true, in general, as it
follows from the following example.

Example 3.3. fgj-closed set % fuzzy closed set
Let X = {a,b}, 7 = {Ox,1x}. Then (X,7) is an fts. Consider the
fuzzy set A, defined by A(a) = A(b) = 0.5. Then 1y is the only
fuzzy semiopen set in X containing A and so clA =1x <1y = A is
fg-closed set in X. But A & 7°¢.

Definition 3.4. Let (X, 7) be an fts and x, be a fuzzy point in X.
Then A(€ I¥) is called an fg§-neighbourhood (fg-nbd, for short) of
x4 if there exists an fg-open set U in X such that x, < U < A. If, in
addition, A is fg-open set in X, then A is called an fg§-open nbd of x,,.

Definition 3.5. Let (X, 7) be an fts and z, be a fuzzy point in
X. Then A(€ IY) is called an fg-open quasi neighbourhood (fg
g-nbd, for short) of z, if there is an fg-open set U in X such that
roqU < A. If, in addition, A is fg-open set in X, then A is called an
fg-open ¢-nbd of x,.
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Note 3.6. It is to be noted that arbitrary union of fg-closed sets
is fg-closed. But intersection of two fg-closed sets need not be so, as
it follows from the following example.

Example 3.7. Let X = {a,b}, 7 = {0x,1x,A} where
A(a) = 05,A(0) = 04. Then (X,7) is an fts.  Now
FSO(X) = {0x,1x,U} where A < U < 1x \ A. Consider
the fuzzy sets C' and D defined by C(a) = 0.5,C(b) = 0.6 and
D(a) = 0.6,D(b) = 0.5. Then 1y is the only fuzzy semiopen set in
(X, 7) such that C' < 1x and D < 1y and so clC' = 1y < 1x and
clD =1x < 1x. Consequently, C' and D are fgj-closed sets in X. Put
E=CNAD. Then E(a) = E(b) =0.5. Now F < F € FSO(X). But
clE =1x\ AL FE = FEisnot an fg-closed set in X.

Remark 3.8. From the above discussion we can conclude that the
collection of all fg-open sets does not form a fuzzy topology.

Theorem 3.9. If A(€ [¥) is fg-closed set in X and B € ¥ is
such that A < B < clA, then B is also fg-closed set in X.

Proof. Let U € FSO(X) be such that B < U. Then by
hypothesis, A < B < U. As A is fg-closed set in X, clA < U and so
A< B<cdA<U=cdA<dB<cd(dA) =cdA<U=cB<U.
Consequently, B is fg-closed set in X.

Theorem 3.10. Let (X,7) be an fts and A, B € I*. If
mtA < B< Aand A is fg-open set in X, then B is also fg-open set
in X.

Proof. intA < B<L A= 1)(\/4 < 1)(\B < 1x\lntA = Cl(lx\A)
where 1x \ A is fg-closed set in X. By Theorem 3.9, 1x \ B is
fg-closed set in X = B is fg-open set in X.

Theorem 3.11. Let (X,7) be an fts and A € [*. Then A is
fg-open set in X if and only if K < intA whenever K < A and
K € FSC(X).

Proof. Let A(e IX) be fg-open set in X and K < A
where K € FSC(X). Then 1x \ A < 1x \ K where
1y \ A is fg-closed set in X and 1y \ K € FSO(X). So

Conversely, let K < intA whenever K < A, K € F'SC(X). Then
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Ix \ K = 1x \ Ais fg-closed set in X = A is fg-open set in X.

Theorem 3.12. Let (X,7) be an fts and A(e IX) € FSO(X). If
Ais fg-closed set in X, then A is fuzzy closed set in X.

Proof. Now A < A € FSOX). By hypothesis,
clA< A= A=clA= Ais a fuzzy closed set in X.

In a similar manner we can state the following theorem easily.

Theorem 3.13. Let (X, 7) be an fts and A(€ I*) € FRO(X). If
Ais a fg-closed set in X, then A is a fuzzy closed set in X.

Theorem 3.14. Let (X, 7) be an fts and A(€ I*) be an fg-closed
set and F', a fuzzy closed set in with X A 4F. Then clA 4F.

Proof. Now A 4F = A <1x\F € 7and hence 1x\ F € FSO(X).
By assumption, clA < 1x \ F = clA 4F.

The converse may not be true, in general, as it seen from the
following example.

Example 3.15. Let X = {a,b}, 7 = {0x,1x,A, B} where
A(a) = 0.5, A(b) = 0.6, B(a) = 0.4, B(b) = 0.5. Then (X, 7) is an fts.
Now FSO(X,7) = {0x,1x,U,V} where U > A, B<V < 1x\ B.
Consider the fuzzy set C' defined by C(a) = C(b) = 0.4. Then
C 4(1x \ A) € ¢ (€ FSC(X) also) and clC = (1x \ A) 4(1x \ A).
Now C < B € FSO(X) and clC = 1x \ A £ B = C is not fg-closed
set in X.

Definition 3.16.  Let (X,7) be an fts and A € IX.
Then fg-kernel of A, denoted by fg-ker(A) is defined by fg-
ker(A) = N{U € FSO(X): A<U}.

Remark 3.17. The following example shows that the intersection
of any two fuzzy semiopen sets may not be fuzzy semiopen, shown in
the next example and as a result, fg-ker(A) is not fuzzy semiopen
set in an fts X, in general.

Example 3.18. Let X a,b}, 7 = {0x,1x,A,B,C, D}
where A(a) = 0.5,A(b) = ) = 0.6,B(b) = 0.2,C(a) =
0.5,C(b) = 02,D(a) = D b) = 0.6. Then (X,7) is an fts.
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Now FSO(X,7) = {0x,1x,U, V., W} where A < U < 1x \ C,
C <V <1x\ A W > B. Here the fuzzy sets S,T defined by
S(a) = 0.5,5(b) = 0.7 and T'(a) = 0.6, 7(b) = 0.5 are fuzzy semiopen
sets in X. But M = S AT, defined by M(a) = M(b) = 0.5 is not
fuzzy semiopen set in X.

Theorem 3.19. If a fuzzy set A in an fts (X, 7) is fg-closed, then
clA < fg-ker(A).

Proof. Let A(e I*) be fg-closed set in X and z, € clA be any
fuzzy point in X. If possible, let z, & fg-ker(A). Then there exists
V e FSO(X) with A<V and z, € V. As A is fg-closed set in X,
clA <V = x, €V, a contradiction.

Let us now recall some definitions from [3, 5, 9, 12, 13, 14] for ready
references.

Definition 3.20. Let (X,7) be an fts and A € IX. Then A is

(i) fg-closed set [3] if clA < U whenever A <U € T,

(i) fgs-closed set [5] if sclA < U whenever A <U € T,

(iii) fsg-closed set [5] if sclA < U whenever A < U € FSO(X),

(iv) fgp-closed set [5] if pclA < U whenever A < U € T,

(v) fpg-closed set [5] if pclA < U whenever A < U € FPO( ),

(V1 fagpr-closed set [5] if pclA < U whenever A < U € FRO(X),

(vii) fga-closed set [5] if aclA < U whenever A < U € T,

(viii) fag-closed set [5] if aclA < U whenever A < U € FaO(X),

(ix) fgB-closed set [5] if BclA < U whenever A < U € T,

(x) fgo,-closed set [12] if dpclA < U whenever A < U € T,

(xi) fdpg-closed set [13] if dpclA < U whenever A < U € FOPO(X),
(xii) fgo-semiclosed set [14] if 0sclA < U whenever A < U € T,

(xiii) fgs*-closed set [9] if sclA < U whenever A < U where U is
fg-open set in X, where the complement of an fg-closed set is called
an fg-open set.

Remark 3.21. It is clear from definitions that every fg-closed
set is fg-closed, fgs-closed, fsg-closed, fgp-closed, fga-closed,
fag-closed, fgpr-closed, fgpB-closed, fgd,-closed and fd,g-closed.
But the converses are not true, in general, as the following examples
show.
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Example 3.22. fgp-closed set (fgp-closed set, fgpr-closed set,
fga-closed set, fag-closed set) # fg-closed set
Let X = {a,b}, 7 = {0x,1x, A} where A(a) = 0.4, A(b) = 0.7.
Then (X, 7) is an fts. Here FSO(X) = {0x,1x,U} where U > A.
Consider the fuzzy set B, defined by B(a) = B(b) = 0.4. Then
B < A€ FSO(X). But ¢lB =1x £ A= B is not fg-closed set in
X.
Now FPC(X) = {0x,1x,V} where V.2 A. Now B < A € 7 and
pclB =B < A= Bis fgp-closed set in X.
Again, B € FpC(X) (as int(cl(intB)) = 0x < B) and so
BelB =B < A= Bis fgp-closed set in X.
Now 1y € FRO(X) only containing B and so pclB < 1x = B is
fgpr-closed set in X.
Also as dintB = Oy, cl(dintB) = 0x < B, B is fuzzy d-preclosed set
in X and as a result, B is fgd,-closed set in X.
Now consider the fuzzy set C' defined by C(a) = 0.4,C(b) = 0.3.
Then cl(int(clC)) = cl(int(1x \ A)) = 0x < C' = C'is fuzzy a-closed
set in X and so C' is fga-closed set in X. But C < A € FSO(X)
and clC' =1x \ A £ A= C is not fg-closed set in X.
Now FaO(X) = {0x,1x,U} where U > A and so FaC(X) =
{0x,1x,1x\ U} where 1x\U < 1x\ A. Now C < A € FaO(X) and
aclC =C < A= C'is fag-closed set in X.

Example 3.23. fgs-closed set, fsg-closed set, fg-closed set
= fg-closed set
Let X = {a,b}, 7 = {0x,1x, A} where A(a) = 0.5, A(b) = 0.4.
Then (X,7) is an fts. Now FSO(X) = FSC(X) = {0x,1x,U}
where A < U < 1x \ A. Consider the fuzzy set B defined by
B(a) = B(b) = 0.5. Then 1x is the only fuzzy open set in X
containing B and so cIlB < 1y = B is fg-closed set in X. Since
sclB < ¢clB, sclB < 1x = B is fgs-closed set in X. Now
B e FSO(X)= B < Bandso sclB=B< B= Bis fsg-closed set
in X. But clB=1x\ A« B = B isnot fg-closed set in X.

Remark 3.24. (i) fg-closedness and fpg-closedness are indepen-
dent concepts,
(i) fg-closedness and fgd-semiclosedness are independent concepts,
(iii) fg-closedness and fuzzy semiclosedness are independent concepts.
The following examples clarify Remark 3.24.
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Example 3.25 fg-closed set # fpg-closed set
Consider Example 3.23 and the fuzzy set (' defined by
C(a) = 0.6,C(b) = 0.5. Then 1y is the only fuzzy M € FSO(X)
such that C' < M and so clC' < 1x, hence C is an fg-closed set in
X. Now as int(clC) =1x > C = C € FPO(X) and so C < C. But
cd(intC) =clA=1x\ALC=C¢gFPC(X) = pdC £C = Cis
not an fpg-closed set in X.

Example 3.26. fpg-closed set # fg-closed set
Consider Example 3.22. Here FFPO(X) = {0x,1x,1x \ V} where
Ix\V £ 1x \ A So B € FPO(X) with B < B. Also as B #? A,
B € FPC(X). So pcdlB = B < B = B is an fpg-closed set in X.
But B is not an fg-closed set in X.

Example 3.27. fgd-semiclosed set # fg-closed set
Consider Example 3.23. Consider the fuzzy set D defined by
D(a) = D(b) = 0.5. Then 1x is the only fuzzy open set in X contain-
ing D and so D is fgd-semiclosed set in X. Now D € FSO(X) and
so D<D.ButcD=1x\A<L D= D isnot an fg-closed set in X.

Example 3.28. fgj-closed set & fgd-semiclosed set
Let X = {a,b}, 7 = {0x,1x, A} where A(a) = 0.5, A(b) = 0.6.
Then (X,7) is an fts. Consider the fuzzy set B defined by
B(a) = 0.5,B(b) = 0.4. Thenas B=1x\ A € 7% B is an fg-closed
set in X. Now B < A € 7. Now dsclB = 1x £ A = B is not an
fgo-semiclosed set in X.

Example 3.29. fg-closed set % fuzzy semiclosed set
Let X = {a,b}, 7 = {0x,1x,A} where A(a) = A(b) = 0.4.
Then (X,7) is an fts. Here FSO(X) = FSC(X) = {0x,1x,U}
where A < U < 1x \ A. Consider the fuzzy set B, defined by
B(a) = 0.6,B(b) = 0.7. Then 1x is the only fuzzy semiopen set in
X containing B and so ¢lB < 1x = B is fg-closed set in X. But
B ¢ FSC(X).

Example 3.30. Fuzzy semiclosed set # fj-closed set
Consider Example 3.23. Here B is not an fg-closed set. But
B e FSC(X).
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Definition 3.31. A fuzzy set A is called an fg neighbourhood
(fg-nbd, for short) of a fuzzy point (resp., fuzzy set) z, (resp., B)
in an fts (X,7) if there exists an fg-open set U in X such that
To < U < A (resp.,, B<U < A).

Remark 3.32. An fg-nbd of a fuzzy point in an fts need not be
fg-open set follows from the following example.

Example 3.33. Consider Example 3.23 and the fuzzy point ags.
Here the fuzzy set B is not an fg-open set in X. But ags € A < B
where A being a fuzzy open set in X is fg-open in X = B is an
fg-nbd of ags.

Note 3.34. Every fuzzy nbd of a fuzzy point is an fg-nbd of
it. But the converse may not be true, as it seen from the following
example.

Example 3.35. Consider Example 3.7 and the fuzzy point
ape. Let D be a fuzzy set defined by D(a) = 0.6,D(b) = 0.3.
Now (1x \ D)(a) = 04,(1x \ D)(b) = 0.7. Now ly is the only
fuzzy semiopen set in (X, 7) containing 1y \ D and so clearly
1x \ D is fg-closed set in (X, 7). Consequently, D is an fg-open
set in (X, 7). So Dis an fg-nbd of ag ¢, but D is not a fuzzy nbd of ag .

Remark 3.36. An fg-open set is an fg-nbd of each of its points.

Theorem 3.37. Let (X, 7) be an fts and z; be a fuzzy point in X.
Let F(€ I*) be an fg-closed set in X with z; € 1x \ F. Then there
exists an fg-nbd G of z; such that G¢F.

Proof. Now z; € 1x \ F where F'is an fg-closed set is X = 1y \ F
being an fg-open set in an fg-nbd of x;. So by definition, there exists
an fg-open set G in X such that x; € G < 1x \ F = G¢F where G
is an fg-nbd of x;.

Definition 3.38. The set of all fg-nbds of a fuzzy point x;
(0 <t <1)inan fts (X,7) is called the fg-nbd system at x;, denoted

by fg-N(z4).

Theorem 3.39. For a fuzzy point z; in an fts (X, 7), the following
statements hold :
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‘ Gefg-N( 1) = 2 € G,
iii) G € fg-N(z;) and F > G = F € f§-N(xy),
iv) F,G € fg-N(x) = F NG € fg-N(zy),
(v) G € fg-N(x;) = there exists F' € fg-N(x;) such that I < G and
F € fg-N(yy) for every yp € F.
Proof. (i) Since 1x being an fg-open set is an fg-nbd of z;
(0<t<1), fG-N(z;) £ 6.
(ii) and (iii) are obvious.
(iv) Since every intersection of two fg-open sets is fg-open, (iv) is
obvious.
(v) Follows from Remark 3.36 and Definition 3.38.

Theorem 3.40. Let z; be a fuzzy point in an fts (X, 7). Let
fg-N(z¢) be a non-empty collection of fuzzy sets in X satisfying the
following conditions :

(1) G € fg-N(zy) = 24 € G,

(2) F,G € f§-N(z:) = FANG € f§-N(z).

Let 7 consist of Oy and all those non-empty fuzzy sets G of X having
the property that z; € G = there exists an F' € fg-N(x;) such that
xy € FF < G. Then 7 is a fuzzy topology on X.

Proof. (i) By hypothesis, 0x € 7.

(i) It is clear from the given property of 7 that 1x € 7 as 1y € fg-
N(z;) for any fuzzy point 2, (0 <t < 1) in an fts X (by (1)).

(iii) Let G1,Go € 7. If Gy A\ Gy = Oy, then by construction of 7,
Gi1A\NGs € 7. Suppose G1 \Gs # 0x. Let z; € G\ Gy where
0 <t < 1. Then Gi(z) > t,Go(z) > t. Since G1,Gy € 1, by
definition of 7, there exist Fy, Fy € f§-N(x;) such that z; € F; < Gy,
z € Fy < (5. Then Ty € Fl/\FQ < Gl/\GQ. By (2), Fl/\FQ c fg—
N(z¢) and so G; A\ G € T by construction of 7.

(iv) Let G = {G4 : @ € A} where G, € 7, for each @ € A. Let

T € \/ Go. Then there exists 5 € A such that x; € Gg. By definition
aeA
of 7, there exists F € fg-N(x;) such that z; € Fs < G < \/Ga =

\/Ga €T.

a€cA
It follows that 7 is a fuzzy topology on X.

aeA
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4. fg-Closure Operator and fjg-Open and fj-Closed
Functions

In this section we first introduce the notion of fg-closure operator,
which is an idempotent operator. Using this concept as a basic tool,
we introduce and characterize fg-open and fg-closed functions.

Definition 4.1. Let (X,7) be an fts and A € I*. Then fg-closure
and fg-interior of A, denoted by fgcl(A) and fgint(A), are defined
as follow:

facl(A) = N{F : A< F,Fis fg-closed set in X},

fgint(A) = \/{G: G < A,G is fg-open set in X}.

Remark 4.2. It is obvious that for any A & IX,
A < fge(A) < clA. If A is fg-closed set in an fts X, then
A = fgcl(A). Similarly, intA < fgint(A) < A. If Ais fg-open set
in an fts X, then A = fgint(A). It follows from Example 3.7 that
fgcl(A) may not be an fg-closed set in an fts X. Similarly, fgint(A)
may not by an fg-open set in an fts X.

Result 4.3. Let (X,7) be an fts and A € IX. Then for a fuzzy
point z; in X, x; € fgcl(A) if and only if every fg-open g-nbd U of
T, UQA

Proof. Let z; € fgcl(A) for any fuzzy set A in an fts X and F
be any fg-open ¢g-nbd of x;. Then z,qF = x; ¢ 1x \ F which is
fg-closed set in X. Then by Definition 4.1, A £ 1x \ F' = there
exists y € X such that A(y) > 1 — F(y) = AgF.

Conversely, let for every fg-open ¢g-nbd F of x;, FgA. Assume
that x; & fgcl(A). Then by Definition 4.1, there exists an fg-closed
set U in X with A < U, 2y ¢ U. Then z;q(1x \ U) which being
an fg-open set in X is an fg-open ¢g-nbd of x;. By assumption,
(Ix \U)gA = (1x \ A)gA, a contradiction.

Theorem 4.4. Let (X,7) be an fts and A, B € I¥. Then the
following statements are true:
(i) fgcl(0x) = Ox,
(i) fgcl(1x) = 1x,
(111)A<B:>fgcl( )< f ( )
(iv) f3cl(AV B) = facl(4) V f3cl(B),
(v) fgcl(A N B) < fgcl(A) fagcl(B), equality does not hold, in
general, follows from Example 3.7,
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(vi) fgel(fgel(A)) = fgel(A).

Proof. (i), (ii) and (iii) are obvious.
(iv) From (iii), fgcl(A)\ fgel(B) < fgcl(A\ B).
To prove the converse, let x, € fgcl(A\/ B). Then by Result 4.3, for
any fg-open set U in X with z,qU, Uq(A\/ B) = there exists y € X
such that U(y) + max{A(y), B(y)} > 1 = either U(y) + A(y) > 1 or
U(y) + B(y) > 1 = either UgA or UgB = either z, € fgcl(A) or
To € fGcl(B) = x4 € fgcl(A)V fgcl(B).
(v) Follows from (iii).
(vi) As A < fgcl(A), for any A € I*, fgcl(A) < fgel(fgcl(A)) (by
(iif)).

Conversely, let x, € fgcl(fgcl(A)) = fgel(B) where B = fgcl(A).
Let U be any fg-open set in X with z,qU. Then UgB im-
plies that there exists y € X such that U(y) + B(y) > 1.
Let B(y) = t. Then ywqU and y, € B = fgcl(A) = UqgA
= @, € fgd(A) = fol(fgel(A)) < fgel(A). Consequently,
Fael(fgel(A)) = fgel(A).

Theorem 4.5. Let (X, 7) be an fts and A € I*. Then the following
statements hold:

() fgel(1x \ A) = Ly \ fgint(A)
(i) fgint(lx \ A) = 1x \ fgcl(A).

Proof (i). Let z; € fgcl(1x \ A) for a fuzzy set A in an fts (X, 7).
If possible, let z; & 1x \ fgint(A). Then 1 — (fgint(A))(z) < t =
[fgint(A)](z) +t > 1 = fgint(A)qr, = there exists at least one fg-
open set F' < A with x.qF = x.qA. As 2y € fgcl(1x \ A), Fq(1x \
A) = Aq(1x \ A), a contradiction. Hence

facl(1x \ A) < 1x \ fgint(A)..(1)

Conversely, let z; € 1x \ fgint(A). Then 1 — [(fgint(A)|(x) >t =
xy 4(fgint(A)) = z, 4F for every fg-open set F' contained in A ...
(2).

Let U be any fg-closed set in X such that 1x \ A < U. Then 1x \
U< A Now 1x \ U is fg-open set in X contained in A. By (2),
e fAx\U) =2, €U =2 € fgcl(1x \ A) and so

Ix \ fgint(A) < fgel(lx \ A)...(3).
Combining (1) and (3), (i) follows.
(ii) Putting 1x \ A for A in (i), we get fgcl(A) = 1x\ fgint(1x \ A) =
fgint(1x \ A) = 1x \ fgcl(A).



fg-CLOSED SETS IN A FUZZY SET TOPOLOGY 17

Let us now recall the following definition from [34] for ready
references.

Definition 4.6 [34]. A function f : X — Y is called fuzzy open
(resp., fuzzy closed) if f(U) is fuzzy open (resp., fuzzy closed) set in
Y for every fuzzy open (resp., fuzzy closed) set in X.

Let us now introduce the following concept.

Definition 4.7. A function A : X — Y is called fg-open function
if f(U) is fg-open set in Y for every fuzzy open set U in X.

Remark 4.8. It is clear that every fuzzy open function is an
fg-open function. But the converse need not be true, as it seen from
the following example.

Example 4.9. fg-open function # fuzzy open function
Let X = {a,b}, m = {0x,1x,A4}, » = {Ox,1x} where
A(a) = A(b) = 0.5. Then (X,7) and (X, ) are fts’s. Con-
sider the identity function i : (X, ) — (X, 72). Since every fuzzy set
in (X, 7y) is an fg-open set in (X, 1), clearly i is fg-open function.
But A€ n,i(A) =A¢ m = iisnot a fuzzy open function.

Theorem 4.10. For a bijective function h : X — Y, the following

statements are equivalent:

(i) his fg-open,

(i) h(intA) < fgint(h(A)), for all A € IX,

(iii) for each fuzzy point z, in X and each fuzzy open set U in X
containing x,, there exists an fg-open set V' containing h(x,) such
that V < h(U).

Proof (i) = (ii). Let A € I’X. Then intA is fuzzy open in X.
By (i), h(intA) is fg-open set in Y. Since h(intA) < h(A) and
fgint(h(A)) is the union of all fg-open sets contained in h(A), we
have h(intA) < fgint(h(A)).

(i) = (i). Let U be any fuzzy open set in X.  Then
h(U) = h(intU) < fgint(h(U)) (by (ii)) = h(U) is fg-open
set in Y = h is fg-open function.

(ii) = (iii). Let z, be a fuzzy point in X, and U, a fuzzy open set in
X such that z, € U. Then h(z,) € h(U) = h(intU) < fgint(h(U))
(by (ii)). Then h(U) is fg-open set in Y. Let V. = h(U). Then
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h(zy) € V and V < h(U).

(ii) = (i). Let U be an arbitrary fuzzy open set in X and y,
any fuzzy point in A(U), ie., yo, € h(U). Then there exists a
unique x € X such that h(z) = y (as h is bijective). Then
B > a = U (y) > a = U@) > a = 14 € U. By
(iii), there exists an fg-open set V in Y such that h(z,) € V and
V < h(U). Then h(z,) € V = fgint(V) < fgint(h(U)). Since y, is
taken arbitrarily and A(U) is the union of all fuzzy points in h(U),
h(U) < fgint(f(U)) = h(U) is fg-open set in Y = h is an fg-open
function.

Theorem 4.11. If h: X — Y is fg-open, bijective function, then
the following statements are true:
(i) for each fuzzy point z, in X and each fuzzy open ¢-nbd U of z,,
there exists an fg-open ¢g-nbd V of h(z,) in Y such that V < h(U),
(ii) h=Y(fgcl(B)) < cl(h=Y(B)), for all B € IY.
Proof (i). Let z, be a fuzzy point in X and U be any fuzzy open ¢-
nbd of z, in X. Then x,qU = intU = h(z,)gh(intU) < fgint(h(U))
(by Theorem 4.10 (i)=-(ii)) implies that there exists at least one fg-
open g-nbd V of h(x,) in Y with V' < A(U)..
(ii) Let z, be any fuzzy point in X such that z, & cl(h~(B)) for any
B € IV. Then there exists a fuzzy open ¢g-nbd U of z,, in X such that
Ugh™'(B). Now

h(za)gh(U)...(1)

where h(U) is fg-open set in Y. Now h™!'(B) < 1x \ U which is
a fuzzy closed set in X = B < h(lx \ U) (as h is injective) and
h(1x \ U) < 1y \ h(U) = Bgh(U). Let V =1y \ h(U). Then B <V
which is fg-closed set in Y. We claim that h(x,) ¢ V. If possible, let
h(zo) € V =1y \ h(U). Then 1 — [A(U)](h(x)) > a = h(U)gh(x,),
contradicting (1). So h(zy) € V = h(z,) € fgc(B) = x, ¢
W (fael(B)) = b (fgel(B) < (b~ (B))

Theorem 4.12. An injective function h : X — Y is fg-open if
and only if for each B € IY and F, a fuzzy closed set in X with
h='(B) < F, there exists an fg-closed set V in Y such that B < V
and h™ (V) < F.

Proof. Let B € I" and F, a fuzzy closed set in X with h='(B) < F.
Then 1x \ A"Y(B) > 1x \ F where 1x \ F is a fuzzy open set in
X = h(lx \ F) < h(lx \ A (B)) < 1y \ B (as h is injective) where
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h(1x\F)isan fg-opensetin Y. Let V = 1y \h(1x\F). Then V'is fg-
closed set in Y such that B < V. Now h™}(V) = b7} (1y \h(1x \ F)) =

Conversely, let F' be a fuzzy open set in X. Then 1y \ F is a fuzzy
closed set in X. We have to show that A(F') is an fg-open set in
Y. Now h7'(1y \ h(F)) < 1x \ F. By assumption, there exists an
fg-closed set V in Y such that

Iy \ h(F) < V..(1)
and h™1(V) < 1x \ F. Therefore, F < 1x \ h~ (V) implies that
h(F) <h(lx \ h ' (V) <1y \ V...(2)

(as h is injective). Combining (1) and (2), h(F) = 1y \ V which is an
fg-open set in Y.

Definition 4.13. A function h : X — Y is called an fg-closed
function if h(A) is fg-closed set in Y for each fuzzy closed set A in X.

Remark 4.14. It is obvious that every fuzzy closed function
is fg-closed function, but the converse may not be true as it
follows from Example 4.9. Here every fuzzy set in (X, 73) is fg-
closed set in (X, 7y) and so clearly ¢ is an fg-closed function. But
Ix\Aerf,i(lx\A) =1x\ A € 75 = i is not a fuzzy closed function.

Theorem 4.15. A bijective function h : X — Y is fg-closed if
and only if fgcl(h(A)) < h(clA), for all A € I,

Proof. Let us suppose that h : X — Y is an fg-closed function and
A € I*. Then h(cl(A)) is fg-closed set in Y. Since h(A) < h(clA)
and fgcl(h(A)) is the intersection of all fg-closed sets in Y containing
h(A), we have fgcl(h(A)) < h(clA).

Conversely, let for any A € I, fgcl(h(A)) < h(clA). Let U be any
fuzzy closed set in X. Then h(U) = h(clU) > fgcl(h(U)) = h(U) is
an fg-closed set in Y = h is an fg-closed function.

Theorem 4.16. If h : X — Y is an fg-closed bijective function,
then the following statements hold:
(i) for each fuzzy point z, in X and each fuzzy closed set U in X
with z, 4U, there exists an fg-closed set V in Y with h(x,) 4V such
that V' > h(U),
(i) A= (fgint(B)) > int(h=*(B)), for all B € IV.
Proof (i). Let x, be a fuzzy point in X and U be any fuzzy closed
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set in X with z, U = clU = h(z,) /qh(clU) > fgcl(h(U)) (by
Theorem 4.15) = h(z,) /qV for some fg-closed set V' in Y with
V > h(U).

(ii). Let B € I'Y and z, be any fuzzy point in X such
that =, € int(h™'(B)). Then there exists a fuzzy open
set U in X with U < h7Y(B) such that z, € U. Then
Ix\U > 1x\h7Y(B) = h(1x\U) > h(1x\h™'(B)) where h(1x\U) is
an fg-closed setin Y. Let V' = 1y \h(1x\U). Then V is an fg-open set
inY and V = 1y\h(1X\U) < 1y\h(1x\h_1<B)) < 1y\(1y\B) =B
(as h is injective). Now U(z) > a = x4 4(1x\U) = h(zs) 4h(1x\U)
= h(z,) < Iy \h(Ix \U) =V = h(z,) € V = fgint(V) <
fgint(B) = x, € h™'(fgint(B)). Since x, is taken arbitrarily,
int(h=*(B)) < h=(fgint(B)), for all B € IV.

Remark 4.17. A composition of two fg-closed (resp., fg-open)
functions need not be so, as it is seen from the following example.

Example 4.18. Let X = {a,b}, 1 = {0x,1x,A}, m» = {0x,1x},
73 = {0x, 1x, B} where A(a) = A(b) = 0.5, B(a) = 0.5, B(b) = 0.4.
Then (X,71), (X,72) and (X,73) are fts’s. Consider two iden-
tity functions i3 : (X,7) — (X,7) and iy : (X, 1) — (X, 73).
Clearly ¢; and ¢, are fg-open and fg-closed functions. Let
i3 = 1p 01y (X,’ﬁ) — (X,’Tg). Now A = 1)(\14 So A € T1
as well as A € 7f. Then i3(A) = A < A € FSO(X,73) and
c(A) = 1x \ B £ A = A is not an fg-open and A is not an
fg-closed set in (X,73) = i3 is not nor an fg-open, neither an
fg-closed function.

Theorem 4.19. If h; : X — Y is a fuzzy closed (resp., fuzzy open)
function and hy : Y — Z is an fg-closed (resp., fg-open) function,
then hyo hy : X — Z is fg-closed (resp., fg-open) function.

5. fg-Regular, fg-Normal and fj-Compact Spaces

In this section two new types of separation axioms are introduced
and studied. Afterwards, a new type of compact space is introduced.

Definition 5.1. An fts (X, 7) is said to be an fg-regular space
if for any fuzzy point x; in X and each fg-closed set F' in X with
xy € F, there exist U,V € FSO(X) such that x; € U, FF < V and
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Uqv.

Theorem 5.2. In an fts (X, 7), the following statements are
equivalent:
(i) X is fg-regular,
(ii) for each fuzzy point z; in X and any fg-open ¢-nbd U of x;, there
exists V € FSO(X) such that x; € V and sclV < U,
(iii) for each fuzzy point x; in X and each fg-closed set A of X with
xy & A, there exists U € F'SO(X) with z; € U such that sclUdA.
Proof (i) = (ii). Let z; be a fuzzy point in X and U, any fg-
open g-nbd of x;. Then xz,qU = U(x) +t > 1 = x, & 1x \ U
which is an fg-closed set in X. By (i), there exist
V,W € FSO(X) such that ; € V,1x \U < W and V¢W.
Then V < 1x \ W = scV < scl(1x \W) =1x \W < U.
(ii) = (iii). Let z; be a fuzzy point in X and A an fg-closed set in
X with z; € A. Then A(z) <t = x9(1x \ A), where (1x \ A), being
an fg-open set in X, is fg-open ¢g-nbd of x,. So by (ii), there exists
V € FSO(X) such that x; € V and sclV < 1x \ A. Then sclV¢A.
(iii) = (i). Let z; be a fuzzy point in X and F be any fg-closed set
in X with z; ¢ F. Then by (iii), there exists U € F'SO(X) such that
x; € U and sclU¢gF. Then F < 1x \ sclU (=:V). SoV € FSO(X)
and VqU as Uq¢(1x \ sclU). Consequently, X is an fg-regular space.

Definition 5.3. An fts (X,7) is called fg-normal space if for
each pair of fg-closed sets A, B in X with A /¢B, there exist
UV € FSO(X) such that A< U,B<V and U 4V.

Theorem 5.4. An fts (X, 7) is an fg-normal space if and only if
for every fg-closed set F' and fg-open set G with F' < (G, there exists
H € FSO(X) such that F* < H < sclH <.

Proof. Let X be an fg-normal space and let F' be fg-closed set and
G be fg-open set in X with I < G. Then F¢(lx \ G) where 1x \ G
is fg-closed set in X. By hypothesis, there exist H,T € FSO(X)
such that F¥ < H,/1x \ G < T and H¢I'. Then H < 1x\ T < G.
Therefore, FF < H < sclH < scl(1x\T) =1x \T < G.

Conversely, let A, B be two fg-closed sets in X with A¢B. Then
A < 1x \ B. By hypothesis, there exists H € FSO(X) such that
A< H < scddH < 1x\B = A< HB < 1x \ scdH (=:V).
Then V € FSO(X) and so B < V. Also as H¢(1x \ sclH), H¢V'.
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Consequently, X is an fg-normal space.

Definition 5.5. Let (X,7) be an fts and A € IX. A collection
U of fuzzy sets in X is called a fuzzy cover of A if YU > A [25].
If each member of U is fuzzy open (resp., fuzzy regular open, fuzzy
semiopen) in X, then U is called a fuzzy open [25] (resp., fuzzy
regular open [2], fuzzy semiopen [28]) cover of A. If, in particu-
lar, A = 1x, we get the definition of fuzzy cover of X as (U = 1x [20].

Definition 5.6. Let (X,7) be an fts and A € I*. Then a fuzzy
cover U of A (resp., of X) is said to have a finite subcover Uy if Uy is
a finite subcollection of U such that (JUy > A [25]. If, in particular
A= 1)(, we get UUO = ]-X [20]

Definition 5.7. Let (X,7) be an fts and A € IX. Then A is called
fuzzy compact [20] (resp., fuzzy almost compact [21], fuzzy nearly
compact [29], fuzzy semicompact [19]) set if every fuzzy open (resp.,
fuzzy open, fuzzy regular open, fuzzy semiopen) cover U of A has

a finite subcollection Uy such that (JUy > A (resp., U cdU > A,

Ueldy
Ut > A, JUy > A). If, in particular, A = 1x, we get the definition
of fuzzy compact [20] (resp., fuzzy almost compact [21], fuzzy nearly

compact [22], fuzzy semicompact [28]) space as |JUy = 1x (resp.,
U U = 1)(, UZ/{O = 1X> UZ/IO = 1x)
Ueldy

Let us now introduce the following concept.

Definition 5.8. Let (X, 7) be an fts and A € I*. Then A is called
fg-compact if every fuzzy cover U of A by fg-open sets of X has a
finite subcover. If, in particular, A = 1x, we get the definition of
fg-compact space X.

Theorem 5.9. Every fg-closed set in an fg-compact space X is
f g-compact.

Proof. Let A(e I*) be an fg-closed set in an fg-compact space
X. Let U be a fuzzy cover of A by fg-open sets of X. Then
V=UU(1x \ A) is a fuzzy cover of X by fg-open sets of X. As X
is fg-compact space, V has a finite subcollection V), which also covers
X. If Vy contains 1x \ A, we omit it and get a finite subcover of A.
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Hence A is fg-compact set.

Remark 5.10. It is clear from definitions that every fg-compact
space is fuzzy compact (resp., fuzzy almost compact, fuzzy nearly
compact).

6. fg-Continuous and fg-Irresolute Functions

In this section we first introduce and study fg-continuous function.
The collection of all fg-continuous functions is strictly larger than
the collection of all fuzzy continuous functions defined between
two fts’s. It is shown that the image of an fg-continuous function
from an fg-regular (resp., fg-normal, fg-compact) space is fuzzy
regular [27] (resp., fuzzy normal [26], fuzzy compact [20], fuzzy
nearly compact [22], fuzzy almost compact [21]). Afterwards, the
notion of fg-irresolute function is introduced and it is shown that the
family of all fg-irresolute functions is strictly smaller than that of
fg-continuous function, and also that fg-irresolute function and fuzzy
continuous function are independent concepts. Lastly, we establish
that an fg-regular (resp., fg-normal, fg-compact) space remains
invariant under fg-irresolute functions.

We first recall the following definition for ready references.

Definition 6.1 [20]. A function i : X — Y is said to be a fuzzy
continuous function if A~' (V) is fuzzy open set in X for every fuzzy
open set V in Y.

Definition 6.2. A function h : X — Y is said to be an fg-
continuous function if A~'(V) is fg-open set in X for every fuzzy
open set V in Y.

Remark 6.3. Since every fuzzy open set in an fts X is fg-open, we
can conclude that every fuzzy continuous function is fg-continuous
function. But the converse need not be true, as it seen from the
following example.

Example 6.4. fg-continuous function # fuzzy continuous func-
tion
Let X = {a,b}, m = {0x,1x}, = = {0x,1x,A} where
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A(a) = A(b) = 0.5. Then (X,7) and (X, ) are fts’s. Con-
sider the identity function i : (X, ) — (X, 72). Since every fuzzy
set in (X, 7) is fg-open set in (X, 71), so clearly ¢ is fg-continuous
function. But A € 7, i 1(A) = A € 71 = 4 is not a fuzzy continuous
function.

Theorem 6.5. Let h : (X,7) — (Y,0) be a function. Then the

following statements are equivalent:

(i) h is fg-continuous function,

(ii) for each fuzzy point z, in X and each fuzzy open nbd V' of h(z,)
in Y, there exists an fg-open nbd U of z,, in X such that h(U) <V,
(iif) A(fgcl(A)) < cl(h(A)), for all A € I¥,

(iv) fgcl(h=1(B)) < h=*(cIB), for all B € I*.

Proof (i) = (ii). Let z, be a fuzzy point in X and V any fuzzy
open nbd of h(z,) in Y. Then x, € h='(V) which is fg-open in X
(by (i)). Let U = h=Y(V). Then h(U) = h(h=*(V)) < V.

(i) = (i). Let A be any fuzzy open set in Y and let z, be
a fuzzy point in X such that z, € h™'(A). Then h(z,) € A
where A is a fuzzy open nbd of h(z,) in Y. By (ii), there ex-
ists an fg-open nbd U of z, in X such that A(U) < A. Then
T, €U < WY A) = 2, € U = fgint(U) < fgint(h~'(A)). Since
T, is taken arbitrarily and h='(A) is the union of all fuzzy points
in h=1(A), h1(A) < fgint(h~*(A)) = h™(A) is an fg-open set in
X = his an fg-continuous function.

(i) = (iii). Let A € IX. Then cl(h(A)) is a fuzzy closed
set in Y. By (i), h'(cl(h(A))) is an fg-closed set in X.
Now A < Rh7Yh(A4) < h7'cd(h(A))) and so fgcl(A) <
fel(h™ (cl(h(A)))) = h~H(cl(h(A))) = h(£3el(A)) < cl(h(A)).

(iii) = (i). Let V be a fuzzy closed set in Y. Put U = h™*(V). Then
U e I*. By (i), h(fgcl(U)) < c(h(U)) = cd(h(h~(V))) < eV =
V = fgcl(U) < h 1 (V) =U = U is an fg-closed set in X = f is an
f g-continuous function.

(iii) = (iv). Let B € IY and A = h™!(B). Then A € IX. By (iii),
h(fgel(A)) < cl(h(A)) = h(fgel(h™(B))) < cl(h(h™!(B))) < clB =
fgcl(h=1(B)) < h=*(cIB).

(iv) = (iii). Let A € I*. Then h(A) € IY. By (iv),
facl(h=1(R(A))) < h™Hcl(R(A))) = fgel(A) < fgcl(h~1(h(A))) <
R o (gl A)) = AT
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Remark 6.6. The composition of two fg-continuous functions
need not be so, as it is seen from the following example.

Example 6.7. Let X = {CL,b}, T = {OX,lx,A}, To = {Ox,lx}7
73 = {0x, lx, B} where A(a) = 0.5, A(b) = 0.4, B(a) = 0.5, B(b) =
0.6. Then (X, ), (X, 72) and (X, 73) are fts’s. Consider two identity
functions i, : (X, 7)) — (X,7) and iy : (X,72) — (X,73). Then
clearly i, and iy are fg-continuous functions. Now 1x \ B € 7¥.
So (ip 0 i)' (1x \ B) = 1x \ B < A € FSO(X,r). But
cdn,(1x\B) = 1x \A £ A = 1x \ B is not an fg-closed set in

(X,71) = iy 01 is not an fg-continuous function.

Theorem 6.8. If h;y : X — Y is an fg-continuous function and
hy 'Y — Z is a fuzzy continuous function, then hy o hy : X — Z is
an fg-continuous function.

Proof. Obvious.

Let us now recall some definitions from [27, 26, 5, 33] for ready
references.

Definition 6.9 [27]. An fts (X, 7) is called fuzzy regular space if
for any fuzzy point z, in X and any fuzzy closed set F' in X with
To & F, there exist fuzzy open sets U,V in X such that z, € U,
F<Vand U 4V.

Definition 6.10 [26]. An fts (X, 7) is called fuzzy normal space if
for each pair of fuzzy closed sets A, B in X with A 4B, there exist
fuzzy open sets U,V in X such that A< U, B<V and U 4V.

Definition 6.11 [5]. An fts (X, 7) is called fTs-space if every fuzzy
semiopen set in X is fuzzy open set in X.

Definition 6.12 [33]. A function f : X — Y is called fuzzy
presemiopen if h(U) € FSO(Y) for every U € FSO(X).

Theorem 6.13. If a bijective function h : X — Y is fg-continuous,
fuzzy open function from an fg-regular, f7T,-space X onto an fts Y,
then Y is fuzzy regular space.

Proof. Let y, be a fuzzy point in Y and F, a fuzzy closed
set in Y with y, € F. As h is bijective, there exists unique
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r € X such that h(z) = y. So h(z,) ¢ F = z, ¢ h\(F)
where h™'(F) is fg-closed set in X (as h is an fg-continuous
function). By hypothesis, there exist U,V € FSO(X) such that
T, € URYF) <V and U 4V. Then h(z,) € h(U), F = h(h™'(F))
(as h is bijective)< h(V) and h(U) /h(V). Since X is fT,-space,
U,V are fuzzy open sets in X. Now as h is a fuzzy open function,
h(U),h(V) are fuzzy open sets in Y with y, € h(U),F < h(V)
and h(U) /gh(V) (Indeed, h(U)qh(V) = there exists z € Y such
that [R(0U)](z) + [h(W)](z) > 1 = UL™(2)) + V(A (2)) > 1 as h
is bijective = UqV, a contradiction). Hence Y is a fuzzy regular space.

In a similar manner we can state the following theorems easily.

Theorem 6.14. If a bijective function h : X — Y is fg-continuous,
fuzzy presemiopen function from an fg-regular (resp., fg-normal)
space X onto an fTs-space Y, then Y is fuzzy regular (resp., fuzzy
normal) space.

Theorem 6.15. If a bijective function h : X — Y is fg-continuous,
fuzzy open function from an fg-normal, fT,-space X onto an fts Y,
then Y is fuzzy normal space.

Definition 6.16. A function A : X — Y is called fg-irresolute
function if A~1(U) is an fg-open set in X for every fg-open set U in Y.

We can state the following theorems easily. Their proofs are similar
to that of Theorem 6.13.

Theorem 6.17. If a bijective function h : X — Y is an fg-
irresolute, fuzzy presemiopen function from an fg-regular (resp.,
fg-normal) space X onto an fts Y, then Y is an fg-regular (resp.,
fg-normal) space.

Theorem 6.18. If a bijective function h : X — Y is an fg-
irresolute, fuzzy open function from an fg-regular (resp., fg-normal),
fTsspace X onto an fts Y, then Y is an fg-regular (resp., fg-normal)
space.

Theorem 6.19. A function h : X — Y is fg-irresolute function
if and only if for each fuzzy point x, in X and each fg-open nbd V
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in Y of h(z,), there exists an fg-open nbd U in X of z, such that
h(U) < V.

Proof. Let h : X — Y be an fg-irresolute function. Let z, be a
fuzzy point in X and V' be any fg-open nbd of h(z,) in Y. Then
h(z,) € V = x4 € h™}(V) which being an fg-open set in X is an
fg-open nbd of z, in X. Put U = h~(V). Then U is an fgj-open
nbd of z, in X and h(U) = h(h=}(V)) < V.

Conversely, let A be an fg-open set in Y and x, be any fuzzy
point in X such that z, € h™'(A). Then h(z,) € A. By hy-
pothesis, there exists an fg-open nbd U of x, in X such that
h(U) < A=z, €U = fgint(U) < fgint(h~'(A)). Since z,, is taken
arbitrarily and h™'(A) is the union of all fuzzy points in h~1(A),
h=YA) < fgint(h=Y(A)) = h1(A) = fgint(h™1'(A)) = h™1(A) is
fg-open set in X = h is an fg-irresolute function.

Theorem 6.20. Let h : X — Y be an fg-continuous function
from X onto an fts Y and A(€ I¥)be an fg-compact set in X. Then
h(A) is a fuzzy compact (resp., fuzzy almost compact, fuzzy nearly
compact) set in Y.

Proof. Let U = {U, : o € A} be a fuzzy cover of h(A)
by fuzzy open (resp., fuzzy open, fuzzy regular open) sets of Y.
Then h(A) < | JUs = A < B7Y(|JUs) = [Jh7'(Us). Then

a€el aEA a€A
V = {hY(U,) : @ € A} is a fuzzy cover of A by fg-open sets
of X as h is an fg-continuous function. As A is fg-compact
set in X, there exists a finite subcollection Ay of A such that
A< [ Jr ' (U) = (A) < k(|27 (UL) < | Ua = h(A) is fuzzy
aclg aElg a€lg
compact (resp., fuzzy almost compact, fuzzy nearly compact) set in Y.

Now we can state the following theorems easily the proofs of which
are same as that of Theorem 6.20.

Theorem 6.21. Let h: X — Y be an fg-irresolute function from
X onto an fts Y and A(€ IX) be an fg-compact set in X. Then h(A)
is fg-compact (resp., fuzzy compact, fuzzy almost compact, fuzzy
nearly compact) set in Y.

Theorem 6.22. Let h: X — Y be an fg-continuous function from
an fg-compact space X onto an fts Y . Then Y is a fuzzy compact
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(resp., fuzzy almost compact, fuzzy nearly compact) space.

Theorem 6.23. Let h: X — Y be an fg-irresolute function from
an fg-compact space X onto an fts Y . Then Y is fg-compact (resp.,
fuzzy compact, fuzzy almost compact, fuzzy nearly compact) space.

Remark 6.24. It is clear from definitions that fg-irresolute
function is fg-continuous. But the converse may not be true, as it
seen from the following example.

Example 6.25. fg-continuity # fg-irresoluteness

Let X = {a,b}, m = {0x,1x,A}, m» = {Ox,1x} where
A(a) = 0.5, A(b) = 0.4. Then (X.7) and (X, 72) are fts’s. Consider the
identity function i : (X, ) — (X, 7). Clearly 7 is an fg-continuous
function. Consider the fuzzy set B, defined by B(a) = B(b) = 0.5.
Then B is fg-closed set in (X, 7y) as every fuzzy set in (X, 1) is
fg-closed set in (X, 7). Now i '(B) = B < B € FSO(X, 7). But
c,B=1x\A £ B = B is not fg-closed set in (X, ) = i is not
fg-irresolute function.

Remark 6.26. Fuzzy continuity and fg-irresoluteness are inde-
pendent concepts follows from the following examples.

Example 6.27. Fuzzy continuity # fg-irresoluteness
Consider Example 6.21. Here 7 is clearly fuzzy continuous function.
But it is shown that ¢ is not an fg-irresolute function.

Example 6.28. fg-irresoluteness % fuzzy continuity
Let X = {a,b}, m = {Ox,1x}, m» = {0x,1x,A} where A(a) =
0.5, A(b) = 0.4. Then (X, ) and (X, 7») are fts’s. Consider the iden-
tity function ¢ : (X, 7)) — (X, 7). Since every fuzzy set in (X, 1) is
fg-closed set in (X, 71), i is clearly fg-irresolute function. But A € 7,

i"'(A) = A ¢ 7 = iis not a fuzzy continuous function.

7. fg-T,-Space

In this section a new type of fuzzy separation axiom, viz., fg-
Ts-space is introduced and it is shown that the inverse image of
fuzzy T,-space [27] under fg-continuous function is fg-To-space.
Afterwards, one strong and one weak form of fg-continuous function
are introduced. It is shown that the image of fuzzy regular (resp.,
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fuzzy normal, fuzzy compact, fuzzy semicompact) space under these
functions is fg-regular (resp., fg-normal, fg-compact) space.

We first recall the following definition and theorem from [27, 29]
for ready references.

Definition 7.1 [27]. An fts (X,7) is called fuzzy Ts-space if
for any two distinct fuzzy points z, and yg; when x # y, there
exist fuzzy open sets Uy, Us, Vi, Vs such that z, € Ui, ygqVi, Ui 4V4
and x,qUs,ys € Va,Us /qVa; when © = y and a < 8 (say), there
exist fuzzy open sets U and V' in X such that z, € U,yzqV and U 4V'.

Theorem 7.2 [29]. An fts (X, 7) is fuzzy Ty-space if and only if
for any two distinct fuzzy points =, and yz in X; when x # y, there
exist fuzzy open sets U,V in X such that z,qU, ygqV and U 4V
when x =y and a < 3 (say), =, has a fuzzy open nbd U and yz has
a fuzzy open ¢-nbd V such that U 4V.

Definition 7.3. An fts (X, 7) is called fg-Ts-space, if for any two
distinct fuzzy points z, and ysz in X; when = # vy, there exist fg§-open
sets U,V in X such that z,qU, ygqV and U ,4V; when z = y and
a < (3 (say), x, has an fg-open nbd U and yg has an fg-open g-nbd
V such that U 4V

Theorem 7.4. If an injective function h : X — Y is fg-continuous
function from an fts X onto a fuzzy Ty-space Y, then X is fg-T5
space.

Proof. Let z, and ys be two distinct fuzzy points in X. Then
h(za) (= za, say) and h(ys)(= wg, say) are two distinct fuzzy points
inY.

Case 1. Suppose = # y. Then z # w. Since Y is fuzzy T,-space, there
exist fuzzy open sets U,V in Y such that z,qU,wsqV and U /V.
As h is fg-continuous function, A~}(U) and h='(V) are fg-open
sets in X with z,qh ™ (U),ysqh™" (V) and h=Y(U) 4h~'(V) [Indeed,
20qU = U(R)+a>1=Uhz)+a>1= A (D)](z)+a>1=
Toqh™(U). Again, h™(U)gh™' (V) = there exists t € X such that
[R=Y O] (@#) + [P (V)](t) > 1 = Uh(t)) + V(h(t)) > 1 = UqV, a
contradiction)].

Case II. Suppose ¢ = y and a < [ (say). Then z = w and
a < B. Since Y is fuzzy Ts-space, there exist a fuzzy open nbd
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U of z, and a fuzzy open ¢-nbd V of wg such that U /V. Then
Uiz) > a = Y U)(z) > a = 2z, € WYU),ysqgh (V) and
h=Y(U) 4h~ (V) where h™}(U) and h='(V) are fg-open sets in X as

h is fg-continuous function. Consequently, X is fg-T5-space.
In a similar manner, we can prove the following theorems.

Theorem 7.5. If a bijective function h : X — Y is fg-irresolute
function from an fts X onto an fg-Ts-space Y, then X is fg-Ts-space.

Theorem 7.6. If a bijective function h : X — Y is fg-open
function from a fuzzy Ts-space X onto an fts Y, then Y is f§-Ts-space.

Definition 7.7. A function h : X — Y is called

(i) fg-strongly continuous if h='(V) is fuzzy open set in X for
every fg-open set V inY,

(i) fg-weakly continuous if h=1(V) € FSO(X) for every fg-open
set VinY.

Remark 7.8. It is clear from definitions that fg-strongly continu-
ous function is fg-weakly continuous function as well as fj-continuous
function and fg-irresolute function. But the converses are not true,
in general, as it follow from the following examples.

Example 7.9. fg-weakly continuity % fg-strongly continuity

Let X = {a}, m = {0x,1x,A4}, m» = {0x,1lx,B} where
Ala) < 0.3,B(a) < 04. Then (X,7) and (X,7) are fts’s.
Consider the identity function i : (X,7) — (X,m). Now
FSO(X,nn) = {0x,1x,V} where 0 < V(a) < 0.7 and
FSO(X, ) = {0x,1x,U} where 0 < U(a) < 0.6. The collec-
tion of all fg-closed sets in (X, 7) is {Ox,1x,1x \ B} and that of
fg-open sets is {Ox, 1x, B}. Now consider any fuzzy set W defined
by W < B, ie., W(a) < 0.4. Now i }(W) =W € FSO(X, 1) = i
is fg-weakly continuous function. But if we consider the fuzzy set
C defined by C(a) = 04, then C is fg-open set in (X, 7). But
i"Y(C)=C &1 = iis not fg-strongly continuous function.

Example 7.10. fg-continuity and fg-irresoluteness # fg-strongly
continuity
Let X = {a}, m = {0x,1x}, m» = {0x,1x, A} where A(a) = 0.6.
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Then (X,7) and (X, 7) are fts’s. Consider the identity function
i (X,m) — (X,7). Since every fuzzy set in (X, 7) is fg-closed
as well as fg-open set in (X,7), @ is fg-continuous as well as
fg-irresolute function. Now A € 7 is fg-open set in (X, 72). But

i"Y(A) = A& 1 =iisnot fg-strongly continuous function.

Remark 7.11. fg-weakly continuity and fg-irresoluteness are
independent concepts follow from the following examples.

Example 7.12. fg-irresoluteness # fg-weakly continuity
Consider Example 7.10. Since every fuzzy set in (X,7)
is fg-open set in (X,7), ¢ is fg-irresolute function. But
i'(A) = A ¢ FSO(X,7) = i is not fg-weakly continuous
function.

Example 7.13. fg-weakly continuity # fg-irresoluteness
Consider Example 7.9. Here i is fg-weakly continuous function.
Consider the fuzzy set V defined by V(a) = 0.6. Then V € 7§ = V
is fg-closed set in (X, 7). Now i }(V) =V <V € FSO(X, 7). But
clV = D where D is defined by D(a) = 0.7 and so clV £V = V is

not fg-closed set in (X, 7) = i is not fg-irresolute function.

Let us now recall following two definitions from [6, 10] for ready
references.

Definition 7.14 [6]. An fts (X,7) is called fuzzy s-regular if
for any fuzzy point z, in X and any fuzzy semiclosed set F' in X

with x, € F, there exist fuzzy semiopen sets U,V in X such that
o € U F <V and U 4V.

Definition 7.15 [6]. An fts (X, 7) is called fuzzy s-normal if for
each pair of fuzzy semiclosed sets A, B in X with A 4B, there exist
fuzzy semiopen sets U,V in X such that A < U, B <V and U 4V.

Definition 7.16 [10]. An fts (X, 7) is called fuzzy semi-T»-space if
for any two distinct fuzzy points z, and yg; when = # y, there exist
fuzzy semiopen sets U,V in X such that z,qU, ygqV and U /qV;
when z = y and o < 8 (say), z, has a fuzzy semi-nbd U and yz has
a fuzzy semi-g-nbd V in X such that U 4V.

Now we can state the following theorems easily the proofs of which
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are similar to that of Theorem 6.13, Theorem 6.14, Theorem 6.15,
Theorem 6.17, Theorem 6.18, Theorem 6.20, Theorem 6.21 and
Theorem 7.4.

Theorem 7.17. If a bijective function h : X — Y is an fg-strongly
continuous, fuzzy open function from a fuzzy regular (resp., fuzzy
normal) space X onto an fts Y, then Y is an fg-regular (resp.,
fg-normal) space.

Theorem 7.18. If a bijective function A : X — Y is an fj-weakly
continuous, fuzzy presemiopn function from a fuzzy s-regular (resp.,
fuzzy s-normal) space X onto an fts Y, then Y is an fg-regular (resp.,
fg-normal) space.

Theorem 7.19. If a bijective function h : X — Y is an fg-strongly
continuous (resp., fg-weakly continuous) function from X onto an
fg-Tyr-space Y, then X is a fuzzy Ty-space (resp., fuzzy semi-Ts-space).

Theorem 7.20. If a bijective function h : X — Y is an fg-strongly
(resp., fg-weakly) continuous function from a fuzzy compact (resp.,
fuzzy semicompact) space X onto an fts Y, then Y is an fg§-compact
space.

8. Mutual Relationship Between Functions

In this section we first establish the mutual relation between
fg-closed function with the functions defined in [5, 9, 11, 12, 13, 14]
and then find the mutual relationship of fg-continuous function with
the functions defined in [5, 7, 9, 11, 12, 13, 14, 15].

We first recall the following definitions from [5, 9, 11, 12, 13, 14]
for ready references.

Definition 8.1. Let (X,n) and (Y,7y) are fts’s and
h:(X,m) — (Y, ) be a function. Then h is called an
(i) fg-closed function [5] if h(A) is fg-closed set in Y for every A € 77,
(i) fgp-closed function [5] if h(A) is fgp-closed set in Y for every
Ae T,
(iii) fgpB-closed function [11] if h(A) is fgB-closed set in Y for every
A e 1],
(iv) fga-closed function [5] if h(A) is fga-closed set in Y for every
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Aerf,

(v) fgpr-closed function [15] if h(A) is fgpr-closed set in Y for every
Aery,

(vi) fgd,-closed function [12] if h(A) is fgd,-closed set in Y for every
Aerf,

(vii) fd,g-closed function [13] if h(A) is fé,g-closed set in Y for every
A e,

(viii) fgd-semiclosed function [14] if h(A) is fgd-semiclosed set in Y
for every A € 17,

(ix) fgs*-closed function [9] if h(A) is fgs*-closed set in Y for every
Aerf.

Note 8.2. It is clear from definitions that fg-closed function is fg-
closed, fgp-closed, fgfB-closed, fga-closed, fgpr-closed, fgd,-closed
function. But the converses are not true, in general, follows from the
following example.

Example 8.3. fg-closed, fgp-closed, fgf-closed, fga-closed,
fgpr-closed, fgd,-closed function # fg-closed function
Let X = {a,b}, m = {0x,1x,A}, » = {0x,1lx,B} where
A(a) = A(b) = 0.5, B(a) = 0.5, B(b) = 0.4. Then (X, 7) and (X, 1)
are fts’s. Consider the identity function i : (X,7) — (X, 7).
Here A € 7. Now i(A) = A < A € FSO(X,7). But
A = 1x\ B £ A = A is not fg-closed set in (X,7) = i
is not fg-closed function. Since 1x is the only fuzzy open set in
(X, 72) containing A, we say that A is fg-closed set, fgp-closed
set, fgpB-closed set, fga-closed set, fgpr-closed set, fgd,-closed set
in (X,72). Consequently, i is fg-closed, fgp-closed, fgp-closed,
fga-closed, fgpr-closed, fgd,-closed function.

Note 8.4. fg-closed function is independent concept of fd,g-closed
function, fgd-semiclosed function and fgs*-closed function, as it seen
from the following examples.

Example 8.5. fd,g-closed function, fgd-semiclosed function
= fg-closed function
Consider Example 8.3. Here 7 is not fg-closed function. Since only
fuzzy o-preopen set in (X, 73) containing the fuzzy set A is 1x, so
clearly 7 is fd,g-closed function. Again 1x is the only fuzzy open set
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in (X, 1) containing A and so clearly i is fgd-semiclosed function.

Example 8.6. fgj-closed function # fgd-semiclosed function
Let X = {a,b}, 1 = {0X71X7A}, T2 = {Ox,lx,A,B}
where A(a) = 0.5,A() = 06,B(a) = 05,B(b) = 0.55.
Then (X,7) and (X,7) are fts's. Consider the identity
function i : (X,7n) — (X,m). Now 1x \ A € 7. So
i(1x\A) =1x\A. Now FSO(X, 1) ={0x,1x,U} where U > B. So
1x\A§ B e FSO(X,TQ) Now ClT2(1x\A) = 1x\A§ B= 1)(\14
is fg-closed set in (X,75) = i is fg-closed function. But
5SCl7—2(1x\A):1XﬁB,butlx\ASBETgélx\AiS
not fgo-semiclosed set in (X, 75) = i is not fgd-semiclosed function.

Example 8.7. fg-closed function # fd,g-closed function, fgs*-
closed function
Let X = {a,b}, m = {0x,1x,B}, m» = {0x,1x,A} where
A(a) = 0.5,A(b) = 02,B(a) = 04,B(b) = 07. Then
1) and (X,7p) are fts’s.  Consider the identity function
(X,Tl) — (X,m). Now FSO(X,m) = {0x,lx,C} where
A < C < 1y \ A, FéPO(X,TQ) = {Ox,lX,U,V} where
U < A Vv ﬁ 1X\A and F5PC(X77—2> = {Ox,lx,lx \ U,l)(\V}
where 1X\U > 1x \Alx \V 2 A Now 1lx \ B € f.
Then i(1x \ B) = 1x \ B < 1lx(€ FSO(X,m)) only and so
c,(1x \ B) < 1x = 1x \ B is an fg-closed set in (X,7) = i
is fg-closed function. Again 1x \ B € FJPO(X,m). So
Ix \ B < 1x \ B. But dpcl,(1x \ B) = C where C is defined
by C(a) = 0.6,C(b) = 08 = C £ 1x \ B = 1x \ B is not an
fopg-closed set in (X,7) = i is not fd,g-closed function. Also
the collection of all fg-open sets in (X,72) is {Ox,1lx,V} where
V2 1x \ A Nowi(lx \ B) = 1x \ B < 1x \ B which is fg-open
set in (X, 7). But scl,(1x \ B) = 1x £ 1x \ B = 1x \ B is not
fgs*-closed set in (X, 75) = ¢ is not fgs*-closed function.

Example 8.8. fgs*-closed function # fg-closed function
Let X = {CL, b}, ™ = {Ox, lx,A,B}, T2 — {Ox, 1X7F} where A(CL) =
0.4, A(b) = 0.55,B(a) = 0.5,B(b) = 0.6,F(a) = 0.4, F(b) = 0.5.
Then (X,7) and (X, 7) are fts’s. Consider the identity function
i:(X,m) = (X, 7). Here FSO(X, 1) = FSC(X, 1) = {0x,1x,U}
where FF < U < 1x\ F. Now as i(1x \ A) = 1x \ A € FSC(X, 1)
and i(1x \ B) = 1x \ B € FSC(X,m), so i is clearly fgs*-closed
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function. Now 1x \ B < C € FSO(X, ) where C is defined by
C(a) =C(b) =0.5. But cl,(1x \ B) =1x \ FF £ C = 1x \ B is not
fg-closed set in (X, 75) = i is not fg-closed function.

Definition 8.9. Let (X,7) and (Y,7y) are fts’s and
h:(X,m) — (Y, 72) be a function. Then h is called
(i) fg-continuous function [5] if A=1 (V) is fg-closed set in X for every
Vers,
(ii) fgp-continuous function [7] if A=1(V) is fgp-closed set in X for
every V € 73,
(iii) fpg-continuous function [7] if A= (V) is fpg-closed set in X for
every V € 73,
(iv) fga-continuous function [5] if A=1(V) is fga-closed set in X for
every V € 75,
(v) fag-continuous function [5] if A~ (V) is fag-closed set in X for
every V € 73,
(vi) fgB-continuous function [11] if A=1(V) is fgB-closed set in X for
every V € 73,
(vii) fgpr-continuous function [15] if A=Y (V') is fgpr-closed set in X
for every V' € 75,
(viii) fgd,-continuous function [13] if h=1(V) is fgd,-closed set in X
for every V' € 75,
(ix) fd,g-continuous function [13] if A~1(V) is fd,g-closed set in X
for every V € 73,
(x) fgd-semiclosed function [14] if h=(V) is fgd-semiclosed set in X
for every V € 73,
(xi) fgs*-continuous function [9] if A= (V') is fs*g-closed set in X for
every V € 73.

Remark 8.10. It is clear from Remark 3.21 that fg-continuous
function is fg-continuous, fgp-continuous, fga-continuous, fag-
continuous,  fgB-continuous, fgpr-continuous,  fgd,-continuous,
fdpg-continuous function. But the converses are not true, in general,
follow from the following example.

Example 8.11. fg-continuous, fgp-continuous, fga-continuous,
fag-continuous, fgB-continuous, fgpr-continuous, fgd,-continuous,
fd,g-continuous function # fg§-continuous function
Let X = {a,b}, m = {0x,1x,A}, » = {0x,1lx,B} where
A(a) = 0.5, A(b) = 0.4, B(a) = B(b) = 0.5. Then (X, 7) and (X, 1)
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are fts’s. Consider the identity function ¢ : (X, ) — (X, 72). Now
1x \ B e T2C. So i_l(lx \ B) =1x \ B <1y \ B e FSO(X,Tl) But
cn,(Ix\B) = 1x \A £ 1x \ B = 1x \ B is not fg-closed set in
(X, 7)) = iis not fg-continuous function. But 1x is the only fuzzy
open as well as fuzzy regular open, fuzzy a-open, fuzzy d-preopen set
in (X, 1) containing 1x \ B and so i is fg-continuous, fgp-continuous,
fga-continuous, fag-continuous, fgB-continuous, fgpr-continuous,
fgd,-continuous, fd,g-continuous function.

Remark 8.12. The concept of fg-continuity is independent of
the concepts of fpg-continuity and fgd-semicontinuity and fgs*-
continuity follow from the following examples.

Example 8.13. fpg-continuity # fj-continuity
Consider Example 8.10. Here 1x is the only fuzzy preopen set in
(X, 7) containing 1x \ B, so clearly i is fpg-continuous function,
though ¢ is not fg-continuous function.

Example 8.14. fg-continuity # fpg-continuity, fgs*-continuity
Let X = {a,b}, m = {0x,1x,A}, » = {0x,1lx, B} where
A(a) = 0.5,A(b) = 0.4,B(a) = 0.4,B(b) = 0.5. Then (X,7) and
(X, 1) are fts’s. Consider the identity function ¢ : (X, ) — (X, 7).
Here 1x\B € 7'26. So Z.il(lX \ B) = 1x\B < 1)((6 FSO(X,’Tl))
only and so cl,(1x \ B) < 1x = 1x \ B is fg-closed set in
(X, 71) = iis fg-continuous function. Now 1x \ B € FPO(X,n) as
intTl(clﬁ(lx\B)) =1x > 1)(\8 So 1x\B < 1x\B € FPO(X,Tl)
But pel;,(1x \ B) = 1x £ 1x \ B = 1x \ B is not an fpg-closed set
in (X,7) = i is not fpg-continuous function. Now the collection of
all fg-open sets in (X,7) is {Ox, 1x,V} where V' 7 1x \ A. Now
i'(1x \ B) = 1x \ B < 1x \ B which is fg-open set in (X, 7). But
scly,(1x \ B) = 1x £ 1x \ B = 1x \ B is not fgs*-closed set in
(X, 7) =i is not fgs*-continuous function.

Example 8.15. fg-continuity # fgd-semicontinuity
Let X = {a,b}, m = {0x,1x,A}, » = {0x,1lx, B} where
A(a) = 0.5,A(b) = 0.6,B(a) = 0.5,B(b) = 0.7. Then (X, 7) and
(X, 7o) are fts’s. Consider the identity function i : (X, 71) — (X, 7).
Now 1)(\B € TQC, 271(1)(\3) = 1)(\B < A € FSO(X,Tl)
cdr(Ix \ B) = 1Ix \A < A = 1x \ B is fg-closed set in
(X,7) = i is fg-continuous function. Now 1x \ B < A € 7.
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But dscl,, (1x \ B) = 1x £ A= 1x \ B is not fgd-semiclosed set in
(X, 71) = iis not fgd-semicontinuous function.

Example 8.16. fgd-semicontinuity #- fg§-continuity
Consider Example 8.10. Here ¢ is not fg-continuous function. Since
1x is the only fuzzy open set in (X, 71) containing 1x \ B, so 1x \ B
is fgd-semiclosed set in (X, 7) = i is fgd-semicontinuous function.

Example 8.17. fgs*-continuity # fgj-continuity

Consider Example 8.8. Here 1x \ F € 7. Then i '(1x \ F) = 1x \ F.
Here the collection of all fg-open sets in (X, 71) is {Ox,1x,V,W}
where 0.5 < V(a) < 0.6,V(b) > 0.5,W # 1x \ B. So lx is the
only fg-open set in (X, 71) containing 1x \ F' and so clearly i is fgs*-
continuous function. Again F.SO(X, 1) = {0x,1x,U} where U > A.
Solx \ FF <D e FSO(X,n) where D(a) = 0.6, D(b) = 0.55. But
c(Ix\F)=1x £ D = 1x \ F is not fg-closed set in (X, ) = 1 is
not fg-continuous function.
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