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FUZZY PRE -CONTINUOUS AND ALMOST PRE
v-CONTINUOUS FUNCTIONS

ANJANA BHATTACHARYYA

Abstract. In this paper we first introduce a new type of fuzzy
open-like set, viz., fuzzy pre-y-open set, the collection of which is
strictly larger than that of fuzzy open set. Afterwards, two new types
of fuzzy continuous-like functions, viz., fuzzy pre-y-continuous and
fuzzy almost pre-vy-continuous functions are introduced and studied.
It is shown that fuzzy almost pre-vy-continuous function is fuzzy pre-~-
continuous and the converse is true only in fuzzy pre-y-regular space.

1. Introduction

In [12], L.A. Zadeh introduced fuzzy set. Afterwards many math-
ematicians have engaged themselves to introduce different types of
fuzzy sets. In this context we have to mention [4, 5|. In [3], fuzzy
~v-open set is introduced and studied. Taking this definition as a ba-
sic tool, here we introduce fuzzy pre-v-open set which lies in between
fuzzy open and fuzzy preopen set [9]. Also it is shown that fuzzy al-
most pre-y-continuous function is fuzzy almost continuous [8] but not
conversely.
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2. Preliminaries

Throughout this paper, (X, 7) or simply by X we shall mean a fuzzy
topological space (fts, for short) in the sense of Chang [6]. In 1965,
L.A. Zadeh introduced fuzzy set [12] A which is a function from a
non-empty set X into the closed interval I = [0,1], i.e., A € I*. The
support [12] of a fuzzy set A, denoted by suppA or Ay and is defined
by suppA = {z € X : A(z) # 0}. The fuzzy set with the singleton
support {z} C X and the value t (0 < t < 1) will be denoted by x;. Ox
and 1x are the constant fuzzy sets taking values 0 and 1 respectively
in X. The complement [12] of a fuzzy set A in an fts X is denoted
by 1x \ A and is defined by (1x \ A)(z) =1 — A(z), for each x € X.
For any two fuzzy sets A, B in X, A < B means A(z) < B(z), for all
x € X [12] while AgB means A is quasi-coincident (qg-coincident, for
short) [10] with B, i.e., there exists x € X such that A(x)+ B(z) > 1.
The negation of these two statements will be denoted by A KB and
A /gB respectively. For a fuzzy set A, clA and intA will stand for
fuzzy closure [6] and fuzzy interior [6] respectively.

A fuzzy set A in an fts (X, 7) is called fuzzy regular open [1] (resp.,
fuzzy semiopen [1], fuzzy preopen [9], fuzzy v-open [3]) if A = intclA
(resp., A < clintA, A < intclA, A < (intclA)|J(clintA)). The com-
plement of a fuzzy semiopen (resp., fuzzy preopen, fuzzy y-open) set
is called fuzzy semiclosed [1] (resp., fuzzy preclosed (9], fuzzy ~-closed
[3]). The union of all fuzzy y-open sets contained in a fuzzy set A is
called fuzzy ~-interior [3] of A, denoted by yintA. The intersection of
all fuzzy ~-closed (resp., fuzzy semiclosed, fuzzy preclosed) sets con-
taining a fuzzy set A in an fts X is called fuzzy ~-closure [3] (resp.,
fuzzy semiclosure [1], fuzzy preclosure [9]) of A, denoted by yclA [3]
(resp., sclA [1], pclA [9]). A fuzzy set A in X is called a fuzzy neigh-
bourhood (nbd, for short) [10] of a fuzzy point x; if there exists a
fuzzy open set G in X such that x; € G < A. If, in addition, A is
fuzzy open, then A is called fuzzy open nbd of z;. A fuzzy set A is
said to be a fuzzy quasi neighbourhood (¢-nbd, for short) of a fuzzy
point z; in an fts X if there is a fuzzy open set U in X such that
xiqU < A. If) in addition, A is fuzzy open (resp., fuzzy ~y-open),
then A is called a fuzzy open [10] (resp., fuzzy v-open [3]) ¢-nbd of
xy. For a fuzzy set A and a fuzzy point z, in an fts X, z, € vclA
iff every fuzzy y-open ¢g-nbd U of x,, UgA [3]. The collection of all
fuzzy ~-open (resp., fuzzy preopen, fuzzy semiopen) sets in an fts X

is denoted by F~yO(X) (resp., FF'SO(X), FPO(X)) and that of fuzzy
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v-closed (resp., fuzzy semiclosed, fuzzy preclosed) sets in an fts X is
denoted by FyC(X) (resp., FSC(X), FPC(X)).

3. Fuzzy Pre-y-Open Set : Some Properties

In this section we first introduce a new type of fuzzy open-like
set, viz., fuzzy pre-y-open set. Then fuzzy pre-v-closure operator
is introduced which is an idempotent operator. Some important
properties of fuzzy pre-y-open set are established here. Lastly, mutual
relationship of this newly defined fuzzy set with the sets defined in
[4, 5] are established.

Definition 3.1. A fuzzy set A in an fts (X, 7) is called fuzzy
pre-y-open if A < int(yclA).
The complement of fuzzy pre-y-open set is called fuzzy pre-y-closed
set.
The collection of fuzzy pre-y-open (resp., fuzzy pre-y-closed) sets in
an fts (X, 7) is denoted by FPyO(X) (resp., FPyC(X)).
The union (resp., intersection) of all fuzzy pre-y-open (resp., fuzzy
pre-y-closed) sets contained in (containing) a fuzzy set A is called
fuzzy pre-vy-interior (resp., fuzzy pre-vy-closure) of A, denoted by
pyintA (resp., pyclA).

Definition 3.2. A fuzzy set A in an fts (X, 7) is called fuzzy
pre-y-neighbourhood (fuzzy pre-y-nbd, for short) of a fuzzy point z,, if
there exists a fuzzy pre-y-open set U in X such that z, < U < A. If]
in addition, A is fuzzy pre-y-open, then A is called fuzzy pre-v-open
nbd of z,.

Definition 3.3. A fuzzy set A in an fts (X, 7) is called fuzzy pre-y
quasi neighbourhood (fuzzy pre-y-g-nbd, for short) of a fuzzy point x,,
if there exists a fuzzy pre-y-open set U in X such that z,qU < A. If,
in addition, A is fuzzy pre-y-open, then A is called fuzzy pre-v-open
g-nbd of z,,.

Remark 3.4. It is clear from definitions that fuzzy pre-v-open set
is fuzzy preopen as vclA < clA for any fuzzy set A in an fts X. So
we have the following diagram :
fuzzy open set = fuzzy pre-v-open set = fuzzy preopen set
But the converses are not true, as it seen from the following examples.
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Example 3.5. Fuzzy preopen set # fuzzy pre-v-open set
Let X = {a,b}, 7 = {0x,1x,A, B} where A(a) = 0.5, A(b) =
0.4, B(a) = 0.5, B(b) = 0.55. Then (X, 7) is an fts. Consider the fuzzy
set C, defined by C(a) = 0.5,C(b) = 0.7. Now intclC =1x > C =
C € FPO(X). But intyclC = intC = B ? C = C ¢ FPyO(X).

Example 3.6. Fuzzy pre-y-open set # fuzzy open set
Let X = {a,b}, 7 = {Ox,1x,A, B} where A(a) = 0.5, A(b) =
0, B(a) = 0.7, B(b) = 0. Then (X, 7) is an fts. Consider the fuzzy set
C' defined by C(a) = 0.8,C(b) = 0.5. The clearly C' € FPyO(X) as
velC' = 1x. But C € 7.

Theorem 3.7. Let A, B € IX. Then the following statements hold

(a) int(ycl0x) = Oy,
(b) int(ycllyx) = 1x,
(c) A < B = int(yclA) < int(vyclB),
(d) A, B € FP7O(X) = A B € FP7O(X).
Proof. (a), (b) and (c) are obvious.
(d) Let A,B € FPyO(X). Then int(ycl(AUB)) =
int(velAJ~elB) > int(ycdA)Jint(yelB) >  AUB (as
A, B € FPyO(X)) = AlUB € FPyO(X).

Result 3.8. From Theorem 3.7 (d), we can conclude that intersec-
tion of any two fuzzy pre-y-closed sets is also so. But intersection of
two fuzzy pre-y-open sets need not be so, as it seen from the following
example.

Example 3.9. Consider Example 3.6. Consider two fuzzy sets C'
and D defined by C(a) = 0.8,C(b) = 0.5,D(a) = 0.5, D(b) = 0.7.
Then vclC = ~velD = 1x = C,D € FPyO(X). Let E = C(D.
Then E(a) = E(b) = 0.5. Now int(yclE) = intE = A F? E=FE ¢
FPyO(X).

Theorem 3.10. Let A be any fuzzy set in an fts X and z,, any
fuzzy point X. Then z, € pyclA iff every fuzzy pre-y-open g-nbd U
of z,, UqA.

Proof. Let z, € pyclA for any fuzzy set A in an fts (X, 7). Let
U € FPyO(X) with z,qU. Then U(z) +a > 1 =z, £ 1x \ U €
FP~yC(X). Then by definition, A £ 1x \ U = there exists y € X
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such that A(y) >1—-U(y) = A(y) + U(y) > 1 = UqA.

Conversely, let the given condition hold. Let U € FP~yC(X) with
A < U .. (1). We have to show that z, € U, ie., U(z) > «a. If
possible, let U(x) < a. Then 1 —U(x) > 1 —a = 2,q(1x \ U) where
1x\U € FPyO(X). By hypothesis, (1x \U)gA = there exists y € X
such that 1 — U(y) + A(y) > 1 = A(y) > U(y), contradicts (1).

Theorem 3.11. pycl(pyclA) = pyclA for any fuzzy set A in an fts
(X, 7).
Proof. Let A € . Then A < pyclA = pyclA < pycl(pyclA) ... (1).
Conversely, let z, € pycl(pyclA). 1If possible, let z, & pyclA.
Then there exists U € FPyO(X), z.qU, U /qA ... (2). But as
To € pycl(pyclA), Uq(pyclA) = there exists y € X such that
Uly) + (pyclA)(y) > 1 = U(y) +t > 1 where t = (pyclA)(y). Then
ys € pyclA and y,qU where U € FPyO(X). Then by definition, UgA,
contradicts (2). So pycl(pyclA) < pyclA ... (3). Combining (1) and
(3), we get the result.

Let us recall the following two definitions from [4, 5] for ready
references.

Definition 3.12 [5]. A fuzzy set A in an fts (X, 7) is called fuzzy
s*-open if A <int(sclA).

Definition 3.13 [4]. A fuzzy set A in an fts (X, 7) is called fuzzy
p*-open if A < int(pclA).

Note 3.14. It is clear from definitions that fuzzy pre-v-open set is
fuzzy s*-open as well as fuzzy p*-open set. But the converses are not
true, in general, as it seen from the following examples.

Example 3.15. Fuzzy s*-open set #- fuzzy pre-v-open set
Consider Example 3.5 and the fuzzy set D, defined by
D(a) = 0.5,D(b) = 0.46. Here D € FyC(X). So
int(yelD) = intD = A * D = D ¢ FPyO(X). Now sclD = B. So
int(sclD) = intB = B > D = D is fuzzy s*-open set in X.

Example 3.16. Fuzzy p*-open set % fuzzy pre-y-open set
Consider Example 3.5 and the fuzzy set U, defined by U(a) = U(b) =
0.5. Here pclU = 1x\ A and so int(pclU) = int(1x\A) =B >U=U
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is fuzzy p*-open set in X. Now ~vclU = U. So int(yclU) = intU =
AZU=U¢FPyO(X).

4. Fuzzy Pre-y-Continuous Function : Some
Characterizations

In this section we first introduce a new type of fuzzy continuous-like
function and then characterize it and shows that it lies in between
fuzzy continuous function [6] and fuzzy almost continuous function [§].

Definition 4.1. A function f : X — Y is said to be fuzzy
pre-y-continuous if for each fuzzy point z, in X and every fuzzy nbd
Voof f(z,) m Y, vcl(f~1(V)) is a fuzzy nbd of z,, in X.

Theorem 4.2. For a function f : X — Y, the following statements

are equivalent :

(a) fis fuzzy pre—'y—contmuous

(b) f~Y(B) < int(ycl(f~1(B))), for all fuzzy open set B of Y,
(c) f(clA) < cl(f(A)), for all A € FyO(X).

Proof (a) = (b). Let B be any fuzzy open set in Y
and z, € fY(B). Then f(zo) < B = B is a fumy
nbd of f(x,). By (a), vel(f~'(B)) is a fuzzy nbd of z, in
X and so there exists a fuzzy open set U in X such that
To < U < vl(f~YB)) = zo < U = intU < int(yel(f~1(B)))
= x4 < int(yel(f~1(B))). Hence f~1(B) < int(ycl(f~1(B))).

(b) = (a). Let x, be a fuzzy point in X and B be a fuzzy nbd
of f(z,) in Y. Then z, < fY(B) < int(ycd(f~'(B))) (by (b))
< el (f~1(B)) = ~el(f~*(B)) is a fuzzy nbd of z, in X.

(b) = (c¢). Let A € FyO(X). Then 1y \ cl(f(A)) is a fuzzy open set
in Y. By (b), f7'(1y \ cl(f(A))) < int(vel(f~'(1y \ cl(f(A))))) =
int(yel(lx \ fHcl(f(A ))))) < int(ye(lx \ fTHf(A)) <
int(vel(lx \ A) = 1x \ d(yintA) = 1x \ cdA. Then
Lo\ AN < 1y Vel S A 2 F A = feld) =
A(F(4))

(¢c) = (b). Let B be any fuzzy open set in Y. Then
yint(f~'(1y \ B)) € F’YO( ). By (c ), flel(yint(f~'(1y \ B)))) <
d(f(yint(f~'(1y \ B)))) < d(f(f~'(ly \ B))) < c(ly \ B) =
Iy\B= f'(B)=1x\ [~ ( \B)<1X\Cl(7mt( [y \ B))) =
Ly \ cl(yint(1x \ f~ ( ) = int(yel(f~1(B)))-
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Note 4.3. It is clear from Theorem 4.2 that the inverse image
under fuzzy pre-vy-continuous function of any fuzzy open set is fuzzy
pre-y-open set in X.

Theorem 4.4. For a function f : X — Y, the following statements
are equivalent :
(a) f is fuzzy pre-y-continuous,
(b) f~Y(B) € FPyO(X), for all fuzzy open set B of Y,
(c) for each fuzzy point z, in X and each fuzzy open nbd V' of f(z,)
in Y, there exists U € FFPyO(X) containing z,, such that f(U) <V,
(d) f71(F) € FPyC(X), for all fuzzy closed sets F in Y,
(e) for each fuzzy point z, in X, the inverse image under f of every
fuzzy nbd of f(x,) is a fuzzy pre-y-nbd of z, in X,
(f) f(p 'yclA) < cl(f(A)), for all A € I¥,
(g) p’ycl( YB)) < f~ (clB), for all B € IV,
(h) f~Y(intB) < pyint(f~*(B)), for all B € IV,
(i) for every basic open fuzzy set V in Y, f~1(V) € FPyO(X).

Proof (a) < (b). Follows from Theorem 4.2 (a) < (b).
(b) = (c). Let x, be a fuzzy point in X and V be a fuzzy open
nbd of f(z,) in Y. By (b), f71(V) € FPyO(X) ... (1) . Now
flzg) <V =z, € f7Y(V) (= U, say). Then z, € U and by (1),
U= £71(V)) € FPAO(X) and f(U) = £(f~'(V) < V.
(c) = (b). Let V be a fuzzy open set in Y and let z, < f~1(V).
Then f(z,) < V = V is a fuzzy open nbd of f(z,). By (c),
there exists U € FP~yO(X) containing z, such that f(U) < V.
Then z, < U < fYV). Now U < int(ydU). Then
U < int(yelU) < int(yel(fH(V))) = zo < U < int(yel(f~H(V))) =
V) < int(yel(fH(V))).
(b) < (d). Obvious.
(b) = (e). Let W be a fuzzy nbd of f(z,). Then there exists a
fuzzy open set V in Y such that f(z,) <V < W = V is a fuzzy
open nbd of f(x,) in Y. Then by (b), f~1(V) € FPyO(X) and
o < V) < fTYW) = f7HW) is a fuzzy pre-y-nbd of z, in X.
(e) = (b). Let V be a fuzzy open set in Y and z, < f~*(V). Then
f(xy) <V = Vis a fuzzy open nbd of f(z,). By (e), f~4(V) is
a fuzzy pre-y-nbd of z, in X. Then there exists U € FPyO(X)
containing , such that U < f~4(V) = x, < U < int(ycU) <
int(yel(f~ (V) = [V < int(yel(f1(V))).
(d) = (f). Let A € I*. Then cl(f(A)) is a fuzzy closed set in
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Y. By (d), f'(cl(f(A))) € FPyC(X) containing A. There-
fore, pyclA < pycl(f~(cl(f(A)))) = f7(c(f(A)) = f(prcld)
< c(f(A)).

(f) = (d). Let B be a fuzzy closed set in Y. Then f~!(B) € I*. By
(®), fpyel(f(B))) < clf(f(B))) < B = B = pyel(f7(B)) <
[7H(B) = [71(B) € FPyC(X).

(f) = (g). Let B € I Then f~ ( ) € I*. By (f), f(pycl(f~'(B))) <
cdA(f(f~Y(B))) < clB = pyc(f~ ( ) < f (clB)

(g) = (f). Let A € I Let = f(A) Then B € IY. By (g),
plv(?l&); pyel(f~1(B)) < f7HcdB) = f'(cl(f(A))) = f(pyclA) <

—

b) = (h). Let B € IV. Then intB is a fuzzy open set in Y. By
(b), f~1(intB) < mt(vcl(ffl(mtB))) = f(intB) € FPyO(X) =
[~ (intB) = pyint(f~1(intB)) < pyint(f~1(B)).

(h) = (b). Let A be any fuzzy open set in Y. Then f~!(A) =
[N (it A) < pint(f-1(4)) (by (b)) = f}(A) € FPAO(X).

(b) = (i). Obvious.

(i) = (b). Let W be any fuzzy open set in Y. Then there exists a
collection {W,, : « E A} of fuzzy basic open sets in Y such that W =
L Wa. Now f7! U wa) = | (W) € FPYO(X)
a€cl aEA a€A

(by (i) and by Theorem 3.7 (d)). Hence (b) follows.

Theorem 4.5. A function f: X — Y is fuzzy pre-vy-continuous iff
for each fuzzy point x,, in X and each fuzzy open ¢g-nbd V' of f(z,) in
Y, there exists a fuzzy pre-y-open set W in X with z,qW such that
fw) <v.

Proof. Let f be fuzzy pre-vy-continuous function and x, be a
fuzzy point in X and V' be a fuzzy open set in Y with f(z,)¢V. Let
f(x)=y. Then V(y)+a>1=V(y)>1—-a=V(y) >F>1—aq,
for some real number S. Then V is a fuzzy open nbd of yz. By
Theorem 4.4 (a)=-(c), there exists W € FPyO(X) containing xg, i.e.,
W(x) > f such that f(W) < V. Then W(z) > > 1—a = x,qW
and f(W) < V.

Conversely, let the given condition hold and let V' be a fuzzy open
set in Y. Put W = fYV). If W = 0Ox, then we are done.
Suppose W # 0Ox. Then for any x € Wy, let y = f(x). Then
W(z) = [f~*(V)](z) = V(f(z)) = V(y). Let us choose m € N where
N is the set of all natural numbers such that 1/m < W(z). Put
an, =1+1/n—W(z), for all n € N. Then for n € N and n > m,
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I/n <1/m=1+1/n <14+1/m = a, =1+1/n—W() <
1+1/m—W(z) <1. Again a,, >0, foralln e N = 0 <, <1 so
that V(y) + o, > 1 = y,,¢V = V is a fuzzy open ¢-nbd of y,,. By
the given condition, there exists U? € FP~yO(X) such that z,, qU?
and f(U*) <V, for alln > m. Let U* = | J{U? : n € N',n > m}.
Then U* € FPyO(X) (by Theorem 3.7 (d)) and f(U*) < V. Again
n>m= Uz)+a, >1= U”f( )+ 1+1/n—W() > 1=
U(x) > W(x) —1/n = UX(x) > W(x), for each x € Wy. Then
W < UZ, for all n > m and for all x € Wy = W < U*, for all
reWy=W< |JU"=U (say) ... (1)and f(U") <V, for all
zeWy

z€Wo= f(U) <V =U<f(fU)) < fH(V)=W .. (2). By
(1) and (2), U =W = f~Y(V) = f~4V) € FPyO(X). Hence by
Theorem 4.2, f is fuzzy pre-vy-continuous function.

Remark 4.6. If f : X — Y is fuzzy pre-y-continuous function,
then the inverse image of every fuzzy regular open set is fuzzy
pre-v-open set in X. But the converse may not be true, as it seen
from the following example.

Example 4.7. Let X = {(l}, T = {Ox,lx,A}7 To = {Ox,lx,B}
where A(a) = 0.3,B(a) = 0.7. Then (X,7) and (X, ) are fts’s.
Consider the identity function i : (X,7) — (X, 7). Here Ox and
lx are the only fuzzy regular open sets in (X, 73) and so clearly
the inverse image of fuzzy regular open sets in (X, 7;) under i
is fuzzy pre-y-open set is (X,71). Now B € 7, i (B) = B.
But int, (ycl,B) = int,B = A < B as every fuzzy set in
(X, 71) is fuzzy ~v-open as well as fuzzy y-closed set in (X, 71). So
B &£ int(yelB) = B ¢ FPyO(X) = i is not fuzzy pre-y-continuous
function.

Remark 4.8. The inverse image of a fuzzy y-open set under fuzzy
pre-y-continuous function may not be fuzzy ~v-open set follows from
the following example.

Example 4.9. Let X = {a,b}, 1 = {0x,1x, A}, » = {0x, 1x, B}
where A(a) = 0.4, A(b) = 0.7, B(a) = 0.5, B(b) = 0.8. Then (X, 7)
and (X, 7o) are fts’s. Consider the identity function ¢ : (X, 7)) —
(X,7). Now B € 1, i Y(B) = B < int,(ycl,B) = 1x = i
is fuzzy pre-y-continuous function. Now consider the fuzzy set C
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defined by C'(a) = 0.6,C(b) = 0.2. Then (cl,,int,,C)(int,,cl,,C) =
OxUlx = 1x = C € FPyO(X, 7). Now i }(C) = C. Again
(clnintﬁC’) U(intnclﬁC) = OXUOX = 0x Z C=C Q F’}/O(X, 7'1).

Let us now recall the following definitions from [4, 5, 6, 8] for
ready references.

Definition 4.10 [6]. A function f : X — Y is called fuzzy
continuous function if f~1(V) is fuzzy open set in X for every fuzzy
open set V in Y.

Definition 4.11. A function f : X — Y is said to be fuzzy
almost continuous [8] (resp., fuzzy almost s-continuous [5], fuzzy
almost p-continuous [4]) if f~H(V) < ant(cd(f~H(V))) (resp.,
f7HV) < int(sel(f7H(V)), fHV) < int(pel(fH(V))-

Remark 4.12. It is clear from definitions that fuzzy continuous
function = fuzzy pre-y-continuous function = fuzzy almost con-
tinuous function, fuzzy almost s-continuous function, fuzzy almost
p-continuous function. But the reverse implications are not true, in
general, follow from the following examples.

Example 4.13. Fuzzy pre-y-continuous function # fuzzy contin-
uous function
Let X = {a,b}, m = {0x,1x}, = = {Ox,1x,A} where
A(a) = A(b) = 0.5. Then (X,7) and (X, ) are fts’'s. Con-
sider the identity function i : (X, ) — (X, 7). Since fuzzy 7-closure
of every fuzzy set in (X, 71) other than Oy is 1y, clearly i is fuzzy
pre-vy-continuous function. Now A € 7, i }(4) = A € 7, = i is not
fuzzy continuous function.

Example 4.14. Fuzzy almost continuous function # fuzzy
pre-vy-continuous function
Let X = {a,b}, m = {0x,1x,A}, m» = {0x,1lx,B} where
A(a) = 0.4,A(b) = 0.7,B(a) = 0.6, B(b) = 0.4. Then (X,7) and
(X, 72) are fts’s. Consider the identity function i : (X, 71) — (X, 7).
Now B € 7, i Y(B) = B < int,cl,B = 1x = i is fuzzy almost
continuous function. But int, vycl,, B = int, B = 0x ? B = i is not
fuzzy pre-v-continuous function.
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Example 4.15. Fuzzy almost s-continuous function # fuzzy
pre-y-continuous function
Let X = {a,b}, m = {0x,1x,A, B}, m» = {0x,1x,D} where
A(a) = 0.5, A(b) = 0.4, B(a) = 0.5, B(b) = 0.55, D(a) = 0.5, D(b) =
0.46. Then (X,7) and (X,72) are fts’s. Consider the identity
function i : (X,71) — (X,7). Here D € 7, i"'(D) = D. Now
ity scl, D = int, B = B > D = i is fuzzy almost s-continuous
function. But vcl, D = D = int,,ycl,,D =int, D = A ¥ D = iis
not fuzzy pre-vy-continuous function.

Example 4.16. Fuzzy almost p-continuous function # fuzzy
pre-y-continuous function
Let X = {a,b}, m = {0x,1x,A,B}, » = {0x,1x,C} where
A(a) = 0.5, A(b) = 04, B(a) = 0.5, B(b) = 0.55,C(a) = C(b) = 0.5.
Then (X,7) and (X,72) are fts’s. Consider the identity func-
tion i : (X,71) = (X,m). C € m, i4C) = C. Now
int, pcl;, C =int,; (1x\ A) = B > C = i is fuzzy almost p-continuous
function. But vcl,C = C = int,;, vcl,,C =int,C =A% C = iis
not fuzzy pre-vy-continuous function.

Remark 4.17. Composition of two fuzzy pre-y-continuous func-
tions may not be so, as it seen from the following example.

Example 4.18. Let X = {a,b}, 1 = {0x,1x, A}, » = {0x,1x},

73 = {0x,1x,B} where A(a) = 0.5,A(0) = 0.6,B(a) =
0.5,B(b) = 0.3. Then (X,m), (X,m) and (X,73) are fts’s.
Consider the identity functions 4, : (X,7n) — (X,7) and
ia  (X,m) — (X,m3). Clearly iy and iy are fuzzy pre-y-
continuous functions. Let i3 = iy 043 : (X,71) — (X, 73).
Now B € 13, i« '(B) = B. Again vc,B = B and so

B £ int;(yc,B) = 0x = B ¢ FPyO(X,m) = i3 is not
fuzzy pre-vy-continuous function.

Theorem 4.19. If f : X — Y is fuzzy pre-vy-continuous function
and g : Y — Z is fuzzy continuous function, then go f : X — Z is
fuzzy pre-v-continuous function.

Proof. Obvious.

Lemma 4.20 [2]. Let Z,X,Y be fts’s and f; : Z — X and
fo 1 Z — Y be functions. Let f : Z7 — X x Y be defined by
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f(z) = (fi(2), f2(2)) for z € Z, where X x Y is provided with the
product fuzzy topology. Then if B, Uy, Us are fuzzy sets in Z, X, Y re-
spectively such that f(B) < U; xUs, then f1(B) < Uy and fy(B) < Us.

Theorem 4.21. Let Z, X,Y be fts’s. For any functions
fi + 2 - X, fo: Z = Y, it f: Z — X xY, defined by
f(z) = (fi(x), fo(x)), for all x € Z, is fuzzy pre-y-continuous, so are
f1 and fo.

Proof. Let U; be any fuzzy open ¢-nbd of fi(z,) in X for any
fuzzy point x, in Z. Then U; x 1y is a fuzzy open ¢-nbd of f(x,),
i.e., (f(z))a in X x Y. Since f is fuzzy pre-y-continuous function,
there exists V € FPyO(Z) with z,qV such that f(V) < U; x 1y.
By Lemma 4.17, f1(V) < Uy, fo(V) < 1y. Consequently, f is fuzzy
prey-continuous function.

Similarly, f, is fuzzy pre-vy-continuous function.

Lemma 4.22 [1]. Let X,Y be fts’s and let g : X — X x Y be the
graph of a function f: X — Y. Then if A, B are fuzzy sets in X and
Y respectively, g7 (A x B) = A f~1(B).

Theorem 4.23. Let f: X — Y be a function from an fts X to an
fts Y and g : X — X x Y be the graph function of f. If g is fuzzy
pre-y-continuous function, then f is so.

Proof. Let g be fuzzy pre-y-continuous function and B be a fuzzy
set in Y. Then by Lemma 4.22, f~'(B) = 1x(\ f~*(B) = g '(1y x B).
Now if B is fuzzy open in Y, then 1y x B is fuzzy open in X x Y.
Again, g7'(1y x B) = f~Y(B) € FPyO(X) (by hypothesis) = f is

fuzzy pre-v-continuous function.

5. Fuzzy Almost Pre-y-Continuous Function: Some
Characterizations

In this section we introduce a new type of fuzzy continuous-like
function, viz., fuzzy almost pre-vy-continuous function which is fuzzy
pre-y-continuous function and the reverse implication is true under
certain condition.

Definition 5.1. A function f : X — Y is called fuzzy almost
pre-y-continuous if the inverse image of every fuzzy pre-y-open set in
Y is fuzzy pre-y-open set in X.
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Theorem 5.2. For a function f : X — Y, the following statements
are equivalent :
(a) f is fuzzy almost pre-y-continuous function,
(b) for each fuzzy point z, in X and each fuzzy pre-y-open nbd V' of
f(zy) in Y, there exists a fuzzy pre-y-open nbd U of z, in X such
that f(U) <V,
(c) f7YF) € FPyC(X), for all F € FPyC(Y),
(d) for each fuzzy point z, in X, the inverse image under f of every
fuzzy pre-y-open nbd of f(z,) in Y is a fuzzy pre-y-open nbd of z,
in X,
(e) f(pyclA) < pycl(f(A)), for all A € IX,
(f) pycl(f~1(B)) < f~H(pyelB), for all B € I',
(g) f~YHpvyintB) < pyint(f~1(B)), for all B € IY.

Proof. The proof is similar to that of Theorem 4.4 and hence is
omitted.

Theorem 5.3. A function f : X — Y is fuzzy almost pre-v-
continuous iff for each fuzzy point z, in X and corresponding to
any fuzzy pre-y-open ¢-nbd V of f(z,) in Y, there exists a fuzzy
pre-y-open g-nbd W of x, in X such that f(W) < V.

Proof. The proof is similar to that of Theorem 4.5 and hence is
omitted.

Note 5.4. It is clear from definition that composition of two fuzzy
almost pre-y-continuous functions is fuzzy almost pre-vy-continuous
function.

Theorem 5.5. If f : X — Y is fuzzy almost pre-y-continuous
function and ¢ : Y — Z is fuzzy pre-y-continuous function, then

go f: X — Z is fuzzy pre-y-continuous function.
Proof. Obvious.

Remark 5.6. It is obvious that fuzzy almost pre-v-continuous
function is fuzzy pre-vy-continuous function, but the converse is not
true, in general, follows from the following example.

Example 5.7. Fuzzy pre-y-continuous function # fuzzy almost
pre-y-continuous function
Consider Example 4.9. Here ¢ is fuzzy pre-y-continuous function.

Now consider the fuzzy set C' defined by C(a) = 0.6, C(b) = 0.2.
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Then C' € FPyO(X, 7). Now i }(C) = C ¢ FPyO(X, ;) = i is not

fuzzy almost pre-y-continuous function.

Remark 5.8. Fuzzy continuity and fuzzy almost pre-v-continuity
are independent concepts follow from the following examples.

Example 5.9. Fuzzy almost pre-y-continuous function #% fuzzy
continuous function
Consider Example 4.13. Here every fuzzy set in (X,7) is fuzzy
pre-v-open set and so clearly ¢ is fuzzy almost pre-vy-continuous
function. But ¢ is not fuzzy continuous function.

Example 5.10. Fuzzy continuous function # fuzzy almost
pre-y-continuous function
Let X = {(I,b}, T = {OX,lX,A}, Ty = {Ox,lx} where
A(a) = 05,A() = 0.6. Then (X,7) and (X,7) are fts’s.
Consider the identity function i : (X,7) — (X,7). Clearly i
is fuzzy continuous function. Now every fuzzy set in (X, 1) is
fuzzy pre-y-open set in (X,75). Consider the fuzzy set B de-
fined by B(a) = 0.5,B(b) = 0.3. Then B € FPyO(X, ). Now
iY(B) = B £ int,vycl,,B =int,B=0x = B & FPyO(X,7) =i
is not fuzzy almost pre-y-continuous function.

Note 5.11. From Remark 5.6 and Remark 4.12, we say that
fuzzy almost pre-y-continuous function is fuzzy almost continuous.
But the converse is not necessary true follows from Example 4.14.
Here i is fuzzy almost continuous function. Since here ¢ is not fuzzy
pre-y-continuous, it is not fuzzy almost pre-vy-continuous function.

To achieve the converse of Remark 5.6, we have to define some sort
of fuzzy open-like function, as follows.

Definition 5.12. A function f : X — Y is said to be fuzzy ~-open
if f(U) is fuzzy y-open in Y for every fuzzy ~-open set U in X.

Lemma 5.13. If f : X — Y is fuzzy ~-open function, then
S (yeU) < ~el(f~1(U)), for any fuzzy set U in Y.
Proof. let z, £ ~vcl(f~1(U)) for some fuzzy set U in Y. Then
there exists W € FyO(X) such that z,qW, W 4f1(U) = f(W) 4U
(1). As f is fuzzy 7-open function, f(W) € FyO(Y). Now
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TaqgW = f(xo)qf(W) = f(W) is a fuzzy y-open ¢-nbd of f(z,) in
Y. By (1), f(za) £ 7clU = o £ f7(yclU).

Theorem 5.14. If f: X — Y is fuzzy pre-y-continuous and fuzzy
~v-open function, then f is fuzzy almost pre-y-continuous function.

Proof. Let V. € FPyO(Y). Then V< int(yelV).
Since f is fuzzy pre-y-continuous function, f~1(V) <
F7Hant(yelV)) < int(yel(f~ (int(yclV)))) (by Theorem 4.4 (a)&
(b)) < int(yel(f~H(yelV))) < int(yel(ycl(f71(V)))) as f is fuzzy
y-open function (by Lemma 5.13) = int(ycl(f~1(V))) = f~1(V) €
FP~yO(X) = f is fuzzy almost pre-y-continuous.

Let us now recall the following definition from [11] for ready
references.

Definition 5.15 [11]. A function f : X — Y is called a fuzzy open
function if f(U) is a fuzzy open set in Y for every fuzzy open set U
in X.

Remark 5.16. Fuzzy open function and fuzzy ~-open function are
independent concepts follow from the following examples.

Example 5.17. Fuzzy open function # fuzzy ~y-open function
Let X = {a,b}, m = {0x,1x}, = = {Ox,1x,A} where
A(a) = 05,A() = 0.6. Then (X,7) and (X,7) are fts’s.
Consider the identity function i : (X,7) — (X,7). Clearly
1 is fuzzy open function. Now consider the fuzzy set B de-
fined by B(a) = 0.5,B(b) = 0.3. Since every fuzzy set in
(X,7) is fuzzy ~v-open set in (X,7), B € F~yO(X,7). Now
i(B) = B £ (intcl,B)J(clint,B) = 0x = B € FyO(X,12) = i
is not fuzzy y-open function.

Example 5.18. Fuzzy y-open function % fuzzy open function
Let X = {a,b}, m = {0x,1x, A}, o = {Ox, 1x} where A(a) = A(b) =
0.5. Then (X, 71) and (X, 3) are fts’s. Consider the identity function
i (X,m) — (X, 7). Since every fuzzy set in (X, ) is fuzzy y-open
set in (X, 7), clearly i is fuzzy ~-open function. Also i is not fuzzy
open function as A € 7y, but i(A) = A &€ 1.
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6. Fuzzy Pre-v-Regular Space

In this section a new type of fuzzy regularity is introduced and
shown that in this space fuzzy closed set and fuzzy pre-~-closed set
coincide.

Definition 6.1. An fts (X, 7) is said to be fuzzy pre-y-regular
space if for each fuzzy pre-v-closed set F' in X and each fuzzy
point z, in X with z,q(1x \ F'), there exist a fuzzy open set U in X
and a fuzzy pre-v-open set V' in X such that x,qU, F <V and U 4V.

Theorem 6.2. For an fts (X, 7), the following statements are

equivalent:

(a) X is fuzzy pre-y-regular space,

(b) for each fuzzy point x, in X and each fuzzy pre-y-open set U
in X with x,qU, there exists a fuzzy open set V in X such that
TaqV < pyclV < U,

(c) for each fuzzy pre-y-closed set F' in X, ({clV : F < V|V €
FPyO(X)} = F,

(d) for each fuzzy set G in X and each fuzzy pre-y-open set U in
X such that GqU, there exists a fuzzy open set V in X such that
GqV < pycV < U.

Proof (a)=(b). Let x, be a fuzzy point in X and U, a fuzzy
pre-y-open set in X with x,qU. By (a), there exist a fuzzy
open set V and a fuzzy pre-y-open set W in X such that x,qV,
Ix\U < W,V gW. Then z,qV < Ix \ W < U = 2,9V and
pyelV < pyel(lx \W) =1x \W < U = 2,4V < pycV < U.
(b)=-(a). Let F be a fuzzy pre-y-closed set in X and x, be a fuzzy
point in X with ,¢(1x \ F'). Then 1x \ F € FPyO(X). By (b), there
exists a fuzzy open set V' in X such that x,qV < pyelV < 1x \ F.
Put U = 1x \ pyelV. Then U € FPyO(X) and z.qV, F < U and
U 4V.

(b)=(c). Let F' be fuzzy pre-y-closed set in X. It is clear that
F<({dV :F <V, Ve FPyO(X)}.

Conversely, let z, £ F. Then F(z) < a = z.,q(1x \ F) where
1x \ F € FPyO(X). By (b), there exists a fuzzy open set U in X
such that z,qU < pyclU < 1x\ F. Put V. =1x\pyclU. Then F <V
and U 4V = 2, £ clV = ({dV : F <V,V € FPyO(X)} < F.
(¢)=(b). Let V be any fuzzy pre-y-open set in X and z, be any
fuzzy point in X with z,¢V. Then V(z)+a > 1= 2, £ (1x\V)
where 1x \ 'V € FPyC(X). By (c), there exists G € FPyO(X)
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such that 1x \'V < G and z, £ clG = there exists a fuzzy
open set U in X with z,qU, U /qG = U < 1x \G < V
= 2aqU < pyelU < pyel(lx \G) =1x \G < V.

(¢)=(d). Let G be any fuzzy set in X and U be any fuzzy pre-
~v-open set in X with GqU. Then there exists z € X such that
G(z)+ U(x) > 1. Let G(x) = a. Then z,qU = x, £ 1x \ U where
Ix \U € FPyC(X). By (c), there exists W € FPyO(X) such that
Ix\U < W and z, £ cdW = (ddW)(z) < a = z,q9(1x \ V).
Let V. = 1x \ elW. Then V is a fuzzy open set in X
and V(z) +a > 1 = V() + Gz) > 1 = Vq¢G and
pyclV =pyel(lx \ W) < pyel(lx \ W) =1x \W < U.

(d)=(b). Obvious.

Note 6.3. It is clear from Theorem 6.2 that in a fuzzy pre-v-
regular space, every fuzzy pre-vy-closed set is fuzzy closed and hence
every fuzzy pre-y-open set is fuzzy open. As a result, in a fuzzy
pre-y-regular space, the collection of all fuzzy closed (resp., fuzzy
open) sets and fuzzy pre-y-closed (resp., fuzzy pre-y-open) sets
coincide.

Theorem 6.4. If f : X — Y is fuzzy pre-y-continuous function
and Y is fuzzy pre-y-regular space, then f is fuzzy almost pre-v-
continuous function.

Proof. Let z, be a fuzzy point in X and V be any fuzzy pre-v-
open g-nbd of f(z,) in Y where Y is fuzzy pre-y-regular space. By
Theorem 6.2 (a)=-(b), there exists a fuzzy open set W in Y such
that f(z,)gW < pycdW < V. Since f is fuzzy pre-y-continuous
function, by Theorem 4.5, there exists U € F PyO(X) with z,qU and
f(U) <W < V. By Theorem 5.3, f is fuzzy almost pre-y-continuous
function.

Let us now recall following definitions from [6, 7] for ready
references.

Definition 6.5 [6]. A collection U of fuzzy sets in an fts X is said
to be a fuzzy cover of X if | JU = 1x. If, in addition, every member
of U is fuzzy open, then U is called a fuzzy open cover of X.

Definition 6.6 [6]. A fuzzy cover U of an fts X is said to have
a finite subcover U, if Uy is a finite subcollection of U such that
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U Z/{(] - 1X .

Definition 6.7 [7]. An fts (X, 7) is said to be fuzzy almost compact
if every fuzzy open cover U of X has a finite proximate subcover, i.e.,
there exists a finite subcollection Uy of U such that {clU : U € Uy} is
again a fuzzy cover of X.

Theorem 6.8. If f: X — Y is a fuzzy pre-y-continuous surjective
function and X is fuzzy pre-y-regular as well as fuzzy almost compact
space, then Y is fuzzy almost compact space.

Proof. Let U = {U, : @ € A} be a fuzzy open cover of Y. Then
as f is fuzzy pre-vy-continuous function, ¥V = {f~1(U,) : a € A} is
a fuzzy pre-y-open cover and hence fuzzy open cover of X as X is
fuzzy pre-v-regular space. Since X is fuzzy almost compact, there are

finitely many members Uy, Us, ..., U,, of U such that Ucl(f’l(Ui))
i=1
1x. Since X is fuzzy pre-vy-regular space, by Note 6.3, cl(f~1(U;))

pyel(f~H(U;)), for i = 1,2,....,n and so 1x = Upycl(f_l(Ui)) =
i=1

by = f(Upret(r7 ) = UFerel(F7 ) < el (571 0n)

(by Theorem 4.4 (a)=(f)) < Ucl(Ui) = Ucl(Ui) =1y =Y is fuzzy
i=1 i=1
almost compact space.
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