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A CONTRIBUTION ON CONVEX AND STRICTLY
PLURISUBHARMONIC FUNCTIONS DEFINED BY
HOLOMORPHIC FUNCTIONS OF SEVERAL
COMPLEX VARIABLES AND APPLICATIONS

ABIDI JAMEL

Abstract. Let Ay, Ay € C\{0} and n,m € N\{0}. Using alge-
braic methods, we prove that there exist three analytic functions
@ :C™ = C and g1,9, : C* — C such that v is convex and strictly
plurisubharmonic on C" x C™ if and only if m = 1, n € {1,2}, there
exists ¢ € C such that | ¢ + ¢ |* is convex and strictly subharmonic
on C and the functions ¢; and g, have fundamental representations
over C". v(z,w) =| Aip(w) — g1(2) > + | Asp(w) — g2(z) |*, for
(z,w) € C" x C™. At the end, we prove an additional theorem by
analytic and algebraic methods.

1. INTRODUCTION

Let D be a convex domain of C" and ¢ : C — C be a holomor-
phic not constant function, n > 1. Assume that ¢ : D — C
and f1,fo : C — C be two holomorphic functions. Put
(2, w) =] Y(w) —g(2) [P and un(€, w) =| w— fi(€) P + | w— fo(€) P,
(z,w,€) € D x C x C. Assume that u; is convex on D x C. By [4], we
have the following two cases.
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Case 1. 1 is affine on C. Therefore g is affine on D.

Case 2. 1 is not affine on C. Then g is constant on D. (Observe that
if we consider the sum of two absolute values like u,, we have another
situation).

Moreover, u; is convex and strictly psh on D x C if and only if n =1,
¢ is affine on C, g is affine on D with the modulus | g—zﬁ |> 0 and
| % 1> 0.

Now let f : C" — C be holomorphic and vy(z,w) =| w — f(z) |?

vo(z,w) = /B(O l)vl(z + &, w)dma,(§), for (z,w) € C" x C.

We have v is not strictly psh at every point of C™* x C. While vy is
strictly psh at all C" x C, if f shall satisfy a suitable condition. But
for example, there exists several cases where us is convex and strictly
psh on C x C. This proves that we have a great differences between
the family of functions defined like v; and the class of functions like
Vy.

The original problem is to find all the analytic functions
V1,2, 03,04 : C™ — C and f1, fo, f3, f1 : C* — C such that uz and
uy are convex functions on C" x C™ and us = (ug3 + uy4) is strictly psh
on C" x C™. Where uz(z,w) =| o1(w) — f1(2) [* + | pa(w) — fo2) |?,
ug(z,w) =| p3(w) = f3(2) | + | pa(w) — fa(2) |2, for (z,w) € C" x C™.

In this paper, we consider application of the following complex
analysis property. Let ¢g,f : G — C' be two analytic functions,
s,t € N\{0} and G a domain of C*. Then || f + g |* and
(I £ 1> + Il g II*) have the same hermitian Levi form over G. This
criterion plays a particular role in several questions of complex
analysis.

We are first interested, in section 2, to answer of the following
question and related topics.

Let A, Ay € C\{0} and n,m € N\{0}. Find exactly all the three
analytic functions ¢ : C"™ — C and ¢;,g92 : C* — C such that v is
convex and strictly plurisubharmonic on C* x C™, where v(z,w) =

| Avp(w) = Gi(2) [2 + | Aspl(w) — Ga(2) [2, for (2,w) € T x C™,

In this case find exactly ¢, g; and go by their expressions.

Similarly, using the methods based on the idea of this paper, we
can discuss the several cases, v is convex and strictly psh but not
strictly convex on C" x C™, v is convex strictly psh but not strictly
convex on any not empty open ball of C" x C™, v is strictly convex
on C" x C™, ...



A CONTRIBUTION ON CONVEX AND STRICTLY PLURISUBHARMONICL05

We obtain several representations which exhibit new classes of
functions in the above type. We study now some good family of
plurisubharmonic (psh) functions, that is the class of convex and
strictly psh functions over CV, N > 1.

The following classes ((convex and strictly psh functions), (convex
strictly psh and not strictly convex functions), (convex strictly psh
and not strictly convex in any not empty Euclidean open ball of
C" x C™),...) play a classical role on many problems of complex
analysis, convex analysis and harmonic analysis (representation
theory).

Several papers appeared recently related to this topic, let us mention
3], [5], [4], the monograph [6] and others.

In section 3, some auxiliary results are proved, while we will need a
key lemma and several algebraic methods.

Let U be a domain of R? (d > 2). sh(U) is the class of subharmonic
functions on U and my is the Lebesgue measure on R?. For N > 1
and h = (hy,...,hy), where hy,...hy : U = C, || h|= (| b1 > +... +
|y )2

Let g : D — C be a analytic function, where D is a domain of C. We
denote by ¢(™ = % the holomorphic derivative of g of order m, for
all m € N.

If 2 = (z1,.520), & = (&,..&) € C" we denote
<zfE€>=z&+ ...+ 28 and B, r)={CeC"/ || (—¢&|<r} for
r > 0, where /< &/& > =|| £ || is the Euclidean norm of . Denote
C®(U) ={p:U = C/pis of class C* on U}.

Let D be a domain of C", (n > 1). psh(D) and prh(D) are respectively
the class of plurisubharmonic and pluriharmonic functions on D.

For the study of properties of analytic and plurisubharmonic functions
we cite the references [1], [7], [8], [9], [11], [12], [13] and [14]. For the
study of convex functions in complex convex domains, we cite [10],

[6] and [12].

2. THE REPRESENTATION OF ANALYTIC FUNCTIONS IN REAL AND
COMPLEX CONVEXITY

Throughout this section, A;, 4, € C\{0},n,m € N\{0},
@ : C™ — C be analytic and ¢, g2 : C" — C be two analytic functions.
Also we define u(z,w) =| Ajp(w) — g1(2) > + | Asp(w) — ga(2) |?,
v(z,w) =
| Arp(w) —G1(2) * + | Azp(w) — Ga(2) |2, for (z,w) € C" x C™.
The following theorem is an important technical result, which we will
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need for our purposes.

Theorem 1. Assume that u is convex on C" x C™. Then there exist
¢ € C such that | ¢ + ¢ |? is convex on C™.

Proof. u is a function of class C* on C" x C™. Let
w = (w,...,wy) € C" a = (oq,...,q,) € C™ and z € C".
The function u(z,.) is convex on C™. Assume that ¢ is not affine on

m 82u m 82
Therefore | Z . (z,w)a oy |< Z 8w awk(z,w)aj@k.
i J g

Then | Y 22 (w)(| Ay [ 5w) — Agil)agan +

T 9% ™ 9p
2. ()1 As * 2(0) ~ Ao 1S A 4

J=1

It follows that

Dy

7,k=1

G (VI A1 P 1 A2 IR0 = ATR() — A2 oo |<

AP+ 14221 Y2 () P
= ow;
for all z € C".
It follows that (A;g; + Asgs) is analytic and bounded on C™.
Therefore (A;g; + Aygs) is constant on C", by Liouville theorem.
Thus A191(2) + Asga(z) = —¢(] A1 | + | A2 ?), for all z € C", where
ceC.

Now we have

|Zawaw A P+ | Ao 2)(B) + Do <

J
(I A [+ A2 ) | Z%(w)%‘ .

j=1""

Thus

D?p _ N
Y i) + dajae |<] 3wy P Ve -

jk=1"""7 j=1" 1
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Consequently, | ¢ + ¢ |? is convex on C™. This follows from [4].

Theorem 2. Assume that u is convex on C" x C™ and ¢ is not con-
stant in C™. Then there exists a constant ¢ € C such that | ¢ + ¢ |* is
convex on C™. ¢ is independent of n, ¢;, go and we have the following

three cases.
(A) p(w) =< w/a > +b, for all w € C™, where a € C™\{0} and
b € C. Then we have the representation

{ g1(2) = Ai(< 2/A > +p) + Ao (< 2/ M > +m)°
Ga(z) = Aa(< 2/A > 4p) — Ai(< 2/ 1 > +m)®

(for all z € C", where A\, \; € C", u,u; € C, s € N), or

g1(2) = AL(< 2/ Xg > +pip) + Agel<3/As>+ns)

92(2) = Aa(< 2/ Ay > +p1p) — Ajel<Z/Aa>Fua)
(for all z € C", where Ay, A3 € C™, g, u3 € C).
(B) p(w) = (< w/a > +b)* — ¢, for all w € C™, with a € C™\{0},
beC, keN, k>2 We have then the representation

[ 94—~ Bl 1
go(2) = —Asc — Ay (< z/X > +p)°

(for all z € C", where A € C", p € C,s € N), or

g1 <Z> - —Alc + A_2€(<z//\1>+ul)
92( ) = _AQC — A_1€(<Z/>\1>+,u1)
(for all z € C", where A\; € C", u; € C).

(C) p(w) = elsw/a>+b) _ ¢ for all w e C™, with a € C™\{0} and
b € C. Then we have the representation

A
go(2) = —Asc — Ay (< z/X > +p)?

(for all z € C", where A € C", p € C,s € N), or

G1(2) = —Ajc+ Age(<z/A>tp)
92<Z) = —AQC — A_1€(<z/>\l>+#1)

(for all z € C", where A\; € C", u; € C).

The proof follows from the case m = 1, (see also [3]).

We can also consider the study of prh functions and establish several
representations.

The following lemma is fundamental, we will use it as an important
tool in pluripotential theory and in this paper.
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Lemma 1. Let ¢ = (¢1,...,9n5) and f = (fi,..., fv) be 2 holomor-
phic functions on D, where N > 1, D is a domain of C" n > 1,
(fisg; : D — C), for all j € {1,...,N}. Then || g + f ||* and
(g I* + Il £ II*) have the same hermitian Levi form on D.

On the other hand, let u : D — R be a function of class C?. Define
ur = (ut | g+ f1?), uo = (ut || f 12+ 11 g%

Then u; and uy are functions of class C? on D and we have the asser-
tion.

uy is strictly psh on D if and only if uy is strictly psh on D.
(Observe that if N < n, then || g ||? is not strictly psh at each point
of D).

Proof. We have || g+ f |*=| g1 +h P+t [ gy + v P=[ o1 [P

APt lon P+ In P+ 0ili+ a5 =g 1P+ 1 £

j=1
N
+) 95/ +T51)-
=1
’ N
Since (g, f; + g;f;) is prh on D, then Z(gjfj +g;f;) is prh on D.
j=1

Consequently, || g+ f [|? and (|| g |* + || f ||*) have the same hermit-
ian Levi form on D.

Several fundamental properties can be deduced from the above
lemma 1. As an example, we cite theorem 4, theorem 5 and

theorem 6.

Theorem 3. The following assertions are equivalent

(A) u is convex and strictly psh on C* x C™;

(B) n =m =1 and we have the following two cases.

(I) p(w) = aw + b, with a € C\{0}, b € C and we have the represen-

tation o
{ 91(2) = A1(Az + p) + Az (2)
92(2) = Ao (A2 + 1) — Avpn(2)
(forall =z € C, with \pg € C and ¢; : C —
C be analytic affine bijective on C), or

{ g1 (Z) = A1 ()\22 + /1“2) + Z2€¢2(z)

92(2’) = AQ()\QZ + [IJQ) — Z1€QP2(2)

(forall 2z € C, with My € Cipo : C —
C be analytic affine bijective on C).

(I1) o(w) = el — ¢ for all w € C, with a € C\{0}, b € C and
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ce C.

Then we have the representation

{ g(z) = A_Qﬁlz + ) — Ajc
g2(2) = —Ai(mz + 1) — Agc

(for all z € C, where 7, € C\{0}, 6, € C), or

91(z) = A_2i(72z+52) — Ajc
g2(2) = —A1e2#+92) — A,c

(for all z € C, where v, € C\{0}, 0, € C).
Proof. (A) implies (B). u is a function of class C* on C" x C™. (0, .)
is convex on C™. Then

| Zawﬂw 0, w)aap < Z 8w]8wk (0,w)ajag, Yw =

Jik=1
(wl, Wy,) € C™ Va = (aq, ..., ap,) € C™.
Thus
— 8290 2 2\ — — —

> Jw.0w, (W)[(| A1 |” + | A2 [)p(w) = A191(0) — A2g2(0)]ajou |<
Gk=1"""1
(| AP+ 1A ) |Z w)ay .
Then

w)|plw) + clojo < —(w)ay; , Yw =

(w1, .oy wy,) € C™ Ya = (aq,...,a,) € C™ where ¢ € C. There-
fore | ¢ + ¢ |? is convex on C™.

Since u(0,.) is strictly psh on C™, then | ;8% Ja; > 0,
Vw = (wy,...,wy,) € C™ Va = (a1,...,a,) € C™\{0}. Therefore
m = 1.

Consequently, | ¢ + ¢ |? is convex and strictly sh on C. By Abidi [2],
it follows that

o(w) = aw + b, for all w € C, where a € C\{0} and b € C, or

p(w) = el@wtt) — ¢ for all w € C, where a; € C\{0} and b; € C.

(I) p(w) = aw + b, for all w € C. Then we have the representation

{ g1(2) = AL(< 2/X > +p) + Az (2)
92(2) = Aao(< 2/ A > +p) — Arpi(2)
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(for all z € C", with A € C", u € C, ¢, : C* — C be analytic, | p; |?
is convex on C").

Then u(z,w) = (| A1 > + | A2 P)(| aw +b— < z/X > —u |* + |
e1(2) 13, (z,w) € C"x C. Put T'(z,w) = (z,w+ 1 < z/A>), (z,w) €
C" x C. T is a C linear bijective transformation on C" x C. Let u; =
T ol

uy is a function of class C*° on C" x C and we have

u is strictly psh on C" x C if and only if u; is strictly psh on C" x C.
But ui(z,w) =l aw+b—pu [+ | p1(2) |-

Observe now that wu; is strictly psh on C"* x C if and only if | o, |? is
strictly psh on C". Therefore n = 1 and | ¢; |? is convex and strictly
sh on C.

Thus ¢1(2) = A3z + s, for all z € C, where A3 € C\{0} and u3 € C,
or

©1(2) = eAe=H1a) for all z € C, with \; € C\{0} and p4 € C.

(I1) p(w) = el@*+?) — ¢ for all w € C (a; = a,b; = b).

By theorem 2, we have

{ 91(2) = —Arc + Azp (2)
g2(2) = —Agc — A1 (2)

for all z € C", with ¢; : C* — C be analytic, | ¢, |* is convex on C™.
u(z,w) =| A — Ay (2) P + | At 1+ A101(2) P=

(A, [+ | Ay ) D 2+ | y(2) P), (2,) € C" x C.

Observe that u is strictly psh on C" x C if and only if | ¢y |? is strictly
psh on C". Therefore n = 1. Consequently, | ¢; |? is convex and strictly
sh on C. Thus

©1(2) = 71z + 4y, for all z € C, where 7, € C\{0} and ¢, € C, or
@1(2) = e2#%9%) for all z € C, with 7, € C\{0} and §, € C.
Theorem 4. The following conditions are equivalent

(A) v is convex and strictly psh on C" x C™;

(B) m =1, n € {1,2} and we have the following two cases.

(I) p(w) = aw + b, for all w € C, where a € C\{0} and b € C.

{ 91(z) = E(< 2/A > +p) + Axpr(2)
92(2) = Aa(< 2/ A > +p) — Arpi(2)

(Vz € C", with A € C", u € C), 91 : C* — C be analytic, | ¢; |* is
convex on C" such that

Case 1. ¢1(2) = (< z/ay > +by)*, for all z € C", where a; € C",
by € C, sy € N. Then (n=1,A#0),or (n=1,81 =1 and a; # 0), or
(n=2,51 =1 and (), a) is a basis of the complex vector space C?).
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Case 2. p1(2) = e(<#/2>%b2) for all z € C*, where ay € C" and b, € C.
Then

(n=1and A #0), or (n =1 and as # 0), or (n = 2 and (A, az) is a
basis of the complex vector space C?).

(I1) p(w) = el — ¢ for all w € C, where a € C\{0}, b € C and
ceC.

Then n =1 and

{ gl(Z) = A2(’le + 51) — AE
G2(2) = —Ai(nz +61) —

(Vz € C, with 4 € C\{0},6, € C), or

(2) = Apc48) _ g
92(2) — _Ale('YQZ‘f‘(SQ) _ A2E

(Vz € C, with v, € C\{0} and é, € C).
Proof. (A) implies (B). Note that v is a function of class C'™ on
C™ x C™. The function U(O .) is then strictly psh on C™.

Therefore 0 < Z 8 (0, w)ajag, Yw = (wy, ..., w,,) € C™, Va =

wjawk
(g, .oy ) € C™\{0}. Thus | Z 0)a |[> 0, Voo = (g, ..., ) €

C™\{0}.

Then m =1, because if m > 2, there exists always 5 = (51, ..., Bm) €

C™\{0} such that Z o, = 0. By theorem 1, there exists ¢ € C

such that | ¢ +c \2 is convex on C. Since | ¢ |? is strictly sh on C, then
| ¢ + ¢ |? is convex and strictly sh on C. It follows that

p(w) = aw + b, for all w € C, where a € C\{0} and b € C, or

p(w) = elrwtd) ¢ for all w € C, with ¢; € C\{0} and d, € C.

(I) p(w) = aw + b, for all w € C.

Let T'(z,w) = (z,w@), (z,w) € C" x C. T is an R linear bijective
transformation on C™ x C. Since v is convex on C" x C, then u = voT is
convex and of class O on C" x C. u(z,w) =| Ajaw—(g1(2) —A1b) |*> +
| Ayaw — (go(2) — Agb) |, for (z,w) € C" x C.

By theorem 3, it follows that

{ 91(z) = E(< 2/A > +p) + Axpi(2)
92(2) = Aa(< 2/A > +p) — Arpi(2)
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Vz € C", with A € C", u € C, ¢ : C* — C be analytic, | ¢ |* is
convex on C".

v(z,w) = (| AL P+ | A2 P)(| o(w) = <z/A> =T > + | ei(2) [?),
(z,w) € C* x C.

Let v1(z,w) =] p(w) =< z/A >—T |* + | p1(2) |?, for (z,w) € C"x C.
v; 18 a function of class C*° on C" x C. We have

v is convex and strictly psh on C" x C if and only if v; is convex and
strictly psh on C" x C.

Define v3(2) =|< 2/A > + | ¢1(2) |?, 2 € C™. vy is a function of class
C> on C™ and we have the assertion

vy is strictly psh on C" x C if and only if vy is strictly psh on C".

By the lemma 1, we have n < 2. Then n € {1, 2}.

The Levi hermitian form of vy is

L) (2)(a >—|<a/A>|2+|Za“”1 2y P, za € OO,

Case 1. ¢1(2) = (< z/ay > —i—bl)sl for all z € C", where a; € C",
b; € C and s; € N.

L(va)(2)(a) =|< a/X >|* +5% |< a/a; >*|< z/ar > +by [*172> 0,
for all z € C" and o € C™"\{0}.

Then (n =1 and a # 0), or (n = 1,51 = 1 and a; # 0), or (n =
2,51 =1 and (a, ay) is a basis of the complex vector space C2)

Case 2. p1(2) = e(<#/a2>%b2) for all z € C", where ay € C" and b, € C.
L(v)(2) (@) =|< a/A >|? + |< afay >|?| el<z/a2>Fb2) 25 () ¥z € C,
Va € C"\{0}.

Therefore (n = 1 and A # 0), or (n = 1 and ay # 0), or (n = 2 and
(A, ag) is a basis of the complex vector space C?).

(II) p(w) = el®*+?) — ¢ for all w € C, (a = c1,b = dy).

By theorem 3, we have

{ g1(2) = Asipr(2) — Aic.
g2(2) = —Ayp1(2) — AsC

Vz € C*, with ¢; : C" — C be analytic, | ¢ |? is convex on C".
v(z,w) = (| A1 P+ | A2 P)(| e P + | oi(2) ), (2,w) € C" x C.
Observe that v is strictly psh on C" x C if and only if | o, |? is strictly
psh on C".

By lemma 1, we have n = 1. Consequently, | ¢,
Therefore

v1(2) = (nz + 1), for all z € C, where v, € C\{0} and 6, € C, or
©1(2) = e02#%2) for all 2z € C, with v, € C\{0} and &, € C.

(B) implies (A) is evident.

|? is strictly sh on C.
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Theorem 5. The following assertions are equivalent

(A) w is a convex function on C™ x C™, v is strictly psh on C" x C™
and u is not strictly psh on any not empty Euclidean open ball of
Crx Cm™,

(B) m =1, p(w) = aw + b, for all w € C, where a € C\{0}, b € C
and n € {1,2} with

(n = 1L,A # 0 and ¢; isconstanton C), or (n =
2 and (A, (52-(2), §2(2)))

is a basis of the complex vector space C* Vz = (21, 25) € C?), where

{ 91(2) = Ai(< 2/A > +p) +ESO1(Z)
92(2) = Aa(< 2/A > +p) — A1pi(2)

for all z € C*, where A € C*, u € C, o1 : C* — C be analytic, | ¢ |?
is convex on C".

Proof. (A) implies (B). u and v are functions of class C* on C"* x C™.
Since v is strictly psh on C" x C™, then v(0,.) is strictly psh on C™,
Therefore m = 1 and consequently, | ¢ |? is strictly sh on C.

Now since u is convex on C" x C, then u(0, .) is convex on C. It follows
that | ¢ + ¢ |* is convex on C, where ¢ € C.

Since ¢ is analytic on C, then | ¢ + ¢ |* is convex and strictly sh on
C. Consequently,

o(w) +c=aw+ b, Vw € C, where a € C\{0} and b € C, or

o(w) + ¢ = el1wth) vy € C, where a; € C\{0} and b; € C, by Abidi
[4].

Case 1. p(w) = elawtb) — ¢ for w € C.

Put ky = Aijc+ g1, ko = Asc+ go; k1 and ko are holomorphic functions
on C".

After an holomorphic affine change of variable, the function v is C*
and convex on C" x C, ¥(z,w) =| Aje® —k1(2) |* + | Aze®” —kqo(2) |* .
Fix z € C". Since ¥ = 9(z,.) is convex on C, then

0*y 0*y
| Har W = 555

for any w € C. Thus o o

| (AL A+ [ Ag [2)ett™ — Ak (2) + Asks(2)) |<

(| AL |2+ | A2 |?) | e¥ |2, for every w € C.

It follows that B o o

| (| Av P+ | Az [)el™ — (Aki(2) + Aska(2)) |<

(| Ay P+ ] A2 ]?) | ¥ |, for each w € C. -

For w =z, € R, we have lim ™ = 0. Then (Ak; + Asks) =0 on

21— (—00)
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C™. Since ky = —%kl, we can prove that k; = Ay and ky = —A @1,
where ¢; : C" — C be analytic and | ¢ |? is convex on C".

We prove that this case is impossible.

For the rest of the proof we use a similar technical idea developed at

the proof of theorem 4.

3. A CHARACTERIZATION SATISFYING SOME SPECIFIC CONDITIONS

Using the same notation of the below theorem 6. We show that
we have a great differences in the theory of convex and strictly
psh functions (which involve the complex structure), between the
class of functions defined like u; and the family of functions like
v. Precisely, we prove that there exist a family of convex functions
belonging to the class of functions like u; and us such that v is
strictly psh on C" x C, but w is not. On the other hand, when
the number N of functions like u; or (ug) satisfy N > 2, we
show the desired result. Theorem 6. Let gy, fi,¢2,fo : C* — C
be 4 analytic functions, n > 1 and Ay, Ay, B;,By € C\{0}.
Put wui(z,w) =| Aw — gi(2) * + | Bw — filz) |3
uz(z,w) =] Asw — ga(2) > + | Bow — fo(2) |?, u = uy + ua,
v(z,w) = / u(z + &, w)dma,(§), for (z,w) € C™ x C.

B(0,1
The followiné; C)onditions are equivalent
(A) n =3, u; and uy are convex functions on C3 x C, v is strictly psh
on C? x C but u is not strictly psh on C3 x C;
(B) We have one of the following 3 cases.
Case 1. We have B1gi(z) — A1fi(z) = (| A1 2 + | As P)(< 2/M >
)™, Baga(z) — Aofo(2) = (| Az |2 + | Bo P)(< 2/Aa > +p2)™,
() + Bifiz) = (| A& B+ | By P)(< z/a > +b),
Asga(2) + Bafa(z) = (| Ay |2 + | By P)(< z/ay > +by), for all
z € C", where A\, Ay, a1,as € C*, g, pi2,b1,b € C and s1, 59 € N,
(a1 — ag, A1, A2) is a basis of the complex vector space C* and s; > 2
or So > 2.
Case 2. We have Bygi(z) — A1 fi(2) = (| A1 * + | By )(< 2/\ >
), Bago() — Auh(z) = (| A [P+ | By el
Agi(z) + Bifi(z) = (| A P + | Bi P)(< z/ar > +b),
AQQQ(Z) + BQfQ(Z) = <| A2 |2 + | B |2)(< Z/CI,Q > +b2), for all
z € C", where A\, 72,a1,a0 € C*, py,09,b1,b0 € C and s; € N; s > 2.
(a1 — as, A\1,72) is a basis of the complex vector space C3.
Case 3. B1g1(2) — A1f1(2) = (| Ay |2 + | By [?)el<z/m>F00),
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Bago(2) = Aafo(2) = (| Ao PP + | By P)< 2/ho > +p)™,
Aigi(2) + Bifiz) = (| AL 2 + | Bt P)(< z/ar > +b),
AQQQ(Z) + Bng(Z) = <| A2 |2 + | Bs |2>(< Z/CLQ > +b2), for all
z € C", where vy, Ao, ay,a3 € C", 61, 1u2,b1,bo € C and s, € N with
sy > 2. (a1 — ag, 71, A2) is a basis of the complex vector space C3.
Proof. (A) implies (B). Denote by (] A1 |*> + | By [*)p1 =
(Bigi — A1 f1) and (| Ay | + | By |*)g2 = (Baga — Asf2). o1 and
9 are analytic functions on C3. By theorem 2, | ¢; | and | ¢, | are
convex functions on C, (A1g1 + Bif1) and (Asgs + Bsfs) are affine
functions on C3.

Thercfore (A,g,(2) + Bifi(z)) = (| Ay P + | B P)(< 2/ar > +b),
(AQQQ(Z) +B2f2<z)) = (| A2 |2 + | B2 |2)(< Z/CLQ > +b2), for all
z € C", where ay,a, € C", by, by € C.

We have u(z,w) = (| A; > + | By *)(J w— < z/a; > —b; |* +

| p1(2) 2) + (1 A2 P+ | B2 P)(| w= < z/az > =bs [* + | pa(2) [?),
(z,w) € C* x C.

v(z,w) = (| Ay > + | By |2)(/B(01) |w— < z/a; > — < &/ay > —by |?

dme(€)+ / [ o1(z +6) P dms(€) + (| As P + | Ba 12)( / ot
B(0,1) B(0,1)
Sty > — < Efay > —by | dms(€)+ / oz 1 €) 2 dmg(©)),
B(0,1)
(z,w) € C* x C.
Define

vi(z,w) =|w— < zfa; > =bi >+ | p1(2) P+ | w— < z/as > —by |*+

L oa(2) 2, va(2, w) = /( e < 2> = < > b 2 dme(£)+
B(0,1

/ (=46 1P dm6<§>+/ | w— < zfay > — < Eag >
B(0,1)

B(0,1)

b Pdmo@+ [ Vgl ) P dmel), (5w € € x T

B(0,1
u, v, v, vy are functions of class C* on C? x C.
Note that u is strictly psh on C3 x C if and only if v is strictly psh
on C* x C.
v is strictly psh on C? x C if and only if v, is strictly psh on C3 x C.
Let T : C3xC — C*xC, T(z,w) = (z,w+ < z/a; >), for
(z,w) € C* x C.
T is a C linear bijective transformation on C* x C.
Define v3 = v10T, v4 = v90T. v3 and v, are functions of class C'*° on
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C*x C.

We have v; is strictly psh on C? x C if and only if v is strictly psh
on C3 x C.

vy is strictly psh on C? x C if and only if v, is strictly psh on C? x C.
v3(z,w) = w—b1 P+ [ p1(2) P+ | wt < z/ar —az > =by > +

[ o2(2) [, (5,w) € €3 x C.

By an examination of the hermitian Levi form of vs, we observe that
vg is strictly psh on C? x C if and only if vs is strictly psh on C3,
where vs(2) = | p1(2) > +|< 2/a1 —az > —by |* + | p2(2) %, 2 € C3,
(vs is a C™ function on C?)

Putv() = [ Jile+€) Pdmo() + [ < zfar-ar> +
B(0,1) B(0,1)

— < f/CLQ > —by ‘2 dmﬁ(f) +/ | 502(2 +f) ‘2 dmﬁ(f), 2z e C3.
B(0,1)

vg is a function of class C* on C3.

Observe that v, is strictly psh on C* x C if and only if vg is strictly

psh on C3.

The Levi hermitian form of vy is

Lws)(2)a) =< afa —a P + | S P, Pt |

3802 2
Z 2)ay [,
— (‘3zj
2= (21,22, 23), @ = (a1, g, 03) € C3.
The Levi hermitian form of vg is

L(vg)(2)(a) =|< a/a; — ag >|? /

B(0,1)

Ldmg(€) +/ | Z%(z +

B(O,1) 55 0z;

o 2
a; |2 dm z os |© dm
e, [ ama(e) + [ | Z o2+ Oy [ ).
2= (21,22, 23), @ = (a1, a9, 3) € C3.

Case 1. p1(2) = (< z/A1 > +1), @2(2) = (< 2/Ag > +p2)%, for all
z € C3, where A\, \y € C3, ju1, 1o € C and 51,59 € N.

We have L(vg)(2)(a) =|< afa; — ag >|? / ldme(€) +
B(0,1)
s1l< a/\ >’2/ |<2/M >4 <&/ > +m 7 dme(€) +
B(0,1)
s5 < a/hy >)? / 1< 2/ >+ < &/ Ay > +pa 7277 dmg(€),
B(0,1)
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z,a € C3.

Observe that if (s; = 0 or Ay = 0), then vg is not strictly psh at any
point of C3.

Therefore s; > 0 and \; # 0. Also we have sy > 0 and Ay # 0.

Fix z € C3. Then

< z2/A >+ < /M > [P dmg () > 0,
B(0,1)

/ < 2/A2 >+ <&/ Xy > +pup [#27% dmg(€) > 0
B(0,1)

and ldmg(§) > 0.

B(0,1)
Therefore vg is strictly psh on C? if and only if for all (2, a) € C3 x C3,
the condition |< a/a; —ag >|? +s? |< a/A >|* +53 |[< a/Xy >|*=0
implies that o = 0 € C3.
Thus the system < a/a; —as >=0, < a/A\; >=0, < a/Ay >= 0 and
a € C3 implies that o = 0. It follows that (a; — ag, A1, X2) is a basis
of the complex vector space C3.
We have L(vs)(2)(a) =|< a/a; — ay >|* +
stl< afh >PI< 2/A > 4 P2 483 < afde >R < 2/ A >
+M2 ’232—2 )
Since u is not strictly psh on C?, then vs is not strictly psh on C3.
It follows that s; > 2 or s9 > 2.
Case 2. ¢1(2) = (< 2/A > +m)®, @a(2) = e(2/12>42) for all
2z € C3

L(vg)(a) =|< a/a; — ay >|? / Ldmg(€) +

B(0,1)
Fl<afioP [ <z b <€A > b P dil©) +
B(0,1)
|< Of/’YQ >|2 | 6(<z/’yz>+<§/vz>+52) |2 dm6(§)
B(0,1)

If s; =0 or A\; =0, then vg is not strictly psh at any point of C3.
If 75 = 0, then vg is not strictly psh at each point of C3.
Therefore s; > 0, A\; # 0 and ~, # 0.

Fix z € C?. Observe now that

1< 2/ >+ < &/ > 4 |22 dmg(€) > 0,
B(0,1)

/ | e(<2/12>4<8/72>402) |2 G (€) > 0 and / ldmg(&) > 0.
B(0,1) B(0,1)

It follows that L(vg)(2)(a) = 0 if and only if |< a/a; — as >|* +
< a/M >+ |< a/y >[*=0.
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Thus for all fixed z € C3, the system < a/a; —as >= 0, < a/\; >= 0,
< a/v, >=0and o € C?, implies that a = 0.

It follows that (a; — a2, A1,72) is a basis of the complex vector space
C3 (C3isa

complex vector space of dimension 3) and s; > 0.

Since vs is not strictly psh on C3, then there exists z € C? and o =
(a1, a, a3) € C3\{0} such that L(vs)(2)(a) =|< a/a; —as >|* +5% |<
/A >P|< 2/ A >y 2072 4 < afy > P elsEe>H0) 2=,
Therefore s; > 2. In fact we take z € C? satisfying the con-
dition < z/A;1 > 4p; = 0. In this situation we can prove by
an algebraic method that there exists a € C3\{0} such that
< afa; —ay >=< /v, >=0.

Consequently, in this case we have s; > 2 and (a3 — ag, A\1,72) is a
basis of the complex vector space C3.

Case 3. ¢1(2) = e(#/M>400) o (2) = (< 2/ Ay > +11p)™.

L(ve)(2)(a) =|< a/ay — a >|? /B(O RUGE

]< Oz/’h >\2 /B(O ! ’ e(<2/Mm>+<E/n>+01) ’2 dmg(ﬁ) +

55 1< a/d > / < 2/Xe >+ < /Ay > +pp [*27% dmg(€),
B(0,1)

z, o € C3.
Note that / | e(S2/MEFEMEH00 12 G (€) > 0,
B(0,1)

/ |< 2/Xa >+ < &/ Xa > +py |22 dmg(€) > 0 and
B(0,1)

1dm6(£) > 0.

B(0,1)
Therefore L(vg)(2)(a) = 0 if and only if |< a/a; —ay >|* + |<
OA/’Yl >|2 +S% ‘< CY//\Q >’2: 0.
Thus vg is strictly psh on C? if and only if (a; — as, 1, A2) is a basis
of the complex vector space C3.
Now since v is not strictly psh on C3, then sy > 2. In fact there
exists z € C? such that (< z/X\y > +us) = 0. It follows that
L(vs)(2)(a) =|< a/a; — ag >|? + |< a/y >[*] el<=/m>H+00) 2o € C3.
If we take in this situation (by an algebraic method)
< ala; —ay >=< a/y; >= 0 and o € C3\{0}, then we have
L(vs)(z)(o) = 0 and « # 0.
Therefore vs is not strictly psh on C3.
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4. CONCLUDING REMARKS
Remark 1. Let u : C* — R be a function of class C*° and psh.
Define u;(z) = / u(z + &)dma,(§), for z € C™. Note that if u is

B(0,1)

strictly psh on C”, then u; is strictly psh on C".

Now observe that if u; is strictly psh on C”, we can not conclude that
u is strictly psh on C". Example. Let v(z) =| 2z [*, for 2 € C. v is a

function of class C'"*° and sh on C. v is not strictly sh on C, but v; is

strictly sh on C, where v(z) = / | 2+ & " dmy(€), for z € C. In
D(0,1)

fact v; is a function of class C*° on C. %;/ |z +¢& |4 dmy(&) =
D(0,1)

)

tf P dmg=n|o P

D(0,1)

2 >0, for all z € C. But £22(0) = 0.

Remark 2. Let (a,b) € CV x CM\{(0,0)}, n, N,k € N\{0}.
Put u(z,w) =|< w/a > —fi(z) |? + |< w/b > —fa(z) |?, for
f1, f2 : C* — C be two analytic functions and (z,w) € C* x CV.

(A) Suppose that u is convex on C" x CV. Then we have two cases.
(I) Assume that {a,b} is a free family on the complex vector space
CN. Then f; and f, are affine functions on C".

(IT) Suppose that {a,b} is not a free family on CV. Now by using this
paper, we show that f; and fy have several holomorphic representa-
tions.

(B) Let v(z,w) =|< w/a >* —fi(2) > + |< w/b >* —fy(z) |* and
ui(zw) =] exp(< w/a >) — fi(2) P+ | exp(< w/b >) — fol2) P,
for (z,w) € C" x CN. Assume that v and v; are convex functions on
C" x CV. Analogously, from (A) and the above section 2, we can for-
mulate our main result as the holomorphic representations of f; and

fo-
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