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Abstract.  A related fixed point theorem for two pairs of mappings on two  
complete metric spaces without continuity is obtained. 

 

1. Introduction 
 

    In the following, we give a new related fixed point theorem. The first 

related fixed point theorem was the following, see [1]. 

Theorem 1.  Let (X , d 1 ) and (Y , d 2 ) be complete metrics spaces. If T is a 

mapping of X into Y and S is a mapping of Y into X satisfying the inequalities 

 

  d 2 (Tx , TSy) ≤  c max{d 1 (x , Sy) , d 2 (y , Tx) , d 2 (y , TSy)},  

  d 1 (Sy , STx) ≤  c max{d 2 (y , Tx) , d1 (x , Sy) , d 1 (x , STx)} 

for all x in X and y in Y, where 0 ≤  c < 1, then ST has a unique fixed point z 

in X and TS has a unique fixed point w in Y. Further, Tz = w and Sw = z. 

 Related fixed point theorems were later extended to two pairs of 

mappings on  metric spaces, see for example [2], where the following related 

fixed point theorem was proved. 
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Theorem 2.  Let (X , d) and (Y , ρ ) be complete metric spaces, let A , B be 
mappings of X into Y and let S , T be mappings of Y into X satisfying the 

inequalities 

d(SAx , TBx ' ) ≤  c max{d(x , x ' ), d(x , Sax), d ' (x '  , TBx ' ), ρ (Ax , Bx ' )},  

ρ (BSy , ATy ' ) ≤  c max { ρ (y , y ' ), ρ (y , BSy), ρ (y '  , ATy ' ), d(SyTy ' )} 

   

 for all x , x '  in X and  y , y '  in Y, where 0 ≤  c < 1. If one of the mappings A, 

B, S and T is continuous, then SA and TB have a unique common fixed point 

u in X and BS and AT have a unique common fixed point v in Y. Further, Au 

= Bu = v and Sv = Tv = u. 

 

   For further related fixed point theorems, see [3] to [7].  

 

2. Main result 
 

We prove now the following related fixed point theorem without continuity.  

 

 Theorema 3. Let  d)(X,  and  )(Y,ρ be complete metric spaces, let A , B  be 

mappings of X into Y and let S , T  be mappings of Y into X satisfying the 

inequalities  

(2.1)  ( )
( )
( )

,
',,',

',,',
',

yyxxh

yyxxf
cTBxSAxd ≤   

 

(2.2)  ( )
( )
( )',,',

',,',
',

yyxxh

yyxxg
cATyBSy ≤ρ  

for all ', xx  in X and ', yy  in Y for which ( ) 0',,', ≠yyxxh , where 

( ) ( ) ( ) ( ) ( ){ SyxdTBxSydATyyxxdyyxxf ,',,','',max',,', ρ=  

                                    ( ) ( ) ( ) ( )},,',,',', AxyTyxdTySAxdTySyd ρ  

( ) ( ) ( ) ( ) ( ){ ,,'',',',.max',,', AxyTBxxdyySyxdyyxxg ρρ=  

                                 ( ) ( ) ( ) ( )}SySAxdATyAxbxAxTySAxd ,',,',', ρρ , 

( ) ( ) ( ) ( ) ( )}{ ',',',,,,',max',,', ATyBxTBxSydSAxxdATyBSyyyxxh ρρ=  

and 0 ≤ c < 1. Then SA  andTB  have a unique common fixed point u in X  

and BS  and AT  have a unique common fixed point v in Y . Further, 

  vBu  Au ==  and u.  Tv  Sv ==  
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Proof. Let 0x  be an arbitrary point in X , let 

 3222211110 ,,,, yAxxTyyBxxSyyAx =====   

and in general let  

 122222121212 ,,, +−−− ==== nnnnnnnn yAxxTyyBxxSy  

for n = 1, 2, ... 

 We will first of all suppose that for some n  

( ) ( ) ( ){ ,,,,max,,, 22212212122 nnnnnnnn SAxxdATyBSyyyxxh −−− = ρ  

        ( ) ( ) }nnnn ATyBxTBxSyd 2121212 ,,, −−− ρ  

        =    max{ ( ) ( ),,,, 122212 ++ nnnn xxdyyρ  

                                                    ( ),, 212 nn xxd − ( )122 , +nn yyρ } 

                   =    0. 

 

Then putting uxxx nnn === +− 12212  and ,122 vyy nn == +  

we see that  

 v Atv Bu  u, TBu   Sv u, SAu   v, ATv  BSv          =======  

from which it follows that 

u.  Tv  v,Au                        ==  

    Similarly,  ( ) 0,,, 212122 =++ nnnn yyxxh  for 

some n implies that there exists u in X  and v in 

Y  such that 

(2.3)  u.  Tv Sv  v,Bu  Au   v, ATv  Bsv u, TBu  SAu ========  

We will now suppose that 

( ) ( )nnnnnnnn yyxxhyyxxh 212122212122 ,,,0,,, ++−− ≠≠

for all n. 

 

Applying inequality (2.1), we get 

( ) ( )122212 ,, −+ = nnnn TBxSAxdxxd   

                         
( )
( )nnnn

nnnn

yyxxh

yyxxf
c

212122

212122

,,,

,,,

−−

−−≤  

                             

( )
( ) ( ) ( ){ }
( ) ( ) ( ){ }

,
,,,,,max

,,,,,max
,

212212212

212212212

212

nnnnnn

nnnnnn

nn
xxdxxdyy

xxdxxdyy
xxcd

−++

+−+

−=
ρ

ρ

 

from which it follows that 
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(2.4) 

( ) ( ) ( ){ }nnnnnn yyxxdcxxd 212212212 ,,,max, +−+ ≤ ρ

. 

  Using inequality (2.1) again, we get 

 ( ) ( )1222212 ,, −−− = nnnn TBxSAxdxxd   

                           
( )
( )22121222

22121222

,,,

,,,

−−−−

−−−−≤
nnnn

nnnn

yyxxh

yyxxf
c  

( )
( ) ( ) ( ){ }
( ) ( ) ( ){ }

,
,,,,,max

,,,,,max
,

2121222122

12122121222

2212

nnnnnn

nnnnnn

nn
xxdxxdyy

xxdxxdyy
xxcd

−−−−

−−−−−

−−=
ρ

ρ

 

from which it follows that  

(2.5 

( ) ( ) ( ){ }nnnnnn yyxxdcxxd 2121222212 ,,,max, −−−− ≤ ρ

 

Similarly, on using inequality (2.2) we have  

( ) =+122 , nn yyρ  ( )n21n2 ATy,BSyd −  

  

 
( )
( )nnnn

nnnn

yyxxh

yyxxg
c

212122

212122

,,,

,,,

−−

−−≤   

  

where 

 

 

                                  

( ) ( ),,, 122212 +− nnnn yyxxd ρ

( ) ( )}nnnn yyxxd 212212 ,, ++ ρ                                                                  

                                                               

We then have either 

( ) ( ) ( ) ( ){ }nnnnnnnnnn yyyyxxdyyxxg 212212212212122 ,,,max,,,, +−−−− = ρρ

 or  

( ) ( ) ( ) ( ){ }nnnnnnnnnn xxdxxdyyyyxxg 212212212212122 ,,,max,,,, +−+−− = ρ

Further,  

( ) ( ) ( ) ( ){ }nnnnnnnnnn xxdxxdyyyyxxh 212212212212122 ,,,,,max,,, −++−− = ρ

    

 ( ) ( ){ }nnnn xxdyy 212212 ,,,max −+= ρ  

on using inequality (2.4). It follows that either  

( ) ( ) ( ){ ,,,max,,, 212122212122 nnnnnnnn yyxxdyyxxg −−−− = ρ
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( ) ( ) ( ){ } ( )nnnnnnnn yycyyyycyy 212122212122 ,,,,max, −+−+ =≤ ρρρρ

or 

( ) ( ) ( ){ } ( )nnnnnnnn xxcdxxdxxdcyy 212212212122 ,,,,max, −+−+ =≤ρ

 

and so 

 

(2.6)  ( ) ( ) ( ){ }nnnnnn yyxxdcyy 212212122 ,,,max, −−+ ≤ ρρ  

 

 Using inequality (2.2) again, we get 

                                  ( ) ( )2212122 ,, −−− = nnnn ATyBSydyyd  

                                                        
( )
( )

,
,,,

,,,

22121222

22121222

−−−−

−−−−≤
nnnn

nnnn

yyxxh

yyxxg
c  

where 

              ( )22121222 ,,, −−−− nnnn yyxxg     =    ( ){ ( ),,,max 22121222 −−−− nnnn yyxxd ρ    

       

                                                                      ( ) ( ),,, 1222212 −−− nnnn yyxxd ρ  

                                                                      ( ) ( )}nnnn yyxxd 2122212 ,, −−− ρ  

                                                            ≤    ( ){ ( ),,,max 22121222 −−−− nnnn yyxxd ρ  

                                                                        ( ) ( ),,, 1222212 −−− nnnn yyyy ρρ  

                                                                         ( ) ( )}nnnn yyxxd 2122212 ,, −−− ρ  

on using inequality (2.5). We then have either 

     ( ) =−−−− 22121222 ,,, nnnn yyxxg   

( )1222 , −− nn xxd ( ) ( ){ }nnnn yyyy 2122212 ,,,max −−− ρρ  

or 

     

( ) =−−−− 22121222 ,,, nnnn yyxxg ( )2212 , −− nn yyρ ( ) ( ){ }.,,,max 2121222 nnnn xxdxxd −−−  

Further 

( ) max,,, 22121222 =−−−− nnnn yyxxh ( ){ ( ),,,, 1222122 −−− nnnn xxdyyρ ( )}nn xxd 212 ,−  

( ){ ( )}nnnn xxdyy 212212 ,,,max −+= ρ  

or using inequality (2.5). It follows that either 

( ) ( ) ( ){ } ( )nnnnnnnn yycyyyycyy 212122212122 ,,,,max, −+−− =≤ ρρρρ  

or 



                                                    A. Aliouche and B.Fisher 

 

 6 

( ) ( ) ( ){ } ( )nnnnnnnn xxcdxxdxxdcyy 212212212122 ,,,,max, −+−+ =≤ρ  

and so 

(2.7)                ( ) ( ) ( ){ }.,,,max, 212212122 nnnnnn yyxxdcyy −−+ ≤ ρρ   

From inequalities (2.4) to (2.7), we obtain 

(2.8)                      ( ) ( ) ( ){ },,,,max 10101 yyxxdcxxd n

nn ρ≤+  

(2.9)                      ( ) ( ) ( ){ }.,,,max, 10101 yyxxdcyy n

nn ρρ ≤+  

Since ,10 << c  it follows from inequalities (2.8) and (2.9) that { }nx  is a 

Cauchy sequence in X  with a limit u  and { }ny  is a Cauchy sequence in Y  

with a limit v . 

    We now have 

(2.10)         ( ) ( ),,,,lim 2

212 AuSdyAuxuf nn
n

=−
∞→

 

(2.11)         ( ) ( ) ( ),,,,,,lim 212 vAuAuSudyAuxug nn
n

ρ=−
∞→

 

(2.12)         ( ) ( ) ( ){ }.,,,max,,,lim 212 AuSudAuBSvyAuxuh nn
n

ρ=−
∞→

 

     If 

(2.13)                              ( ) ( ){ } ,0,,,max =AuSudAuBSvρ  

then 

(2.14)                             .,, vBuvAuBSuAuS ===  

     If 

(2.15)                             ( ) ( ){ } ,0,,,max ≠AuSudAuBSvρ  

then we have on using equations (2.10) and (2.12) 

                               ( ) ( )12,lim, −
∞→

= n
n

BxTAuSdvAuSd  

                                               
( )
( )nn

nn

n yAuxuh

yAuxuf
c

2,12

212

,,

,,,
lim

−

−

∞→
≤  

                                               ( )uAuScd ,≤  

and so ,uAuS =  since .1<c  

      Further, using inequality (2.2) and equations (2.11) and (2.12), we get  

                                ( ) ( )n
n

ATyAuSBvAuSB 2,lim, ρρ
∞→

=  

                                                    
( )
( )nn

nn

n yAuxuh

yAuxug
c

2,12

212

,,

,,,
lim

−

−

∞→
≤  

                                                    0=  

and so ,vAuBS =  contradicting equation (2.15). Therefore equations (2.13) 

and (2.14) must hold. 
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   Now suppose that uTv ≠ . Then 

(2.16)               ( ) ( ),,,,,lim 2

2 Tvudvvuxf n
n

=
∞→

 

(2.17)               ( ) ( ) ( ){ } .0,,,max,,,lim 2 ≠=
∞→

ATvvTvudvvuxf n
n

ρ  

      Using inequality (2.1) and equations (2.16) and (2.17) we have  

                                     ( ) ( )BuTAxSdTvud n
n

,lim, 2
∞→

=  

                                                   
( )
( )vyuxh

vyuxf
c

nn

nn

n ,,,

,,
lim

122

,122

−

−

∞→
≤  

                                                   ( ),,Tvucd=  

a contradiction. Hence .BuTuTv ==  

        Now suppose that ,vAu ≠  then 

(2.18)                               ( ) ,0,,,lim =
∞→

vAuuuf
n

    

(2.19)                               ( ) ( ) .0,,,,lim ≠=
∞→

vAuvAuuuh
n

ρ              

        Using inequality (2.2) and equations (2.18) and (2.19), we get 

                                            ( ) ( )BuTAAuSBvAu ,, ρρ =           

                                                          
( )
( )vAuuuh

vAuuuf
c

,,,

,,,
≤  

                                                          .0=  

Therefore vBuAu ==  and equations (2.3) follow again. 

 To prove the uniqueness, suppose that SA  and TB  have a second 

distinct common fixed point 'u  so that 'BuAu ≠ . Then, 

(2.20) ),(),,,( '2'' uudBuvuuf = , 

(2.21) 0)},(),,(max{),,,( '''' ≠= BuAuuudBuvuuh ρ   

Using inequality (2.1) and equations (2.20) and (2.21) we get 

  ( ) ( )'' ,, TBuSAuduud =     

     
),,,(

),,,(

vvuuh

vvuuf
c

′

′
≤  

   ( ),, ,uucd≤  

a contradiction . Therefore u  is unique. 

 We can prove similarly that v  is the unique common fixed point of 

BS  and AT . 

This completes the proof of  the theorem.                                                                           
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Corollary 1. Let SBA ,, and T be self mappings on the complete metric space 

( )dX ,  satisfying the inequalities 

   ( )TBySAxd ,
( )
( )yxh

yxf
c

,

,
≤ , 

  ( )
( )
( )yxh

yxg
cATyBSxd

,

,
, ≤  

for all yx,  in X  for which ( ) 0, ≠yxh , where 

 ( ) ( ) ( ) ( ) ( )SxxdTBySxdATyyyxdyxf ,,,,,max{, ρ= , 

     ( ) ( ) ( ) ( )},,,,, AxxdTyxdTySAxdTySxd  

 ( ) ( ) ( ) ( ) ( )AxydTByydyxdSxxdyxg ,,,,,max{, = , 

    ( ) ( ) ( ) ( ) }SxSAxdATyAxdByAxdTySAxd ,,,,,  

 ( ) ( ) ( ) ( ) ( )},,,,,,,max{, ATyBydTBySxdSAxxdATyBSxdyxh =  

and 10 <≤ c . Then SA  and TB  have a unique common fixed point u and 

BS and AT  have a unique common fixed point v . Further, vBuAu ==  and 

.uTvSv ==  
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