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THE REMAINDER TERM OF SOME QUADRATURE
FORMULAE

ANA MARIA ACU, ARIF RAFIQ, CARMEN VIOLETA MURARU

Abstract. In this paper we give some new quadrature formulae
and we derive the estimates for the remainder term. The optimality
in the sense of Nikolski of some quadrature formulae is studied. A
property of the intermediate point for the optimal quadrature formula
is established.

1. Introduction

Let F be a linear space of real valued functions, defined and inte-
grable on a finite interval [a, b] ⊂ R and I : F → R be the integration

operator defined by I[f ] =

∫ b

a

f(x)dx. For f ∈ F , one considers the

quadrature formula

(1) I[f ] =

∫ b

a

f(x)dx =
n∑

i=1

Aif(xi) +R[f ],

where xi ∈ [a, b], respectively Ai, i = 0,m are called the nodes,
respectively the coefficients of the quadrature formula, and R[f ] is
the remainder term.
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We denote

Hn[a, b] :=
{
f ∈ Cn−1[a, b] : f (n−1) absolutely continuous

}

W p
n [a, b] :=

{
f ∈ Hn[a, b] :

∥∥f (n)
∥∥

p
< ∞

}

with

‖f‖p :=

{∫ b

a

|f(x)|p dx

} 1
p

for 1 ≤ p < ∞
‖f‖∞ := sup

x∈[a,b]

|f(x)| .

2. Inequalities for the remainder term of some
quadrature formulae

Recently, N. Ujević ([5]) obtained the following result:

Theorem 2.1. [5] Let f : [a, b] → R be a twice differentiable mapping
on (a, b) and suppose that γ ≤ f ′′(t) ≤ Γ for all t ∈ (a, b). Then we
have the double inequality:

3S − Γ

24
(b− a)2 ≤ f(a) + f(b)

2
− 1

b− a

∫ b

a

f(t)dt ≤ 3S − γ

24
(b− a)2,

where S =
f ′(b)− f ′(a)

b− a
.

In this section we generalize this result and we obtain new
quadrature formulae. Some double inequalities for the remainder term
of these quadrature formulae will be established.

We define a mapping Q : [a, b]2 → R,

Q(x, t) =





1

n!
[(t− x)n − (x− a)n] , if t ∈ [a, x),

1

n!
[(t− x)n − (x− b)n] , if t ∈ [x, b].

Theorem 2.2. Let n ∈ N, n > 1 be an even number. If f ∈ Hn[a, b],
and there exist real numbers γ, Γ such that γ ≤ f (n)(t) ≤ Γ, t ∈ [a, b],
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then we have the following quadrature formula

∫ b

a

f(t)dt =
n−2∑

k=0

(x− a)k+1

(k + 1)!
f (k)(a)−

n−2∑

k=0

(x− b)k+1

(k + 1)!
f (k)(b)

− 1

n!
[(b− x)n − (x− a)n] f (n−1)(x) +Rn[f ],

Rn[f ] =

∫ b

a

Q(x, t)f (n)(t)dt,

and the remainder term satisfies the double inequality

− nγ

(n + 1)!
N2 − 1

n!
N1(S − γ)(b− a) ≤ Rn[f ]

≤ − nΓ

(n + 1)!
N2 +

1

n!
N1(b− a)(Γ− S),

where

S =
f (n−1)(b)− f (n−1)(a)

b− a
, N1 =

(
b− a

2
+

∣∣∣∣x−
a + b

2

∣∣∣∣
)n

,

N2 = (x− a)n+1 + (b− x)n+1.

Proof. We have

∫ b

a

Q(x, t)dt =
1

n!

∫ x

a

[(t− x)n − (x− a)n] dt

+
1

n!

∫ b

x

[(t− x)n − (x− b)n] dt

= − n

(n+1)!

[
(x−a)n+1+(b−x)n+1

]
= − n

(n+1)!
N2.
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Integrating by parts, we have
∫ b

a

Q(x, t)f (n)(t)dt =

∫ x

a

[
(t− x)n

n!
− (x− a)n

n!

]
f (n)(t)dt

+

∫ b

x

[
(t− x)n

n!
− (x− b)n

n!

]
f (n)(t)dt

=
n−1∑

k=0

(−1)n−1−k

[
(t− x)n

n!
− (x−a)n

n!

](n−1−k)

f (k)(t)

∣∣∣∣∣

x

a

+(−1)n

∫ x

a

f(t)dt

+
n−1∑

k=0

(−1)n−1−k

[
(t−x)n

n!
− (x−b)n

n!

](n−1−k)

f (k)(t)

∣∣∣∣∣

b

x

+(−1)n

∫ b

x

f(t)dt

=
1

n!
[(b−x)n−(x−a)n] f (n−1)(x)−

n−2∑

k=0

(x− a)k+1

(k+1)!
f (k)(a)

+
n−2∑

k=0

(−1)k+1

(k + 1)!
(b− x)k+1f (k)(b) +

∫ b

a

f(t)dt,

and the desired quadrature formula is produced.
From the relations above we obtain

∫ b

a

Q(x, t)
[
γ−f (n)(t)

]
dt = −Rn[f ]− nγ

(n + 1)!
N2.

Since
∫ b

a

Q(x, t)
(
γ − f (n)(t)

) ≤ max |Q(x, t)|
∫ b

a

(
f (n)(t)− γ

)
dt

= max |Q(x, t)| · [f (n−1)(b)− f (n−1)(a)− γ(b− a)
]

= max |Q(x, t)| · (S − γ)(b− a),

max |Q(x, t)|= 1

n!
max {(x− a)n, (b− x)n} =

1

n!
(max {x− a, b− x})n

=
1

n!

(
b− a

2
+

∣∣∣∣x−
a + b

2

∣∣∣∣
)n

=
1

n!
N1,

we obtain

Rn[f ] ≥ − nγ

(n + 1)!
N2 − 1

n!
N1(S − γ)(b− a).
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On the other hand we have∫ b

a

Q(x, t)
[
f (n)(t)− Γ

]
dt = Rn[f ] +

nΓ

(n + 1)!
N2.

and∫ b

a

Q(x, t)
[
f (n)(t)− Γ

]
dt ≤ max |Q(x, t)| ·

∫ b

a

(
Γ− f (n)(t)

)
dt

= max |Q(x, t)| · [Γ(b− a)− (
f (n−1)(b)− f (n−1)(a)

)]

= max |Q(x, t)| (b− a)(Γ− S).

From the relations above we obtain

Rn[f ] ≤ − nΓ

(n + 1)!
N2 +

1

n!
N1(b− a)(Γ− S).

Remark 2.1. If in Theorem 2.2 we choose n = 2, we obtain the
following quadrature formula
(2)∫ b

a

f(t)dt = (x−a)f(a)+(b−x)f(b)+(b−a)

(
x− a + b

2

)
f ′(x)+R2[f ],

and the remainder term satisfies the double inequality

−γ

3
N2 − 1

2
N1(S − γ)(b− a) ≤ R2[f ] ≤ −Γ

3
N2 +

1

2
N1(b− a)(Γ− S),

where

S =
f ′(b)− f ′(a)

b− a
,N1 =

(
b− a

2
+

∣∣∣∣x−
a + b

2

∣∣∣∣
)2

, N2 = (x−a)3+(b−x)3.

and

γ ≤ f ′′(t) ≤ Γ.

For x =
a + b

2
we obtain the inequality from Theorem 2.1 ([5]).

If in (2) we choose x = a, x = b, respectively, sum the results and
divide by 2, we obtain the following quadrature formula

(3)

∫ b

a

f(t)dt =
b− a

2
[f(a) + f(b)]+

(b− a)2

4
[f ′(b)− f ′(a)]+R2[f ],

where
(b− a)3

6
(γ − 3S) ≤ R2[f ] ≤ (b− a)3

6
(Γ− 3S).
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3. Optimal quadrature formula in the sense of
Nikolski

Definition 3.1. The quadrature formula (1) is called optimal in the
sense of Nikolski in the space F , if

En (F , A, X) = sup
f∈F

|Rn[f ]| ,

attains the minimum value with regard to the coefficients
A = (A1, . . . , An) and the quadrature nodes X = (x1, . . . , xn)
for A and X of (1).

In this section we obtain a new quadrature formula and we study
its optimality in the sense of Nikolski.

Let (∆m)m∈N be a division of [a, b], ∆m : a = x0 < x1 < x2 < · · · <
xm−1 < xm = b and

K(t) =





1

n!
[(t− xi)

n − (xi − xi−1)
n] , if t ∈ [xi−1, xi), i = 1,m− 1,

1

n!
[(t− xm)n − (xm − xm−1)

n] , if t ∈ [xm−1, xm]

Theorem 3.1. Let n ∈ N, n > 1 be an even number. If f ∈ Hn[a, b],
n > 1, then

(4)

∫ b

a

f(t)dt =
n−2∑

k=0

m−1∑
i=0

Ak,if
(k)(xi)+

m−1∑
i=0

An−1,if
(n−1)(xi+1)+Rn[f ],

where

Rn[f ] =

∫ b

a

K(t)f (n)(t)dt,

Ak,i =
(xi+1 − xi)

k+1

(k + 1)!
, k = 0, n− 1, i = 0,m− 1.
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Proof. Integrating by parts, we have

∫ b

a

K(t)f (n)(t)dt =
m∑

i=1

∫ xi

xi−1

1

n!
[(t− xi)

n − (xi − xi−1)
n] f (n)(t)dt

=
m∑

i=1

n−1∑

k=0

(−1)n−1−k

n!
[(t− xi)

n − (xi − xi−1)
n](n−1−k) f (k)(t)

∣∣∣∣
xi

xi−1

+(−1)n

∫ b

a

f(t)dt = −
m∑

i=1

n−2∑

k=0

(xi − xi−1)
k+1

(k + 1)!
f (k)(xi−1)

− 1

n!

m∑
i=1

(xi − xi−1)
nf (n−1)(xi) +

∫ b

a

f(t)dt

= −
m−1∑
i=0

n−2∑

k=0

(xi+1 − xi)
k+1

(k + 1)!
f (k)(xi)

− 1

n!

m−1∑
i=0

(xi+1 − xi)
nf (n−1)(xi+1) +

∫ b

a

f(t)dt.

From this relation we obtain the quadrature formula (4).
Next, we will study the optimality in sense of Nikolski for this

quadrature formula.
If f ∈ W∞

n [a, b] for rest term we have the evaluation

|Rn[f ]| ≤ M∞
n [f ]

∫ b

a

|K(t)| dt,

where M∞
n [f ] = sup

t∈[a,b]

∣∣f (n)(t)
∣∣ .

The quadrature formula (4) is optimal in sense of Nikolski in

W∞
n [a, b], if

∫ b

a

|Kn(t)| dt attains the minimum value.

Theorem 3.2. Let n ∈ N, n > 1 be a even number. If f ∈ W∞
n [a, b],

then quadrature formula (4), optimal with regard to the error, is

(5)

∫ b

a

f(t)dt =
n−2∑

k=0

m−1∑
i=0

A∗
kf

(k)(x∗i ) +
m−1∑
i=0

A∗
n−1f

(n−1)(x∗i ) +R∗
n[f ],
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where

x∗i = a +
b− a

m
i, i = 0,m

A∗
k =

(b− a)k+1

(k + 1)!mk+1
, k = 0, n− 1,(6)

with |R∗
n[f ]| ≤ n(b− a)n+1

mn(n + 1)!
M∞

n [f ].

Proof. We will determine the parameters xi, i = 1,m− 1 for which

F (x) =

∫ b

a

|K(t)| dt, x = (x1, . . . , xm−1),

attains the minimum value. We have

F (x)=
m∑

i=1

∫ xi

xi−1

1

n!
[(xi−xi−1)

n−(t−xi)
n] dt=

n

(n+1)!

m∑
i=1

(xi−xi−1)
n+1.

The optimal nodes constitute the solution of the system

(7)
∂F (x)

∂xk

=
1

(n−1)!
{(xk−xk−1)

n−(xk+1−xk)
n} , k = 1,m− 1.

From (7) we obtain

(8) xk+1 − 2xk + xk−1 = 0, k = 1,m− 1.

From recurrent relation (8) we obtain

xk = a +
b− a

m
k, k = 1,m− 1.

Because the quadratic form

φ =
m−1∑
i=1

m−1∑
j=1

∂2F (x)

∂xi∂xj

aiaj

in the stationary point x = (x1, x2, . . . , xm−1) is positive, namely

φ =
n

(n− 1)!

(b− a)n−1

mn−1

{
a2

1 +
m−2∑
i=1

(ai − ai+1)
2 + a2

m−1

}
,

then F (x) attains the minimum value for the knots

x∗i = a +
b− a

m
i, i = 1, m− 1

and the coefficients of optimal quadrature formula are given in (6).
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Finally, we have

F (x∗) =
n(b− a)n+1

mn(n + 1)!
, where x∗ = (x∗1, . . . , x

∗
m−1)

and

|R∗
n[f ]| ≤ n(b− a)n+1

mn(n + 1)!
M∞

n [f ].

4. An intermediate point property in the quadrature
formula

In this section we study a property of the intermediate point for
the quadrature formula (5). It is well know that if f : [a, b] → R,
f ∈ Cn[a, b] and n is an even number, then for any x ∈ (a, b], there
exists cx ∈ (a, x) such that

∫ x

a

f(t)dt =
n−2∑

k=0

(x− a)k+1

(k + 1)!mk+1
f (k)(a) +

(x− a)n

n!mn
f (n−1)(x)(9)

+
n−1∑

k=0

m−1∑
i=1

(x− a)k+1

(k + 1)!mk+1
f (k)

(
a +

x− a

m
i

)

− n(x− a)n+1

mn(n + 1)!
f (n)(cx).

Theorem 4.1. If f ∈ C2n+1[a, b], n is even and f (n+1)(a) 6= 0, then
for the intermediate point cx that appears in formula (9), we have

lim
x→a

cx − a

x− a
=

1

2

{
1 +

1

m(n + 2)

}
.

Proof. Let F, G : [a, b] → R be defined as follows

F (x) =

∫ x

a

f(t)dt−
n−2∑

k=0

(x− a)k+1

(k + 1)!mk+1
f (k)(a)− (x− a)n

n!mn
f (n−1)(x)

−
n−1∑

k=0

m−1∑
i=1

(x− a)k+1

(k + 1)!mk+1
f (k)

(
a +

x− a

m
i

)
+

n(x− a)n+1

mn(n + 1)!
f (n)(a),

G(x) = (x− a)n+2.



14 ANA MARIA ACU, ARIF RAFIQ, CARMEN VIOLETA MURARU

We observe that F (a) = 0 and for j = 1, n + 1 we have

F (j)(a) = f (j−1)(a)

[
1− 1

mj
− 1

mj

m−1∑
i=1

j−1∑

k=0

(
j

k + 1

)
ij−1−k

]
= 0,

and

F (n+2)(a) = f (n+1)(a)

{
1− 1

mn+2

m−1∑
i=1

n−1∑

k=0

(
n+2
k+1

)
in−k+1− (n+2)(n+1)

2mn

}

=− n

2mn+1
{2m + 1 + nm} f (n+1)(a).

Applying L ′ Hospital ′s rule successively, we obtain

lim
x→a

F (x)

G(x)
= lim

x→a

F (n+2)(x)

G(n+2)(x)
(10)

= − n

2mn+1(n + 2)!
{2m + 1 + nm} f (n+1)(a).

On the other hand

lim
x→a

F (x)

G(x)
= lim

x→a
−n(x− a)n+1

mn(n + 1)!

f (n)(cx)− f (n)(a)

(x− a)n+2
(11)

= lim
x→a

− n

mn(n + 1)!

f (n)(cx)− f (n)(a)

cx − a
· cx − a

x− a

= − n

mn(n + 1)!
f (n+1)(a) lim

x→a

cx − a

x− a
.

From (10) and (11) we obtain

lim
x→a

cx − a

x− a
=

1

2

{
1 +

1

m(n + 2)

}
.
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