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THE REMAINDER TERM OF SOME QUADRATURE
FORMULAE

ANA MARIA ACU, ARIF RAFIQ, CARMEN VIOLETA MURARU

Abstract. In this paper we give some new quadrature formulae
and we derive the estimates for the remainder term. The optimality
in the sense of Nikolski of some quadrature formulae is studied. A
property of the intermediate point for the optimal quadrature formula
is established.

1. INTRODUCTION

Let F be a linear space of real valued functions, defined and inte-
grable on a finite interval [a,b] C R and I : F — R be the integration

b
operator defined by I[f] = / f(z)dz. For f € F, one considers the

quadrature formula

b n
(1) 1A= [ fa)iz =3 Afai) + RIS

@ i=1
where z; € [a,b], respectively A;, i = 0,m are called the nodes,

respectively the coefficients of the quadrature formula, and R[f] is
the remainder term.
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We denote

H"[a,b] :={f € C" }a,b] : f"~1) absolutely continuous}
Wela,b] = {f e Ha,b]: ||| < oo}

with

b .
T { / If(x)|pdx} for 1<p<oo
1fl o= stp |£()].

z€[a,b]

2. INEQUALITIES FOR THE REMAINDER TERM OF SOME
QUADRATURE FORMULAE

Recently, N. Ujevié ([5]) obtained the following result:

Theorem 2.1. [5] Let f : [a,b] — R be a twice differentiable mapping
on (a,b) and suppose that v < f"(t) < T for allt € (a,b). Then we
have the double inequality:

38 -T f(a)+ f(b) I 35—~
TR _b—a/af(t)dtS o (b= a)’
whereszw,
b—a

In this section we generalize this result and we obtain new
quadrature formulae. Some double inequalities for the remainder term
of these quadrature formulae will be established.

We define a mapping Q : [a, b]*> — R,

%[(t—x)" —(z—a)"], if t € [a,z),

Q(mvt> =
Lo = @—nm, itt e 20,

n!

Theorem 2.2. Let n € N, n > 1 be an even number. If f € H"[a,b],
and there exist real numbers ~, T such that v < f™(t) < T, t € [a,b],
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then we have the following quadrature formula

/bf(t)dt _ N M]v(m(a) N (x_b)kirlf(k)(b)

Ralfl = [ Q,t)f™(t)dt,

and the remainder term satisfies the double inequality

1
‘<nT1)!Nz = (S = )b —a) < Ral/f]
r 1
where
(n=1)(p) — f(n-1) ~ "
S:f 1(bg_£ 1(a)’ Ny = <b2a+ x_a—;b> 7
N2 _ (QZ _ a>n+1 4 (b _ x)n—i—l_
Proof. We have
b 1 [=
/ Qa,t)dt = — [ [(t—a)" = (x—a)")t
a . ab
N A (A DR I
B _(nj:l)l [(z—a)" "+ (b—z)""] = _(TLZl)l
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Integrating by parts, we have

/ab%,t)f(") (t)dt = / [(t i S ;!W] i
+/: {(t )" (e b)n} FO(t)dt

n! n!
n
_ Z n 1-k -
n! n!

n! n!
l[(b o (o—a)] F D)5 C D
! 2 (1)

+Z kH ) O (b / £(t)
(& + 1)

and the desired quadrature formula is produced.
From the relations above we obtain

/ Q) =10 dt = Rulf] — s Mo
Since
/Q (v — £t >)<max|th|/ (t) — ) at
= max |Q(z,1)] - [f™ D (b) — F" V(@) — (b — )]
= max|Q(z, 1)] - (S = 7)(b— a),

max |Q(z,t)| = E max{(z —a)", (b—2)"} = (max {r —a,b—2z})"

n!
" 1
) N17
n!

1 (b—a ‘ a+b
_ .
n 1
Rolf] > =i No = —Ni(S = 7)(b — ).

TR 2

we obtain
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On the other hand we have

/Q@ﬂuww—ﬂﬁ:mﬂu-”r

(n+1)!

2.

/Q@@UWU I dt < max|Q(a, |/I‘fm

= max |Q(z, )] - [F(b—a) — (f(n 1) ( ) — f(n 1)
= max |Q(z,t)| (b —a)(I' = 9).

From the relations above we obtain

nl’ 1

Remark 2.1. If in Theorem 2.2 we choose n = 2, we obtain the
following quadrature formula

Rn[f] S -

[ it = @@y 04 0-a) (2 - 50 ) F o Rals]

and the remainder term satisfies the double inequality

ANy~ SN(S =)~ @) S Ralf] <~z Ny + LN (b= a)(T — 6),
where
/ ol . 2
S:W’Nl = <b 2a+ T — a;—b> , Ny = (z—a)+(b—x)>.
and
v < f”(t) <T.

b
For x = % we obtain the inequality from Theorem 2.1 (]5]).

If in (2) we choose x = a, v = b, respectively, sum the results and
divide by 2, we obtain the following quadrature formula

® [ roa="3" 1@+ o1+ O ) - @R

4

where

(b—a)’

- 39) < myif < L0 s
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3. OPTIMAL QUADRATURE FORMULA IN THE SENSE OF
NIKOLSKI

Definition 3.1. The quadrature formula (1) is called optimal in the
sense of Nikolski in the space F, if

En (F, A X) =sup |RL[f]],
feF

attains the minimum wvalue with regard to the coefficients
A = (Ay,...,A,) and the quadrature nodes X = (x1,...,x,)
for A and X of (1).

In this section we obtain a new quadrature formula and we study
its optimality in the sense of Nikolski.

Let (Ay)men be a division of [a,b], Ay, o =20 <33 <29 < -+ <
Tm—1 < T, = b and

1 S
E [(t - xz)n - (l’z - ZEZ‘_l)n] s ift e [l‘i_l,l’i), 1= ]_,’ITL - ].,

K(t) =

a [(t — xm)” — (q;m — J]m_l)n] ,lf te [ZL‘m—la Im]

Theorem 3.1. Let n € N, n > 1 be an even number. If f € H"[a,b],
n > 1, then

b n—2m—1 m—1
(4) / f(t)dt = Z Z Apif M (i) + Z A1 f O (i) + Ralf],
e k=0 i=0 i=0

where

b
Ralf] = / K () f™ (1)dr,

($i+1 - fi)kﬂ

k+Dl

Ay = k=0n—-—1, i=0m—1.
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Proof. Integrating by parts, we have

From this relation we obtain the quadrature formula (4).

Next, we will study the optimality in sense of Nikolski for this
quadrature formula.

If f e W°la,b] for rest term we have the evaluation

Ralfll < ML) / K ()] dt,

where M®[f] = sup |f(")(t)‘ :
tela,b]
The quadrature formula (4) is optimal in sense of Nikolski in

b
Weela, b], if / |K,,(t)| dt attains the minimum value.

Theorem 3.2. Letn € N, n > 1 be a even number. If f € WS°[a, b,
then quadrature formula (4), optimal with regard to the error, is

/f )t = ZA* O +ZA S + R,
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where
b— _
r; =a+ i =0,m
m
. (b_ a)k‘-i—l
(6) kzmjk:@n—l,
. n(b— a)nJrl

* < N [e.e] .

with [R; 1) < 2 E s ]

Proof. We will determine the parameters x;, © = 1, m — 1 for which

b
:/ |K(t)|dt, == (x1,...,Zm1),

attains the minimum value. We have

m T q . § - n m .
:lZ:; /wil n! [(i=i1)" = (t=2:)"] dt—m ;(xrwi—ﬁ :

The optimal nodes constitute the solution of the system

(7) aggg:) _ (n—ll)! {(p—2p1)"— (Tpg1—x2)"}, k=1,m — 1.

From (7) we obtain

(8) Tkt —2.%']64—37]6,1 IO, k= 1,m—1.
From recurrent relation (8) we obtain

b ok —TmoT
m

T =a -+

Because the quadratic form

m—1m— 1
¢ = aiw
xlax] J
=1 j=1
in the stationary point x = (x1, 22, ..., Zy_1) is positive, namely

bh—a)* ! m—
o 2y f Fh ).

then F'(x) attains the minimum value for the knots

b— -
& i=T,m—1

] =a-+

and the coefficients of optimal quadrature formula are given in (6).
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Finally, we have

bh— n+1
F(z*) = %, where " = (x],...,2, ;)
and
* n(b — &)n-l—l oo
IRALAI < mMn [f].

4. AN INTERMEDIATE POINT PROPERTY IN THE QUADRATURE
FORMULA

In this section we study a property of the intermediate point for
the quadrature formula (5). It is well know that if f : [a,b] — R,
f € C"a,b] and n is an even number, then for any x € (a, b], there
exists ¢, € (a,x) such that

3
w

i (z —a)**! (r—a)"
[ e =3 (k+1)'mk+1f o) + S £ )
a 0
n—1m—1 k-‘,—l
F®) a4,
N prr e k+1'mk+1 (a+ m Z)
( )n—i—l (n)

Theorem 4.1. If f € C*"*l[a,b], n is even and fV(a) # 0, then
for the intermediate point c, that appears in formula (9), we have

. cg—a 1 1
lim =—ql+——x;.
r—a X —a 2 m(n + 2)

Proof. Let F,G : [a,b] — R be defined as follows

2 (x — a)kt! x—a)®
F(z) = /af Z - (k)(a)_uf(n—l)@)

—~ (k+1) 'm’€+1 nlmn

n—1 m-—1 n
-y e ) ;) e g
i (K + 1)ImFt m m™(n + 1)! ’
Gz) = (z—a)"*
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We observe that F'(a) = 0 and for j = 1,n + 1 we have

=1 k=0

and

m—1n—1

1 n+2 (n+2)(n+1)
(m42) ) _ () _ n—k+1

Fria)=f (a) {1 mmt2 <k+1> 2mn

=1 k=0

n n
=5 {2m + 1+ nm} f"(a).

Applying L’ Hospital’s rule successively, we obtain

. F(z) . FOt(x)
(10) lm =) = G

_ n (n+1)
= o 2 {2m +1+nm} f (a).

On the other hand

. F(z) (e —a)"t fT(c,) - f")(a)
11) 1 = lim —

() lm =y = =TT o
(n) — f(n) —
o fNe) = () e —a
r—a mn(n+1)l Cer — Q r—a

_ n (n+1) 1 Cy a

m”(n+1)!f (a v

From (10) and (11) we obtain

L Cp—aQ 1 1
lim =—ql4+——>.
r—a T — 2 m(n—|—2)
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