”Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 19 (2009), No. 1, 73 - 82

ABOUT SOME BIVARIATE OPERATORS OF
SCHURER TYPE

MIRCEA D. FARCAS

Abstract. In this paper, we will obtain a form of Bernstein-Schurer
bivariate operators and finally we will give an approximation theorem
for them.

1. INTRODUCTION

Let N be the set of positive integers, No = N U {0} and A, =
{(z,y) € RxR|z,y > 0,z +y < 1}. For m € N, the operator B,,
C([0,1] x [0,1]) — C(Ag) defined for any function f € C([0,1] x [0, 1])
by

(11) Bal) ) = S Pl 9)f (’“ j)

k,j=0
k+ji<m

for any (z,y) € Ay, where

m)! , ke
(1.2) Pk (T,y) = z* meh

il — ¢ —
for any k,j € Ng, K+ 7 < m and any (:U,y) € A, is named the
Bernstein bivariate operator (see [10]).
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Let e;; : Ay — R be the test functions, defined by e;;(z,y) = a'y
for any (z,y) € Ag, where i,j € Ny. In the paper [9] the following
representation for the polynomials B,,e,, is proved.

Lemma 1.1. The operators (By,)m>1 verify for any (z,y) € Ay and
any m € N, p,q € Ny the following equality

p q
D> mlHS(p,)S(q, )x'y

i=0 j=0

1

(1.3) (Bmépg) (T, y) = -

where S(p,i), S(q,j) are the Stirling’s numbers of second kind and
=m(m—1)...(m—k+1), k€ Ny, m¥ = 1.

Let I, I C R be given intervals and f : I; X I — R be a bounded
function. The function wipe(f; -, %) : [0,00) x [0,00) — R, defined
for any (01, d2) € [0,00) x [0,00) by
(1.4)

wtotal(f; 517 52) = Sup {|f<x7y) - f(x/7y/)| : (l’a y)7 ('I,ay/) S Il X ]2a

|z — 2’| <o, |y — o <6}
is called the first order modulus of smoothness of function f or total
modulus of continuity of function f. For some further informations on

this measure of smoothness see for example [5] or [14]. The following
result is given in [13].

Theorem 1.1. Let L : C(Iy x Iy) — B(I1 X I5) be a constant reproduc-
ing linear positive operator. For any f € C(I; x1s), any (x,y) € Iy x I
and any 61,09 > 0, the following inequality

15) @@y~ fayl < (146 VIE =2 @) -
(1485 VLG = 9P ) ) ot (381, 82)

Y

holds, where” -7 and” x” stand for the first and the second variable.

The purpose of this paper is to give a representation for the bi-
variate operators and GBS operators of Schurer type, to establish a
convergence theorem for these operators. We also give an approxi-
mation theorem for these operators in terms of the first modulus of
smoothness and of the mixed modulus of smoothness.
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2. THE CONSTRUCT OF THE BIVARIATE OPERATORS OF SCHURER
TYPE. APPROXIMATION AND CONVERGENCE THEOREMS

Let p € Ny be given and m € N. The operator Bmm : C([0,1 4 p] x
[0, 14p]) — C(Ay) defined for any function f € C([0,1+4p]x [0, 1+p])
and any (z,y) € Ay by

(2.1) BpH)@y) = Y pm+pijy)f(k j)

k,7=0
k+j<m+p

is a bivariate operator of Schurer type. Clearly, this operator is linear
and positive. For p = 0, we obtain the Bernstein bivariate operator

(1.1).

Lemma 2.1. The operators (Bm,p)m21 verify for any (x,y) € Aq the
following equality:
(2.2)

(Bm,pez’j)(% y) = !

(m + p)iti

Z Z m+ )9S (i,11) S (G, va)a

v1=019=0

for any 1,5 € Ny.

Proof. We use the equalities
mi+j(Bm7Peij) (I’, y) = (m + p)i+j (Bm-l—peij) (l’, y):

for any 7,7 € Ny and Lemma 1.1. 0
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Lemma 2.2. The operators (B, ,)m>1 verify for any (z,y) € Ay the
following equalities:
(2.3)
(Bim,pcoo)(,y) = 1,
(2.4)

m?(Byp(- — 2)%)(2,y) = [-m + p(p — 1)]2* + (m + p)z,
)

m? (B p(x — y)*)(2,y) = [-m + p(p — D]y* + (m + p)y,
)
(

m* (B p(- — )% (x —y)*) (2, y) = [2m® — (5p* — 10p + 4)m+
+p(p— Dp— 2% + m* — (0> — 4p+ 2)m — p(p — 1)(p — 2)]-
cxy(1—2)(1—y) + (p— 1)*(m + p)ay,

(2.7)

MO (Bp(- — ) (x — y)*)(z,y) = zy(m +p)(m +p — 1)+
+ay*(m+p)[-m+ (p— 1(p — 2)] + 2’y(m + p)(m +p — 1)-
Bm+T7(p—2)] + % (m + p)[_3m2 + (3p* — 30p + 41)m+
+7(p—1)(p— 2)(p — 3)] + 62”y(m + p)(m +p — 1)[-m+
+(p—2)(p — 3)] + 62°y*(m + p)[3m® — (6p° — 26p + 26)m+
+ (=1 —2)(p—3)(p—4)] +z'y(m +p)[3m® — (6p° — 26p+
+26)m+ (p— 1)(p — 2)(p — 3)(p — 4)] + "y*[-15m> + (45p°—
— 165p + 130)m? — (15p* — 130p® + 375p* — 404p + 120)m-+
+plp =1 —-2)p-3)p—4)(p-5),

and a similar relation for m8(Bpy, (- — z)2(x — y)?)(x,y).

Proof. We apply Lemma 2.1 and the equalities (B, (- — 2)*)(z,y) =

= (Bunpe20) () — 20(Bunpero) (2, 9) + (Bunpo0) (. 9).

(Binp(c = 2)*(x = y)*) (2, y) = (Brpe)(®,y) — 2y(Bppen)(z,y) +
+Y?(Bipe20) (€, y) — 22(Bper2) (@, y) + 4xy(Bmpenn) (2, y) —
= 22y*(Bmpe10)(#,y) + 2% (B peoz) (T, y) — 20*yY(Bpnpeor) (2, y) +

+~x2y2(Bm,peoo)(a:,y) and ) )
(Brp(- = 2)*(x = )?)(2,y) = (Bumpes) (@, y) = 2y(Bppen) (2, y) +
+ 4* (B peao)(x,y) — 42 (B pesa) (2, y) + 8xy(Bmpesi ) (x,y) —
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— day? ( B peso) () +6=T (Bmpem)(%y) — 122%y(B pean ) (2, y) +
+ 62%y? (B peao) (2, y) — (Bmp€12)(137y)+8$ y(: Bpen)(z,y) —
— 423y (Bp per0) (z, ) + (Bmp€02)(l’ay) — 25y (B peor) (2, y)
+ %% (B peoo) (T, y).

+
U

Lemma 2.3. The operators (B, p)m>1 verify for any (z,y) € Ay the
following estimations

(2.8) 4m2(Bm7p(- —z)?) (2, y) < m+4p?
and
(2.9) Am* (B p(x — y)) (2, y) < m+ 4p°.

Proof. Using the relatlon (2.4), we can write (Bp,,(- — 2)%)(z,y) =

I(l ) 4 ele= l)x e < 4o+ % = m;,fp taking into account that
(1—&:) —andp( —1)3: + px < p?, for any x € [0, 1]. O

Theorem 2.1. If f € C([0,14p] X [0,1+p]), then for any (x,y) € Aq
and any m € N, we have

4m?

(2.10) [f(@,9) = (Bupf)(@,9)| < (1 +or M) -

L [m 4+ 4p?
. (1 + 05! Tf) Wrotal (f3 01, 02),

for any 01,02 > 0 and
(2.11)

1f(@,y) = (Bupf)(@, )] < 4wrora (f;

m+4p?  [m + 4p?
4m2 4m? '

Proof. The relation (2.10) results from Theorem 1.1 and Lemma 2.2;

choosing by §; = dy = m;;j‘p we obtain the relation (2.11). O

Corollary 2.1. If f € C([0,1+ p] x [0,1+ p]), then
(2.12) lim B,,f = f

m—00

uniformly on As.
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3. APPROXIMATION AND CONVERGENCE THEOREMS FOR GBS
OPERATORS OF SCHURER TYPE

In the following, let X and Y be compact real intervals. A function
f: X xY — Ris called B-continuous (Bégel-continuous) function at
(mo,yo) e X xYif

lim  Af[(z,y), (%0, y0)] = 0.

(z,y)—(x0,y0)

Here Af [(xay)a (x()?yO)] = f(mv y) - f(.fll’o, y) - f(xa yO) + f(x()?yO) de-
notes a so-called mixed difference of f.

A function f : X XY — R is called B-differentiable (Bogel-
differentiable) function at (zg,v0) € X x Y if it exists and if the
limit is finite:

lim Af [('Tv y)a (.2?0, yo)] .
(z9)—(zow0) (2 — 20)(y — ¥o)

The limit is named the B-differential of f at the point (xo, o) and is
noted by Dg f (2o, yo)-

The definitions of B-continuity and B-differentiability were intro-
duced by K. Bogel in the papers [6], [7] and [8].

The function f: X xY — R is B-bounded on X x Y if there exists
K > 0 such that

[Af [z, y), (s, D)]] < K

for any (z,y),(s,t) € X x Y.

We shall use the functions sets B(X xY) = {f : X x Y — R|f
bounded on X x Y} with the usual sup-norm || - ||o, By(X x V) =
{f: X xY — R|f B-bounded on X x Y} and we set |f|z =

sup IAf [(x,y), (s,t)]| where f € By(X xY), Cp(X xY) =

(z,y),(s,t)eEX XY
{f: X xY — R|f B-continuous on X x Y} and Dy(X xY) = {f :
X xY — R|f B-differentiable on X x Y'}.

Let f € By(X x Y). The function wpyixea(f;-,-) : [0,00) x [0,00) —
R, defined by
(3.1)

wWiised (f; 01, 02) = sup {|Af[(x, ), (s, D)]] : |2 — | < b1, [y — 1] < b2}

for any (01, d2) € [0, 00) %[0, 00) is called the mixed modulus of smooth-

ness.
For related topics, see [1], [2], [3] and [4].
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Let L : Cy(X X Y) — B(X X Y) be a linear positive operator.
The operator UL : Ci(X X Y) — B(X X Y) defined for any function
feCy(X xY) and any (z,y) € X XY by

32)  (ULf)(z,y) = (L(f(,y) + fz, %) = f(- %)) (z,9)

is called GBS operator (”Generalized Boolean Sum” operator) asso-
ciated to the operator L, where ”-” and ”*” stand for the first and
respectively the second variable. Let e;; : X x Y — R be the test
functions, defined by e;;(x,y) = z'y’, for any (z,y) € X x Y, where
i,7 € Ng. The following theorem is proved in [3].

Theorem 3.1. Let L : Cy(X xY) — B(X X Y) be a linear positive
operator and UL : Cy(X x Y) — B(X xY) the associated GBS op-
erator. Then for any f € Co(X X Y), any (z,y) € (X xY) and any
01,09 > 0, we have

(3.3)
|f(z,y) = (ULf)(z,y9)| < [f(z,9)] |1 — (Leoo) (@, y)|+

+ | (Leoo) (@, y) + 67V (L(- = 2)?) (w,y) + 65V (L(x — 9)?) (z,y)+

+ 6710 V(L — 2)2(x — y)2) (2,Y) | Wmizeal £ 01, 62).

For B-differentiable functions, we have (see [11]):

Theorem 3.2. Let L : Cy(X xY) — B(X X Y) be a linear positive
operator and UL : Cy(X xY) — B(X X Y) the associated GBS op-
erator. Then for any f € Dy(X X Y) with Dpf € B(X xY), any
(x,y) € X XY and any 61,92 > 0, we have

(3.4)

[f(z,y) = (ULf)(z,y)| <
< | f (@, y)|11=(Leoo) (2, )| +3]| D flloo v/ (L(- = 2)2(x — 9)?) (z,y)+

+ VL = 2)2(x = y)2) (2, ) + 07 V(L( = 2)(x = y)?) (@, )+
+ 0y V(LG = )2 (x = y)*) (2, y)+

+ 07051 (L — 2)(x — y)®) (2, Y) | Wmnized( DB [; 61, 62).
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Lemma 3.1. There exists a natural number m; € N such that

(35 (Bpl- — ) = 9),9) <
(3. (Brpl- — ) =) 9) < g
and

(3.7 (Bl — 220~ 9))(w.) < 7o

for any m € N, m > my and any (x,y) € A,.

Proof. Using the relation (2.6), we obtain that

16m*(By, (- — 2)?(x — y)*)(z,y) < 3m? —2(p* — 3p+ 1)m + p(p —
1)(p? — p+2), from where the relation (3.5) results. The relation (2.7)
can be write

mS (B, — )1 (x — y)*)(z,y) = Am? + Bm?® + Cm + D, where
A, B,C, D are real numbers depending on p,x,y; here, A = 3z(1 —
2)[ry(l —)(1 —y) +

+ 42?y?] < 2, from where the relation (3.6) results. The relation
(3.7) follows analogously. We used the inequalities z(1 — z) < 1/4,
for any = € [0,1], zy(1 — 2)(1 —y) < 1/16 and zy < 1/4, for any
(,y) € As. O
Theorem 3.3. If f € Cy([0,14p] %[0, 1+p)]), then for any (x,y) € As
and any m € N, m > my, the following inequalities

(3.8)

3 4 /m+4p? ., [m + 4p?
|(UBm7pf)(l’,y)—f(lL‘7y)| S <1+511 4—7712—}—521 4—7%2+

+5 15_ )wmwzed<.f 51762)
2m
for any 01,02 > 0 and

(3.9)
. 5 m+4p?  [m + 4p?
|(UBppf)(@,y) — f(z,y)| < 2wmw€d (f m2 m2
hold, where

= 2w (1(46) o (-2)-

k,j=0
k+j<m-+p
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Proof. For the first inequality, we apply Theorem 3.1 and Lemma 3.1.
The inequality (3.9) is obtained from (3.8) by choosing §; = Jy =

m;42p2. O
Corollary 3.1. If f € Cy([0,1+ p] x [0,1 + p]), then
(3.10) lim UB,,,f = f

uniformly on As.
Proof. 1t results from the relation (3.9). O

Theorem 3.4. Let the function f € Dy([0,1 + p] x [0,1 + p]) with
Dpf € B([0,1+ p] x [0,1 4 p]). Then, for any (z,y) € Ay and for
any m € N, m > my, we have

(3.11)
(UBupf)(,y) — fl)] < ir|DBfHoo+

1
4+ —

om (H(S_\/_ S

for any 61,05 > 0 and

1
+ (5 152_1%> Wmimed(DBf; 617 62)

~ 3
(312)  |UBuph)w.y) ~ f)| < 5o | Dofllt
7 1 1
o Wmizxe D
g e ( o) V' /m )
Proof. 1t results from Theorem 3.2 and Lemma 3.1. O

Remark 3.1. Other construction for bivariate operators of Schurer
type can be found in [5].

Remark 3.2. For p = 0, we find some results obtained in the paper
[12].
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