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COMMON FIXED POINT THEOREMS
FOR R-WEAKLY COMMUTING MAPPINGS
OF TYPE (Ag) IN UNIFORM SPACES

J. K. KOHLI and JEETENDRA AGGARWAL

Abstract. The notion of R-weak commutativity of type (Ag) and that of
compatibility of a pair of self mappings is extended to the framework of
uniform spaces and fixed point theorems concerning them are proved. The
results obtained in the process generalize several known results in the
literature including the recent results of V. Pant, R.P. Pant and others and
have a bearing on a problem of B.E. Rhoades.

1. INTRODUCTION

There is a close interdependence between commutativity and existence
of fixed points of mappings. For example, Pfeffer [10] showed that an
involution r of a circle S has a fixed point if and only if there exists a free
involution (# r) of S which commutes with r. This relationship between
commutativity and existence of fixed points was further highlighted by Jungck
[3]. Since then several generalizations of commutativity have been formulated
and studied and existence of fixed point theorems concerning them have been
investigated by several authors. For example, Sessa [13] defined a weak
variant of commutativity called weak commutativity and obtained fixed point
theorems for weakly commuting mappings. Generalizing weak
commutativity, Jungck [4] in 1986 introduced the notion of compatibility of
pair of mappings and proved fixed point theorems concerning them.
Subsequently, in 1994, R.P.Pant [6] defined R-weak commutativity of
mappings and obtained common fixed point theorems concerning them.
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Later on, in 1997, Pathak, Cho and Kang [9] introduced a variant of R-
weak commutativity called R-weak commutativity of type (Ag) and used the
same to obtain common fixed point theorems under Lipschitz type analogue
of strict contractive condition.

The study of fixed point theorems in metric spaces is an active and
classical area of research. In contrast, the study of fixed point theorems in
uniform spaces is more general and is of relatively recent vintage and has been
investigated by several authors including Tarafdar [14], Acharya [1], Ganguly
[2], Tarafdar, Singh and Watson [15], Rhoades [11], Tiirgkolu [16] and others.
The purpose of the present paper is to extend the notions of R-weak
commutativity of mappings of type (Ag) and that of compatibility of
mappings to the framework of uniform spaces and to use them to obtain
common fixed point theorems for mappings defined on uniform spaces. Our
results generalize several known results in the literature including those of V.
Pant [8], R.P. Pant [7], and others. Moreover, our approach provides a wider
framework for the study of existence of fixed points of which metric fixed
point theory is a special case. Furthermore, it is interesting to observe that in
case of non-compatible mappings the assumption of completeness or
continuity of mappings is not necessary for the existence of fixed points as is
well illustrated by the results obtained in the paper.

Rhoades [12] raised the problem of existence of sufficient conditions
on the maps which ensure the existence of a fixed point but does not force the
maps to be continuous at the fixed point. This question was answered in the
affirmative by Pant [7] and is further elaborated in the present paper.

2. PRELIMINARIES AND BASIC DEFINITIONS
Let (X, u) be a uniform space, where u denotes a uniformity on X. The
uniform topology induced by the uniformity u will be denoted by t,. A family
{p, oA} of pseudometrics on X with indexing set A, is called an associated

family for the uniformity u on X, if the family {V(a, r): a€A, r> 0} , where
V(a, 1) ={(x,y) : X,y € X, p, (X, y) <t} is a subbase for the uniformity u . A

family {p,: oA} of pseudometrics on X is called an augmented associated
family for u , if {p,: a€A} is an associated family for u and has the
additional property that, given o, B€A there is a ve A such that p,(x, y) = max
{P. (X, ¥), pp(x,y)} forall (x,y) € XxX.

It is well known that if (X, u) is a uniform space and {p,: a€A} is an
augmented associated family of pseudometrics for (X, u), then the collection
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{V(a, r): aeA, >0} is a base for the uniformity u . It is also well known that
for each uniformity u on X the family of all pseudometrics on X which are
uniformly continuous with respect to the product uniformity on XxX
constitutes an augmented associated family of pseudometrics for the
uniformity u (see [5]).

2.1 Definitions: Let (X, u) be a uniform space and let A"(u) = {p,:
aeA} be an augmented associated family of pseudometrics for u . Two self
mappings f and g defined on X are said to be
(i) compatible if limp, (fgx,,gfx,) =0 for each aeA, whenever {x,} is a

n—oo
sequence in X such that lim fx = limgx_ =t for sometin X.

n—oo n—o
(ii) non-compatible if there exists an ae A and a sequence {x,} in X such that
limfx =limgx, 6 =t for some t in X but either hm np, (fgx,,gfx,)#0 or

n—oo n—oo
non-existent .
(iii) R-weakly commuting of type (Ag) at a point xeX if there exists R>0
such that p_ (ffx, gfx) <R p, (fx, gx) for each aeA.
(iv) R-weakly commuting of type (Ag) on X if there exists R>0 such that
p, (ffx, gfx) <R p, (fx, gx) for each a.eA and for each xeX..
We now give an example of a pair of compatible mappings in a uniform
space.

2.2 Example: Let X = RxR and define p, by p, (X, y) = [xi—yi| for all
X,y € X where x= (X1, X2), Y = (Y1, ¥2)-
Let f and g be the self mappings defined on X given by f(x, y) = (x°, y°) and
g(x,y) = (2 — x, 2 —y), respectively for each (x, y) eX.

1
Let {x,} be the sequence in X, where X = (1 +—, lj . Then
n

3
limf(x,)=lim ((l + l) ,IJ =1
n—oo n—oo n

j,lJ 1, 1).
LY

Again, gfx —(2—(1+—j , J, fgx [ 1—— , }, and so
n

and

BIH

limg(x,) = hm((

n—o
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aSokto)

So fand g are compatible mappings on the uniform space X.

limp, (fgx,,gfx,)=lim =0

3. COMMON FIXED POINT THEOREMS
3.1 Theorem: Let (X, u) be a Hausdorff uniform space and let { p,, : aeA} be
an augmented associated family of pseudometrics for u . Let f and g be non-
compatible self mappings defined on X such that
1) X < gX , where X denotes the closure of the range of the mapping
f.
2) For each ae4,

P, (x, fy) < max { p, (9x, gy). k[ p,, (x, gx) + p, (fy, gy)]/ 2,

[P, (fy, 9x) + p, (X, gy)] / 2}, 1<k<2
whenever right hand side is positive. If f and g are R-weakly commuting
mappings of type (Ag), then f and g have a unique common fixed point and the
fixed point is a point of discontinuity of both the mappings f and g.

Proof: Since f and g are non-compatible mappings, there exists a
sequence {X,} in X, such that limfx_=limgx =t for some t in X and there

n—->w n—oo
exists an a€A such that
Either limp, (fgx,,gfx,) is non-zero or the limit does not exist. (A)
Since limfx =t, te X . Now fX < gX implies that there exists a

point u in X such that t = gu. We claim that fu = gu. If possible, let fu # gu.
Since (X, u) is Hausdorff, there exists an o€ A such that p, (fu, gu) > 0.

Now consider the inequality
Po (Fxa, fr) < max { P, (2%, 20, k [Py, (o, gX0) + P, (fut, g0)] /2,
[P, (fu, gxa) + Py, (fxn, gU)]/ 25,
Letting n — oo, we obtain
P, (gu, fu) <max {p, (gu, gu), k[ p, (gu, guw) + p, (fu, gu)] / 2,
[p, (fu, gu) + p, (gu, gw)]/ 2}
=k/2 p, (fu, gu) < p, (fu, gu) (since k< 2),
which is a contradiction. Therefore fu = gu.
Now, since f and g are R-weakly commuting mappings of type (Ag),
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p, (ffu, gfu) <R p, (fu, gu) =0 for every aeA

Therefore, p, (ffu, gfu) = 0 for every aeA, which in view of
Hausdorffness of X implies that ffu =gfu. We claim that ffu = fu. For if ffu #
fu, then there exists feA such that pj(fu, ffu) >0. Using condition (2) we
obtain that

pg (fu, ffu) <max {p; (gu, gfu), K[ py (fu, gu) + pj (ffu, gfu)] /2,

[ Py (ffu, gu) + pj (fu, gfu)] /2}
= p; (fu, ffu)

that is pj (fu, ffu) < p (fu, ffu), a contradiction. Thus fu = ffu = gfu. So fuis a

common fixed point of f and g.

Proof of uniqueness is easy and hence omitted. We now show that the
mappings fand g are discontinuous at the common fixed point fu = gu =t. If
possible, suppose that f is continuous. Now considering the sequence {x,} of
(A), we get that imffx =ft =t and limfgx, =ft=1t. Now, since fand g

n—oo n—oo
are R-weakly commuting mappings of type (Ag), we have

p, (ffx,, gfx,) <R p, (X, gX,), for each aeA
Taking limit as n—o0, we obtain that lim gfx, = ft. This in turn yields
that limp_(fgx,,gfx,)=p,(ft,ft)= 0, for each aeA. This contradiction to
n—>oo

the fact that the mappings f and g are non-compatible, proves that f is
discontinuous at the fixed point.

To show that g is discontinuous at the fixed point, assume contrary.
Then for the sequence {x,} of (A), we obtain limgfx =gt and

limggx =gt.
n—oo
Now, consider the inequality
P, (ft, fgxn) <max {p, (gt, ggxn), k[ p, (ft, gt) + p,, (fgxa, ggxn)]/ 2,
[P, (fgxa, g0) + p,, (ft, ggxn)] / 2}
Taking limit as n — oo we obtain that
lim p_ (ft, fgx,) <max {p, (gt, gt), k[ p, (ft, gt) + lim p_ (fgx,, ggxa)]/2,
n—o0 n—o
[lim p, (fgx., gt) + p, (ft, gt)]/2}.
Thus limp, (ft,fgx, ) <k/2limp, (fgx ,ft), which yields a
n—o0 n—o

contradiction unless limfgx =ft=gt. But then it contradicts the non-
n—oo
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compatibility of the mappings fand g. Thus both f and g are discontinuous at
their common fixed point.
3.2 Example

Let X =[1, 7) x [1, 7) and define pseudometrics p, and p, on X as

pi(X,y) =X, —y, | and p,(x,y) =[x, =y, | for each x, y € X, where x =
(X1, X2), ¥ = (y1, y2). Let u be the uniformity generated by p, and p,. Then

(X, u) is a Hausdorff uniform space.
Define f, g: X > X by
f(1,1)=(1,1) g(l,)=(1,1)
f(l,y)=(2,2),ifl<y<7 g(l,y)=4,4),if 1 <y<7
fix,y)=3,1),if 1 <x<2; 1<y<7 gx,vy)=(5,95),if 1 <x<2;1<y<7
fix,y)=(1,1),ifx>2; 1<y<7 gxvy)=x?2,(yt])2),ifx>2;1<y<7
Now it is easily verified that the mappings f and g satisfy the
hypothesis of the Theorem 3.1. The point (1, 1) is the unique common fixed
point of f and g and is also a point of discontinuity of f and g. To see the non-
compatibility of f and g, consider the sequence {x,=(2 + 1/n, 1):n>1} in X.
Then fx, = (1, 1), gx, = (1 +1/2n, 1), fgx, = (3, 1) and gfx,= (1, 1).
We observe that, limfx, = limgx =(1,1) but

n—oo

limp, (fgx,,gfx,)=[3-1=2=0,

which shows that f and g are non-compatible mappings. Further, it is easily
verified that the mappings f and g are R-weakly commuting mappings of
type (Ag).
3.3 Corollary (V. Pant [8,Theorem 1]): Let f and g be non-compatible self
mappings defined on a metric space (X, d) such that
1) fX < gX, where fX denotes the closure of the range of the mapping
f.
(2)  d(fx, fy) <max {d(gx, gy), k[d(fx, gx) + d(fy, gy)] /2,
[d(fy, gx) +d(fx,gy)]/2}, 1<k<2

whenever right hand side is positive. If f and g are R-weakly commuting
mappings of type (Ag), then f and g have a unique common fixed point and the
fixed point is a point of discontinuity of both the mappings f and g.

Proof: Let A be a singleton and use Theorem 3.1.
3.4 Corollary (R.P.Pant [7,Theorem 2]): Let f and g be non-compatible self
mappings defined on a metric space (X, d) such that
1) fX < gX, where fX denotes the closure of the range of the mapping
f.
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(2}) d(fx, fy) < max {d(gx, gy), [d(fx, gx) + d(fy, gy)] /2, [d(fy, gx) + d(fx, gy)] /
2},
whenever right hand side is positive. If f and g are R-weakly commuting
mappings of type (Ag), then f and g have a unique common fixed point and the
fixed point is a point of discontinuity of both the mappings f and g.

Proof: Let A be a singleton, k =1 and use Theorem 3.1.
3.5 Theorem: Let (X, u) be a Hausdorff uniform space and let { p,, : aeA} be
an augmented associated family of pseudometrics for u . Let f and g be non-
compatible self mappings defined on X satisfying the conditions that
1) limffx  =ft and limgfx = gt, whenever {x.} is a sequence in X

n— n—oo

such that limfx_ =limgx_ =t for some tin X and

n—oo n—oo

(2)  Foreach ae4,
P, (fx, fy) < max { p,, (9, gy). k[ p,, (x, gx) + p, (fy. ay)]1/ 2,

[P, (fy. 9+ p, (X, gy)]/2}, 1<k<2
whenever right hand side is positive. If f and g are R-weakly commuting
mappings of type (Ag), then f and g have a unique common fixed point and the
fixed point is a point of discontinuity of both the mappings f and g.

Proof: Since f and g are non-compatible mappings there exists a
sequence {x,} in X such that limfx =limgx, A =u for some u in X, but

n—oo n—oo

there exists an o€ A such that limp, (fgx,,gfx,) is either non-zero or non-
n—oo

existent. (B)
Now, condition (1) implies that limffx =fu and limgfx =gu.

n—o n—oo
Since f and g are R-weakly commuting of type (Ag), we have
p, (ffxs, gfxn) < Rp, (fX,, gxa) for each ae A. So on letting n—co, this yields
that fu = gu.

Again, using R-weak commutativity of type (Ag) of the mappings f
and g, we obtain that p  (ffu, gfu) < Rp, (fu, gu) = 0 for each aeA. This
implies that ffu = gfu.

We claim that fu = ffu. For if, fu # ffu, then there exists an a.e A such
that p, (fu, ffu) > 0. Using condition (2), we get that

P, (fu, ffu) < max {p, (gu, gfw), K[ p,, (fu, gw) + p,, (ffu, gfu)] /2,

[p, (fu, gfu) +p, (ffu, gu)] / 2]},
= p, (fu, ffu).
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That is p,, (fu, ffu) < p, (fu, ffu), which is a contradiction. Thus fu is a

common fixed point of f and g.

Proof of uniqueness is easy and hence omitted. We now show that the
mappings fand g are discontinuous at the common fixed point t = fu = gu. If
possible, suppose f is continuous. Then considering the sequence {x,} of (B),
we get limffx =fu=t and limfgx =fu=t. Again R-weak

n—o0 n—o

commutativity of type (Ag) of mappings f and g implies that
p, (ffxs, gfx,) < Rp, (fX,, gx,) for each aeA. On letting n—oo, this yields
limgfx =fu=t. This, in turn yields that limp,(fgx,,gfx )=0 for each
n—» n—0o0

aeA. This contradiction to the non-compatibility of the mappings f and g
proves that f is discontinuous at the fixed point. Similarly, to prove that g is
discontinuous at the fixed point, assume contrary. Then for the sequence {x,}
of (B), we get that limgfx =gu =t andlimggx, =gu=t.

From inequality (2), we obtain that
P, (ft, fgxa) <max {p, (gt, ggxa), k[p, (ft, gt) + p,, (fexa, ggxn)] /2,
[P, ( f2Xn, g0) TP, (ft, ggxa)] / 2}
Taking limit as n—o0, this yields a contradiction unless lim fgx, = ft =

n—oo
t. But then it contradicts the fact that the mappings f and g are non-compatible.
Thus both  fand g are discontinuous at their common fixed point.
3.6 Remark: Example 3.2 satisfies the hypothesis of Theorem 3.5 and the
point (1, 1) is unique common fixed point of the mappings f and g which are
discontinuous at the point (1, 1).
3.7 Corollary (V. Pant [8, Theorem 2]): Let f and g be two non-compatible
self mappings defined on a metric space (X, d) satisfying the conditions that
1) limftx, =ft and limgfx_ = gt, whenever {x.} is a sequence in X

n—o n—o
such that limfx_ =limgx =t for some tin X and
n—o n—oo

(2)  d(fx, fy) <max {d(gx, gy), k[d(fx, gx) + d(fy, gy)]/ 2,

[d(fy, gx) +d(fx,qy)] / 2}, 1<k<2
whenever right hand side is positive. If f and g are R-weakly commuting
mappings of type (Ag), then f and g have a unique common fixed point and the
fixed point is a point of discontinuity of both the mappings f and g.
Proof: Let A be a singleton and use Theorem 3.5.
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3.8 Theorem: Let (X, u) be a Hausdorff uniform space and let { p,, : aeA} be

an augmented associated family of pseudometrics for u . Let f and g be non-
compatible self mappings defined on X satisfying the conditions that
1) lim ffx, = ftand lim gfx, = gt, whenever {x,} is a sequence in X such

N—oo n

that limfx_ =limgx_ =t for sometin X

and
2 For each ae4,

P, (7, Ty) < max{ p,, (9%, gy), P, (%, %), P,, (y. ay). [ P, (Fy.9)+ p,, (7x, gy)] / 2},
whenever the right hand side is positive.

If f and g are R-weakly commuting mappings of type (Ag), then f and g have a
unique common fixed point.

Proof of Theorem 3.8 is similar to that of Theorem 3.5 except for

obvious modifications and hence omitted.
3.9 Corollary (R.P. Pant [7, Theorem 3]): Let f and g be two non-
compatible self mappings defined on a metric space (X, d) satisfying the
conditions that
1) limffx, =ft and limgfx_ = gt, whenever {x.} is a sequence in X

n—o n—0
such that limfx =limgx, =t for sometin X and
n—oo n—oo

(2)  d(fx fy)<max {d(gx, gy).d(fx, gx),d(fy, gy), [d(fy, gx) + d(fx, gy)] / 2} ,
whenever right hand side is positive. If f and g are R-weakly commuting
mappings of type (Ag), then f and g have a unique common fixed point.

Proof: Let A be a singleton and use Theorem 3.8.
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