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COMMON FIXED POINT THEOREMS FOR
PROBABILISTIC &- CONTRACTION MAPPINGS

R. A. RASHWAN

Abstract. In this paper, we establish some common fixed point
theorems for probabilistic ®- contraction mappings on Menger spaces.
our results improve some known results.

1. INTRODUCTION

K. Menger [6] introduced the notion of probabilistic metric
spaces(or statistical metric spaces), which is a generalization of
metric spaces, the study of these spaces was performed extensively,
by B. Schweizer and A. Sklar [8]and [9]. Especially, the theory of
probabilistic metric spaces is of fundamental importance in proba-
bilistic functional analysis. S. M. Mishra [7] obtained a fixed point
theorem for two pairs of compatible mappings on a probabilistic
metric spaces. Also, Y. J. Cho, p. p. Murthy and M. Stojakovic
[1] obtain a fixed point theorem for pairs of compatible of type (A)
on the such space. On the other hand, R. Dedeic and N. Sarapa
[2] proved some theorems on common fixed points for a sequence of
mappings on complete Menger spaces, while S. L. Singh and B. D.
Pant [10] established a fixed point theorem for a family of mappings
in Menger spaces.

Keywords and phrases: Common fixed points, compatible map-
pings of type A, Complete Menger spaces, t- norm.
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In this paper, some common fixed point theorems are proved for
a class of ®- contraction mappings on Menger spaces which improve
some resulte in [1]. [2], [7] and [10].

2. PRELIMINARIES

Let R denote the set of reals, Rt the nonnegative reals and N

denote the set of all natural numbers. A mappings F' : RT — R* is
called a distribution function if it is nondecreasing and left continuous
with inf /' = 0 and sup ' = 1. We will denote A by the set of all
distribution functions.
A probabilistic metric space (briefly, PM-space) is a pair (X, {) where
X is a nonempty set and £ is a mapping from X x X to A. For
(u,v) € X x X, the distribution function F(u,v) is denoted by F,,
The function F),,. are assumed to satisfy the following conditions:

(P1) Fyu(z) =1 forevery x>0 iff w=uo,

(P

(P wo(x) = Fyu(z)  for every w,ve X,
(

2) F

3) F
(P4) if Fuw x 1 and F, ,(y) =1 then F, ,(x+y) =1 for every
u,v,w € X.

ww(0 )— for every u,v € X,

In a metric space (X, d) the metric d induces a mapping F': X x X —
A such that

F(u,v)(x) = F,.(z) = H(z — d(u,v)),

for every u,v € X and x € R, where H is a specific distribution
function defined by

0, <0,
H(z) =
1, =>0.

The following definitions and lemmas are needed in the sequel.
Definition 2.1. ([9])A T-norm is a function t : [0,1] x [0,1] — [0, 1]
which satisfies:

(T1) t(a,1)=a and t(0,0) =0,

(T2) t(a,b) = t(b,a),
(T3) t(e,d)>t(a,b), ¢>a,d>b,
(T4) t(t(a,b),c) = t(a, t(b, c)).
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Definition 2.2. ([8]) A Menger space is an order triple (X, &,t) where
(X, &) is a probabilistic metric space and t is T-norm satisfying:
(P4) Fuo(x+y) > t(Fuw(@), Fue(y)) for allu,v,w e X and z,y >
0

As Schweizer and Sklar [8]pointed out, if T—norm t of Menger space
(X, &, 1) is continuous, then there exists a topology T on X such that
X, 7 is a Hausdorff topological space in the T topology induced by the
family of neighbourhoods {U,(e, \) : x € X, e > 0, A > 0} where

Us(e, ) ={y € X;F,,(e) >1— A}

Definition 2.3. [8] A sequence {x,} in a Meneger space X is said to
be convergent to a point x € X if for every e > 0 and X\ > 0, there is
an integer N (e, \) such that

F,, () >1—=X\ forall n > N(e \)

The sequence {x,} is called a Cauchy sequence if for each € > 0 and
A > 0,there is an integer N (e, \) such that F, ., (€) > 1 — X for all
n,m > N(e N).

For complete topological preliminaries on Menger spaces see, for
example [].

Definition 2.4. ([4])A T-norm t is said to be an h-type T-norm, if
the family {t™(u)}5°_, is equicontinuous at uw = 1, where

t = t(u,u)

t"(u) = t(u, " (u)),m =1,2,...,u € [0,1].
t(a,b) = min{a, b} is an h-type T-norm which is the unique T-norm
such that
t(a,a) > a, Ya € 0,1].

Another example of an h-type T-norm was given in [4].
The following two basic lemmas are due to Fang [3]

Lemma 2.1. Let the function ¢(u) satisfy the following condition:
() ¢(u) : Rt — R* is nondecreasing and Y~ ¢™(u) < 400 for all
u > 0,

where ¢"(u) denote the n-th iterative function of ¢(u). Then ¢p(u) < u.
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Lemma 2.2. Let (X, &, t)be a Menger space with an h-type T-norm t.
Suppose that {x,} C X such that

Fopwonii(0"(1)) > Fyp oy (u)  for u >0,

where the function ¢(u) satisfies the condition (¢). Then {x,} is a
Cauchy sequence.

Recently, G. Jungck [5] proposed a generalisation of concepts of
commuting and weakly commuting mappings in metric space, which
is called compatible mappings.

S. N. Mishra [7] introduced this notion in a Menger spaces as follows.

Definition 2.5. Two self mappings S and T of Menger space
(X, &, 1), where t is continuous will be called compatible if and only
Fsry, 182, (w) — 1 for all u > 0, whenever {z,} is a sequence in X
such that Sx,,, Tz, — z for some z € X.

The following two lemmas are the analogies of proposition 2.2(2(a))
an (1) of G. Jungck [5].

Lemma 2.3. If S and T are compatible self mappings of Meneger
space (X, &,t), where t is continuous and t(u,u) > u for all u € [0,1]
and Sx,,Tx, — z for some z in X ({z,} being a sequence in X),
then T'Sx,, — Sx provided S is continuous.

Lemma 2.4. If S and T are compatible self mappings of Meneger
space (X, &,t), where t is continuous. Then if Sz = Tz for some z in

X, then STz =TSxz.
The following definition and lemmas are due to Cho et al. [1]

Definition 2.6. Let (X, &, t)be a Menger space such that T-norm t is
continuous and S, T be mappings from X into itself. S andT are said
to be compatible of type (A) if

lim Frsg, sse,(w) =1 and Um Fspg, rre,(w) =1, for uw>0,
n—oo n—oo

whenever {x,} is a sequence in X such that lim, . Sz, =
lim,, .o, Tx,, = z for some z € X.

Lemma 2.5. Let (X,&,t)be a Menger space such that T-norm t is
continuous and

t(u,u) > u for all u € [0,1], and let S,T : X — X be mappings. If
S and T are compatible mappings of type (A) and Sz = Tz for some
z€ X, then STz=TTz=TSz=155xz.
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Lemma 2.6. Let (X,&,t) be a Menger space such that T-norm t is
continuous and

t(u,u) > u for all w € [0,1], and S, T : X — X be mappings.
Let S and T be compatible mappings of type (A) and lim,,_.o, Sz, =
lim,, o Tx,, = z for some z € X. Then we have

(1) lim, .o, T'Sx, = Sz if S is continuous at z.
(2) STz=TSz and Sz =Tz if S and T are continuous at z.

3. COMMON FIXED POINTS OF COMPATIBLE MAPPINGS

The following lemma is basic in proving of our first main result.

Lemma 3.1. Let A, B,S and T be self mapping of the Meneger
space (X, &,t), where t is continuous and t(u,u) > u for all u € [0,1]
such that A(X) C T(X) and B(X) C S(X) and let zo € X. If the
condition

(1) (Fap,Bg(9(w)) > t(Fapsp(u), t(Fpgre(u), t(Fsprg(u),
t(Faprg(au), Fpgsp(2u — au))))),

is satisfied for p,q € X and u > 0 and a € (0,2), where ¢ € O, then
there is a Cauchy sequence {y,} in X starting at xo and defined by

Yon—1 = L' Top—1 = Aﬂ?zn—Q,

(2)

Yon = SxQn = Bxanl, n € N.

Proof. Since A(X) C T(X) and B(X) C S(X), we may choose z;
and 9 in X such that

Axg = Txy = y; and Bry = Svy = yo. Inductively, one can define a
sequence {y,} for which

Yon—1 = Txop_ 1 = AI2n—2,

Yon = SS9, = Broy_1.
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By using (1) and (2) and properties of the T-norm ¢, for k; € (0,1)
we have:

Fy2n+1,y2n+2 (¢(U)) = FAxQn,sznH (¢( ))

> t(FAmzn,Smn (u) (FanH T332n+1( ) (FAI2n Txon+1 ((1

FBasni, S22 (1 + K1)u)))),

= t(Fyai1yon (W) 0 F i, (W) (F sy o (1),
E(Fyon1,yon e (1= k)w), Fyyp 0, (1 + K1) u))
E(F o ansn (W) H(F o1 e (W), E(F oy (),

(

(

v

Fy2n+1 Yon41 (u) t(Fy2n+1,y2n+2((k1)u))))
F

t
2f(}712127L,3/271-~-1 (U)), Fy2n+17y2n+2 (klu))

Since t is continuous and the distribution function is left-continuous,
making k; — 1, we have

Fy i1 yomsn (d(u)) > t(Fyzn,y2n+1 (u), Fopir yomsn (u)).
Similarly,

Fy2n+27y2n+3 <¢(u)) 2 t(Fy2n+lay2n+2 (u)7 Fy2n+2yy2n+3 (u))
Therefore

vV 1V

I T~ (P(u)) > t(Fy,  yo(u), Fy,, Yn+1 (u)).

If Fyn 1 yn( ) > Fyn Yn+1 (u ) then Fyn Yn— 1(¢( )) > Fyn 1 yn< ) Wthh iS
contradiction, since ¢(u) < u. Then we have

Fypynia (0(1) = By, (w),

Hence, for any n € N and all u > 0, we have

Eyynir (8" (1)) = Fygy, (w).
By Lemma 2.2, it follows that {y,} is a Cauchy sequence.

Theorem 3.1. Let A, B, S and T be self mappings of a complete Me-
neger space (X,&,t), where t is continuous and t(u,u) > w for all
u € [0, 1], suppose that S and T are continuous, the pairs {A, S} and
{B,T} are compatible and A(X) C T(X) and B(X) C S(X). If there
exists a function ¢ satisfying the condition ® such that for all u > 0,
condition (1) is satisfied, then A, B,S and T have a unique common
fixed point in X.

Y2n,Y2n+1 ( )) ’ t(Fy2n+lyy2n+2 (u))7 Fy2n+1 yY2n+42 (klU)))

— kl)u),
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Proof. From Lemma 3.1, there is a sequence {z,} in X such that

Yon—1 = TTop—1 = Azgp_o,
Yon = SxZn = Bxanl n e N7

and that {y,} is a Cauchy sequence in X. Since X is complete, then
the subsequences

{Axo,}, {Sxon}, {Bron_1} and {Tx, 1} all converge to a point z in
X.

Continuity of S and T implies that SSxy, — Sz and TTx9, 1 — Tz
with the compatibility of {A, S} and {B,T} and Lemma 2.3 give
ASxy, — Sz and BTxy, 1 — Tz. Put p = Sxs, and ¢ = T'xs,_1 in
(1), we have

FAS$2n7BT$2n71 (¢(u)) > t(FASmn,SSwzn (u>’ t<FBT$2n717TT$2n71 (u)7
t(FSSmmTTJEQn—l (u)> t<FASx2n,TT902n—1 (au)v FBTUE%—M SSS@H(ZU - au)))))

Taking n — oo and a — 1, we have

Fs.r.(p(u)) > t(Fs.s:(w), t(Fr.r.(u), t(Fs.r.(u),
t(Fs.r.(u), Fr.s.(u))))).
> Fg.r.(u),
which means that Sz = T'z.
By using condition (1) again, we have
Faz Bras, 1 (0(w) > t(Fazs.(w), t(FBrey, 1 1Twsn o (W), H{Es2 170, (1),
t(Faz1700,1 (W), FBTay, 15 52(w)))))-

Taking n — oo, we have

FSZ7BZ(¢(U)) 2 t(FAz,Sz( ) (FBz Tz( )a t(FSz Tz( )
t(-FAz,Tz( ) FBzaTZ( )))))
which implies that Az = Bz. Therefore Az = Bz = Sz =T'z.
We will prove that z is a common fixed point of A, B, S and T. Putting
p = Z9, and ¢ = z in (1), one gets
FazonB2(0(w) 2 t(Faza, 00, (W), t(Fpz 12 (), H(Fsiy, 12 (1),
t(FAzan,To(u)s B2y ST20(1)))))-
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Taking n — oo, we have

Fz,Bz(¢<U)) > t(F ( ) t<FBz Bz( ) t(Fz,Bz<u>7 Fz,Bz(u)7 FBz,z(u)))))a
(3) > Fz Bz(u)

Hence, z = Bz and z is a common fixed point of A, B, S and T. For
uniqueness, let 2"be another common fixed point such that, 2"# z,

Fz,z’(¢(u)) = FAz,Bz’<¢(u))
> t(Fz,z(u)’ t(Fz',z'(u)7 t(Fz,z'(u)v Fz,z’(u)a Fz,z(u)))))v
> F, Au).

Thus z = 2'and z is a unique common fixed point of A, B, S and 7.
Taking ¢(u) = ku, (0 < k < 1) in Theorem (1) we obtain the following
corollary.

Corollary 3.1. [7] Let A, B, S and T be self mappings of a complete

Menger space (X,&,t), where t is continuous and t(u,u) > u for all

u € [0, 1]. Suppose that S and T are continuous, the pairs {A, S} and

{B,T} are compatible and that A(X) C T(X) and B(X) C S(X). If

there exists a constant k € (0,1) such that for all p,q € X,u > 0 and
€ (0,2), we have

Fap pg(ku) > t(Fapsp(u), t(Fpgrg(u), t(Fsprq(u),
t(Faprq(au), Fpysp(2u — au))))),

then A, B, S and T have a unique common fized point in X.

4. COMMON FIXED POINTS OF COMPATIBLE MAPPINGS
OF TYPE (A)

Now, we prove our second main result.

Theorem 4.1. Let (X,£,t) be a complete Menger space with
t(z,y) = min{z,y} for all x,y € [0,1] and A, B,S,T be mappings
from X into itself such that

(4.1) A(X) CT(X) and B(X) C S(X),

(4.2)  the pair {A,S} and {B, T} are compatible of type (A),

(4.3) one of A, B,S and T is continuous,

(4.4) there exists a function ¢ € ® such that
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(Fap,qg(¢(u)))? = min{(Foprg(u))?, Fsp,ap(w) Frepq(u), Foppq(2u)
FTq,Ap(u% FSP,Aq(U)FT%Ap(U)a FSp,Bq(QU)FTq,Bq(U)}

forallp,q € X andu > 0. Then A, B, S and T have a unique common
fized point in X.

Proof. Since A(X) C T(X), for any 2y € X, there exists a point
x1 € X such that Azg = Tzy. Since B(X) C S(X), for this point
x1, we can choose a point x9 € X such that Bx; = Sz, and so on.
Inductively, one can define a sequence {y,} for which

Yon = Tx2n+1 = Ax2nu

(4) Yont+1 = STopyo = Bropt1, n > 0.

We shall prove that for any n € N and v > 0 F,, .., (¢(u)) >
E

Y2n—1,Y2n (u)
Suppose (4) is not true. Then there exists n € N and u > 0 such

that

(5) Epyonsr (0(0) < Fia s o (W)
If follows from (4.4) and (5) that

(Fyzn,y2n+1 (¢(U))>2 = (FAmn B$2n+1(¢(u))

> min{(FSmn,TmnH (u))27 FS$2n,AfE2n( )FTwan Bzop (U

2

)
FSQ?QnyBI2n+1 (2U)FTI2n+17Ax2n( ) Fsmn AIQn( )FT33271+1 Azxan u)>

Fsmn ,Bront1 (ZU)FT’mnH Bzxapt1 u)v

&

(
(
(
(
yamson (W),
(
(
(
(

= mln{( Y2an—1,Y2n (U»Q’ Fyps an( )F, Y2n,Y2n+1 u),
Eyp i yonis (20) Fypy i, (20), Fyppy s (W) E,
Eon 1 onsr (20) Fyopy o (1),
> min{(Fy,, , ys, (u>) von—1,20 (W) Fyan yanss (0),
H(F o120 (W) Fya on s (1), Fy2n 1yan (W) E(Fyp 1y (1)
)

t
y2n Yon+1 (u) Y2n, Y2n+1
2

> mln{( Y2n,Y2n+1 (u))Q ( Y2n, y2n+1< )) Y Y2n, y2n+1<
Fan:y2n+1< )7 (Fan Yan+1 (u))
= (Fy2n7y2n+l (u))27

&
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a contradiction. Therefore (4) holds

Fy2n7y2n+1 (¢(U)) 2 Fan—lnyn (u) :

Similarly, we obtain

Fy2n+17y2n+2 <¢(u)) Z Fy2nyy2n+l (u) :

Therefore

Fy2n7y2n+1 (¢(u)) Z Fyn—hyn (u)
Hence, for all n € N and u > 0, we have

Fy2n7y2n+1 (¢n (U’)> Z Fynfl »Yn (U) .

By Lemma 1.2, it follows that {y,} is a Cauchy sequence in X. Since
the Menger space (X, &, t) is complete, {y,} converges to a point z in
X and the subsequences { Axa, }, {Swa,}, {Bron—1} and {Txs,_1} also
converge to z.

Now, suppose that T is continuous. Since B and T are compatible of
type (A) by Lemma (2.6),

BTxon1, TTxop 1 — Tz as n — oo.

Putting p = 25, and ¢ = T'z9,41 in (4.4), we have

(FAQ?QTHBCCQTH—I (¢(u)))2 > min{(FSmeTTmnH (u))2>

FSIQn,AIQn (U) FTTCL‘2n+1,BTI2n+1 (U),

FSIQnyBTIQn-Q-l (2u)FTT$2n+1 VAZon (U), FSIZnyAxQn (U)FTTCEQn-!—I VAZon (u) )

stQnyBTx2n+1 (Qu)FTT$2n+1,BTw2n+1 (u)
Taking limit as n — oo, we have

(Fz,Tz((b(u)))Q Z min{(Fz,Tz(u))27 FZ,Z(U)FTZ,TZ(U)7 Fz,Tz(zu); FTz,z<u>
Fz,z(u)FTz,z(u>’ Fz,Tz<2u)FTz,Tz(u)}

> min{(Fz,Tz (U))Q, ]-a (FZ,TZ (U))Q, Fz,Tz (U), Fz,Tz (U)}

(FZ,TZ(U>>27

which implies that Tz = z. Again, replacing p by xs, and ¢ by z in

(4.4), we have
(Fszn,BZ(Cb(u)))z > min{(Fszn,TZ(u))2a FSzy, Ay, (W) Pz B2 (1),
FSmgn,Bz<2u)FTz,szn (U); FTz,Amzn (U)FSrzn,Bz(Qu)}a
Taking limit as n — oo and using Tz = z, we have
(Fz,Bz(¢(U)))2 2 min{(Fz,Tz(u))2> FZ,Z(U)FTZ,BZ(U)> FZ,BZ(2U)FTZ,Z (U),
Fz,z(u)FTz,z(u); Fz,Bz(Qu)FTZ,Bz(u)}
= min{l, Fz,Bz(u>7 Fz,Bz(2u>7 17 (Fz,Bz<u>)2}7
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which implies that Bz = z. Since B(X) C S(X), there exists a point
w in X such that Bz = Sw = z.
by using (4.4) again, we have

(Faw:(6(w)))? = (Fawp=(6(u)))”

> min{(Fsuwr:(1))?, Fow,aw(w) Fr g (1), Fow,p:(2u) Pr. aw(u),
Fow, aw(W) Frz aw(), Fowp-(2u) Fr. p.(u)}

(6) = min{1, F; aw(u), Fr a0(w), (Fx a0 (u )%, 1}
= (Fz,Aw(u))27

which implies that Aw = z. Since A and S are compatible of type (A)
and Aw = Sw = z by Lemma(2.5), we have

Az = ASw = SSw = Sz.

By using (4.4) again, we have Az = z. Therefore Az = Bz = Sz =
Tz = z, that is z is a common fixed point of the given mappings. For
uniqueness, let 2"be another common fixed point such that 2"+ z,

(F.A¢(w)* = (FazpA¢(u)))?
> min{(F,A(u))?, .2 () Fau), Fo A20) i (u),
(7) Fyo(u)Fy.(u), FZ,Z(2U)F2,Z(U)}
= (Fz,Z’(u))27
which means that z = 2. Thus z is a unique common fixed point of
A/ B,S and T.

Taking ¢(u) = ku, (0 < k < 1) in Theorem (4.1) we obtain the follow-
ing corollary,

Corollary 4.1. Let (X,{,t) be a complete Menger space with
t(z,y) = min{x,y} for all x,y € [0,1] and A, B,S,T be mappings
from X into itself such that

(4.1) A(X) CT(X) and B(X) C S(X),

(4.2)  the pair {A,S} and {B, T} are compatible of type (A),

(4.3) one of A, B,S and T is continuous,

(4.4) there exists a constant k € (0,1) such that

(Fap,g(ku))? > min{(Fs,rq(u))?, Fop ap(t) Frgpq(u),
Fsp,Bq(2u) Frg ap(), Fsp aq(w) Fre ap(u), Fsp,pe(2u) Fre pg(u) }
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forallp,q € X andu > 0. Then A, B, S and T have a unique common
fized point in X.

5. SEQUENCE OF ® - CONTRACTION MAPPINGS AND FIXED POINTS

Theorem 5.1. Let (X, ¢, t) be a complete Menger space, where t is an
h—type T—norm and T,, : X — X (n € N) be a sequence of mappings.
Suppose that for any x,y € X,u > 0 and any n,m € N,n # m, the
following condition holds

(8) Fryamya(d(u) 2 Fry(u),
for some r € N where ¢ satisfies the condition (®). Then the sequence

T,, n € N has a unique common fixed point.

Proof. Let 2y € X be an arbitrary and let {z,}, n € N be a sequence
in X defined by
Tp =T 2,1, n€N.
By using (8), we have
Fxn:xn+1 ((b(u)) = FTﬁxnyT;;_’_lxn (¢(u))
Z Fxnflvl'n (U),
for all n € N and u > 0. Thus

Frn,mn+1(¢n<u>> > Frg o ().

By Lemma (2.2), {z,} is a Cauchy sequence in X. Since X is a com-
plete, x, — z* € X.

First, we prove that z* is a fixed point of T;Vj € N. Since ¢ is an
h—type T'— norm, then for any A € (0, 1), there exists § € (0, 1) such
that £(1 — 6,1 —40) > 1 — A. From Lemma (2.2), u — ¢(u) > 0, for any
u > 0. Thus

Fyppaoo(u—¢(u) — 1 and Fy, | .+(u) =1 as n— oo.
This implies that there exists an ng € N such that
Foogp(u—9(u)) >1—0 and Fpeg, o (u) >1-4.

By using (8), for j € N, one gets
Fa:*,Tij* (w) = t(Fm*,mnO (u—o(u)), Fa:no,T}a:* (¢(w)))
 t(Fye (0= (1)), Fry, vy 117 (6(0))),
(9) > t(For g (U — O(0)), Fap 1)
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Thus Fy« rre+(u) = 8(1=96,1—=46) > 1 — A. Since A is arbitrary, we get
Foe 7o (u) =1, Yu > 0. Thus 2* = Tjx* for every j € N, and 2" is a
fixed point of T}

Let 2" be another fixed point of 77, then

Fx*,x(¢(u>) = FTJTI*,T]?“QC'<¢(U))
Z Fm*,:p’(u)7
This is a contradiction, since ¢(u) < u,Vu > 0. Thus 2* = 2"and = is
a unique fixed point of 7. Then, we get
r T,k _ g+l %
T/(T) =T
— 1,(T}a")
=Tz
This implies that Tjx* is another fixed point of T7. Since z* is the
unique fixed point of 77, then z* = Tjx for all j € N, and z"is a

common fixed point sequence {T,,},n € N. for the uniqueness of x* if
possible, let ;1 be another common fixed point of 7},. Then

Fx*,:m (¢(U)) = FTnx*,Tm:m (¢(U))
= FTga;*,T;Lm(Qb(u))
Z Fx*,zl ('LL),

which implies that z* = x7. Thus z* is the unique common fixed point
of {T,,},n € N. The completes the proof.

Corollary 5.1. ([2]) Let (X, &£, t) be a complete Menger space with
continuous T—norm t, where t(a,b) = min{a, b} for a,b € [0,1]. Sup-
pose T, : X — X be a sequence of mappings such that for somer € N
and some k € (0,1), we have

FTT’{HP,T,’{q(kU) > prq(u),

FTﬁvaﬁlq(ku) > Fp7q(u)7

foralln,m € N,p,q € X and every uw > 0. Then the sequence T,,, n €
N has a unique common fixed point.

Theorem 5.2. Let (X,&,t) be a Menger space with continuous
T—norm t, satisfying t(u,u) > u for all u € [0,1] and {S;} : X —
X,i € N. If there exists a function ¢ satisfying the condition (®) and
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a mapping T : X — X such that S;(X) C T(X),i € N and for every
r,y€ X,i,] € Nji# 7

FSiLSiy((b(u)) > min{FTZ,Ty(u)ﬂ FSM,T:E (u)7 FSivay(U’)? FSz‘x,Ty(zu)u Fsiy,TfE<2u)}7

for all uw > 0. If T(X is a complete subspace of X and each S; is
compatible with T, then for each i € N, T and the family {S;} have a
unique common fized point.

Proof. Let zy € X Since 5;(X) C T'(X), choose z; € X such that
Tx; = Sizo = yo. Inductively, one can define a sequence {y,} for
which Tz, = S,z,_1 = y,—1 for n=1,2,... By (5.1), we have

Fy'nfhyn (QS(U,)) = FS7L$n717Sn+1xn(¢(u)) Z
2 mln{FT-Z’n—hTivn (u)7 FSnivn—lyTxn—l (u)7 FSn+1xnyTxn (u)’

anxn 1,TTn (2/11/), an-&-lxn Txp—1 (2”)}
- mln{ Yn—2,Yn— 1( ) Yn—1,Yn— 2(u) YnYn—1 (U’) Yn—1,Yn—1 (2“), Fyn’ynfl (2“)}
Since Fy, 5y, (2u) > min{F,, ., (u), Fy,_, 4, (u)}, thus

oy (O(w) > min{F,, ,,.  (u), Fy, . (u)}.

If min{Fy, .y, (W), Fy, g, (W)} = Fy 4, (u), then we get
Fy (0 ( )) > F,. .y, (u) which is a contradiction. Then

Fyn,yn_1<¢< )) > Fyn 2;Yn— 1(“)

Hence, for all n € N and u > 0, we have

Fyn,yn+1(¢n(u)) > Fyo oy (u).

By Lemma 2.2, it follows that {y,} is a Cauchy sequence in T'(X).
Since T'(X) is complete, then y, — p € T(X). Thus, there exists a
point z in X such that Tz = p. For every n € N,i € N, we have

Fyn—175iz(¢(u)) = anxn—l,siz(¢(u)) >
> min{ Fr,u, ,7:(0), Fspa, 1 Tan (W), Fspzra(0), Fs,z 1 12(20), Fsi210, , (2u) }.
Taking limit as n — oo, we have
FTZ,SiZ(¢(u>) Z min{la 1a FSiz,Tz(u)y 1a FSiz,Tz(Qu)}
= FSiz,Tz (u>
Thus S;z = Tz = p for every ¢ € N. Since each S; is compatible with

T, then from Lemma 2.4, T'S;z = S;Tz i.e. Tp = S;p. To prove that p
is a common fixed point of {S;} and T

Fyn,Tp<¢(u)) = F5n+1zn,S¢p(¢<u>> >
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> min{Fy,_, rp(u), Fy, g, (), Fsprp(u), Fy, 1p(20), Fspy, -, (2u)}-
Taking limit as n — oo, we have

Forp(o(w)) > min{F, r,(u), 1,1, F,1,(2u), Fp1p(2u)}
= Fprp(u).
Thus p = Tp = S;p for every i € N and p is a common fixed point for

T and the family {S;},i € N. For uniqueness of p, if possible, let ¢ be
another common fixed point for 7" and {S;}. Then

Foaldl) = Fssa(60)
> mind Fryp,q(w), Fop,rp(4), Fs;q7q(0), Fs,p.rq(20), Fsjqmp(20) }
= szq<u)’

Thus p = ¢ and p is the unique common fixed point for 7" and the
family {S;},i € N.

Taking ¢(u) = ku, (0 < k < 1) in Theorem (5.2) we obtain the follow-
ing corollary.

Corollary 5.2. [10] Let (X,&,t) be a Menger space with continuous
T—norm t, satisfying t(u,u) > u for all u € [0,1] and {S;} : X —

X,i € N. If there exists a constant k € (0,1) and a mapping T : X —

X such that S;(X) C T(X),i € N and for every z,y € X,i,j € N,i #

g

FSiI,Siy(ku) > min{FTf,T?J(u)? FSiI,Tr (u)7 FSiy,Ty(u)y FSi%Ty(zu)? FSiy,Tz(2u>}7

for all w > 0. If T(X is a complete subspace of X and each S; is
commutes with T, then for each i € N, T and the family {S;} have a
unique common fized point.
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