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CHARACTERISTIC PROPERTIES OF THE
INDICATRIX GIVEN BY A RANDERS CHANGE

RYOTA SHIMIZU AND MASASHI KITAYAMA

Abstract. C. Shibata [6] investigated the theory of a change which
was called a (3-change of Finsler metric. We study the behavior of indi-
catrices given by special 3-changes, in particular by a Randers change.

1. INTRODUCTION.

In 1984 C. Shibata [6] investigated the theory of a change which was
called a [-change of Finsler metric. Many authors treat indicatrices
2], [4], [5], [6], [7]. In the present paper, we shall study the behavior
of indicatrices given by special (3-changes. In the first section, we
shall give the definitions of some special Finsler spaces. In the
second section, we consider indicatrices given by a Randers change
(L=L+p).

The terminology and notations are referred to Matsumoto’s mono-
graph [5].

8§1. The definitions of some special Finsler spaces. Let
M be an n-dimensional differentiable manifold and F™ = (M, L) be a
Finsler space equipped with a fundamental function L(x,y)(y’ = ")

on M and we shall introduce in F™ the Cartan connection
CF = (szk7NZj, C]Zk,).
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Definition 1. A Finsler space F™(n > 2) is called P2-like, if there
exists such a covariant vector field P; that the hv-curvature tensor P,
of F™ is written in the form

Priji = PoCiji, — PiChji.

Then we have already known the following.

Theorem A.[3] Assume that a Finsler space F" is P2-like. Then
the hv-curvature tensor Ppr of F™ wvanishes, or the v-curvature
tensor Shiji of F"vanishes.

Definition 2. A Finsler space F"(n > 3) is called R3-like, if

the third curvature tensor Ry, of Cartan is expressed in the form
Ryiji = gnjLik + gikLnj — gnieLli; — 9ij Lk,

where Liy = (R, —7gir/2)/(n—2), Rnj = R, and r = R, /(n—1).

For the (v)hv-torsion tensor Py;; and the (h)hv-torsion tensor
Chij, putting

*Prij = Phij — AChij,
where the scalar A\ is homogeneous of degree one with respect to i
and is given by P,C"/C;CV for C; # 0.
Definition 3. A Finsler space F™(n > 2) is called a* P-Finsler space,
if *Poij = 0.

Definition 4. A Finsler space F™ is called a Landsberg space,
if the (v)hv-torsion tensor Pyj =0 .

Definition 5. A non-Riemannian Finsler space F"(n > 4) is
called S4-like, if the v-curvature tensor Spij, s written in the form

LQShijk = hpj My + higMpy; — b Mij — hij Mg,

where M;; is a symmetric and indicatory tensor.

Then we have already known the following.
Theorem B.[8] Assume that a Finsler space F™(n > 4) is an R3-like
(non-Landsberg) * P-Finsler space. Then F™ is S4-like .

Theorem C.[8] An R3-like Landsberq space F"(n > 3) is a
Finsler space satisfying Shijr = 0 , or a Riemannian space of constant
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curvature.

Theorem D.[6] If a Finsler space F"(n > 4) is S4-like, the
Finsler space F™, obtained from F™ by a Randers change, is also
S4-like.

82. Indicatrices given by a Randers change. The tan-
gent space F, at each point x of F" is regarded as an n-dimensional
Riemannian space with the fundamental tensor g;;(z,y), where
x = (2') is fixed. Then in terms of the Cartan connection CT of F",
components Cji . of the (h)hv-torsion tensor are Christoffel symbols
of F, and the v-curvature tensor S’ ;; is the Riemannian curvature
tensor of F,. The indicatrix I, at a point x is a hypersurface of the
Riemannian space F, which is defined by the equation L(z,y) = 1,
where z is fixed. Consequently I, is regarded as an (n-1)-dimensional
Riemannian space.

Now we consider a special (3-change called a Randers one which is
defined by L = L + 3, where B(= b;(x)y') is a non-zero 1-form on
M. By the Randers change L;; = h;;/L is invariant, where h;;is the
angular metric tensor. From now on, we shall call a tensor which is
invariant under the Randers change an R-invariant tensor. For the

v-curvature tensor Shijk, putting
(2.1)

S*nijk = [Shijk + A r) LhijSnk + PnSiz — Shijhae/(n —2)}/(n = 3)]/ L,

we get S*p;j, is R-invariant [6], where we use the notation Ay to
denote the interchange of indices j, k and subtraction.

For the S4-likeness, we have the following theorems.
Theorem E.[7] If a Finsler space F"(n > 4) is S4-like, then the
indicatriz I, is conformally flat.

Theorem F.[6] A non-Riemannian Finsler space F"(n > 4) is
S4-like, if and only if the R-invariant tensor S, vanishes.

From Theorem A , (2.1) , Theorem F , Theorem D and Theo-
rem E we immediately get

Theorem 1. Assume that a Finsler space F"(n > 4) is P2-like.
Then the indicatriz I, of F™, obtained from F™ by a Randers change,
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is conformally flat provided that Prj, # 0 .

From Theorem B , Theorem D and Theorem E we immediately
get
Theorem 2. Assume that a Finsler space F"(n > 4) is an R3-like

(non-Landsberg) *P-Finsler space. Then the indicatriz I, of F™,
obtained from F™ by a Randers change, is conformally flat .

From Theorem C , (2.1) , Theorem F |, Theorem D and Theo-
rem E we immediately get

Theorem 3. Assume that a Finsler space F™(n > 4) is an R3-like
Landsberg space . If F™ is not a Riemannian space of constant
curvature , then the indicatriz I, of F", obtained from F™ by a
Randers change, is conformally flat .

Theorem G.[1] Assume that a Finsler space F™"(n > 2) is a
*P-Finsler space. If the hv-curvature tensor Pyj is symmetric in j,
k, then Ppiji=0 , or the v-curvature tensor Spijr = 0 .

From Theorem G , (2.1) , Theorem F |, Theorem D and Theo-
rem E we immediately get

Theorem 4. Assume that a Finsler space F™(n > 2) is a *P-Finsler
space. If the hv-curvature tensor P, is symmetric in j, k, then
the indicatriz I, of F™, obtained from F™ by a Randers change, is
conformally flat provided that Pji, # 0.

By a (-change the wv-curvature tensor Shijk changes as follows
[6]:

(2-2) h jk — 5: ' ik ‘|’ka (Cmikvhn} - Ohmkvmij - Vmith”})7
Vil = (th Ch

In the case of Randers change, from (2.2), we get

Theorem 5. Let S,'; = Agwy (C Vo' + Vi, il Vi — CLll V™).
Then we have Shijk = 0, where Vzhj = C'Wbrlh/u + (2m;m; +
m2hij)I" [2Lp* — (h"m; + b 'm; 4+ hygm") [20, p = L/ L, m* = g¥m;m;
and m; = b; — By; /L.



THE INDICATRIX GIVEN BY A RANDERS CHANGE 221

We have already known the following.

Theorem I.[5] The v-curvature tensor Spijr of a Finsler space
F™(n > 2) vanishes at a point x, if and only if the indicatriz I, is of
constant curvature 1.

Using Theorem 5 and Theorem I, we have A A
Theorem 6- L@t Shzjk’ == Q[(]k;)(chn’;cvmlj + szkvhn; - C Zkvhn;)

m

Then the indicatriz I, of F™, obtained from F™(n > 2) by a Randers
change, is of constant curvature 1.
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