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INFINITESIMAL MOTIONS OF THE 2 -7 STRUCTURES
ON THE TANGENT BUNDLE

VICTOR BLANUTA, MANUELA GIRTU and VALENTIN GIiRTU

Abstract. We define the motion of an almost 2—7 structure on the
tangent bundle and study the main properties of these. We study here the
existence and arbitrariness of d-connection DI'(N) determining all these

connections. Finally we determine the infinitesimal motions of this structure
and we study the properties of these motions.

INTRODUCTION
M. Yawata studied in [7] the infinitesimal transformations and
motions on a vector bundle establishing the main properties of these. We have

defined an almost 27 structure on TM as a d-tensor field (0} (x, y) with the

property (pijgokj = /125|i( , A being nonvanish complex number [1], [2], [3]
For A = +i, we have an almost complex d-structure on TM and for A =+1, we
get an almost product d-structure on TM. We study the existence and
arbitrariness of d-connection DI'(N) for which ("}Ik =0, (p} l,=0and
determine all d-connections DF(N) with these properties [1], [2]. These
connections and the composition of the mapping give us a groupG, _ .

Finally we determine the infinitesimal motions of goij establishing the

equations (3.10) and the consequences (3.14). There are also studied the main
properties of these motions.
Some notations and fundamental result are taken from the book [6].
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l. PRELIMINARIES
Let M be an n-dimensional (n=2p) differentiable manifold of class

C”and (TM, 7z, M) it is tangent bundle. The canonical coordinates of a point

(X, y)e ™ are(xi, yi ), where indices 1, |, K,... take the valuesl, 2,...,n.
A local coordinate transformation on TM is given by

. i .
20,y :%y’.

j

(1.DHX' = Yi(x', xz,...,x”), det ZY
X

Let \Y be the vertical distribution on ™,
ieV:u=(x,y)eTM -V, eT,TM, for any pointu e TM . Then V is an

integrable distribution having {ayi} as adapted basis.

A nonlinear connection N is a C”-distribution on TM with the

property
1.2)T,TM =N, ®V,

for any point U € TM . N will be called a horizontal distribution on TM.
Locally it is characterized by an adapted basis
132 -9 _ N 2
&' ox' oy’
where the function Nij (x, y) are the coefficients of the nonlinear connection
N.

Then (i, ﬁ} are the local basis of F(TM)-module of vector
X' oy
fields X (TM ), adapted to the supplementary distribution N and V. We denote
these basic shortly by (Si , 8i) and call it adapted basis. The dual basis are
given by
(14ydx', &' =dy' +Njax).
A vector field X € X (TM ) is uniquely expressed in the form
(1.5 x =xH 4 xV xHen, xV ev
and for 1-form
(1.6) o= +@’
where o' (XV ): 0 and &’ (X H ): 0.
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A tensor field t € T, (Tl\/l ) is called distinguished tensor field (shortly
d-field) if it has the properties:

(1.7) t(@,,...,0,, X,,...
for  wo=0" o ©=0(=1.,r) ad X =X or
X;=X{,(i=12...5).

For example X", X" are d-tensor fields and »", " are d-fields 1-

form.

The components of a d-tensor field on TM determine d-tensor fields on
M and with respect to (1.1), they are transformed by classical rule.

We remark that F(TM)-linear mapping J : X (TM )—) X (TM ) defined

(1.8) J[ﬂlj :ii, J(il) =0
OX oy oy

is globally defined on TM. It has the property J° =0and is an integrable
structure called tangent structure on TM.

A linear connection D on TM is called distinguished connection if D
preserve by parallelism the horizontal distribution N and the tangent structure
is absolute parallel with respect to D.

We write

by

(19) D =D_,,,D) =D

where D" and DY are the h-and-v- covariant derivatives in the algebra of d-
tensor fields T,(TM) c T(TM ), respectively.

When the nonlinear connection N is given, d-connection D on TM is
completely determined by its coefficients:

(1.10) Dy &) =Fj6i:D5 dj =Fjdis Dy 85 =Cidi; Dy 85 =Clidi-

We shall denote the system of the coefficients of D by
DI'(N)=(FL, Cl, ). Whether N is fixed it is denoted by DI'=(N', F}, C%,).

If we write the torsion tensor field T of DF(N) in the adapted basis
(54, 5i) as follows:

XH) Xv

T(§k=5j ):Tjik§i +-F,La|
(1.11) {T(8,,8,)=Pis, +PL4,
T(6,,8,)=58,
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then the coefficients T! , T P Pj'k,

Jko Tk ko

T =Fl —Fg. Tie =R'jk =6k Nj =8Nk,

S }k are uniquely determined by

(1'12) i i i i i
ij—CJk,PJk—akN ijesjk:Cjk_ij
2. ALMOST2 — 7z STRUCTURES ON TM
Definition 2.1 A d-tensor field gp} (X, y) of type (1.1) on TM is

called an almost 2 — 7z structure if it has the property
2.1) pjpy = +4°5,
where A is a complex number.
For A =+i, (p} is an almost complex structure on TM and for 4 = +1,

@; 1s an almost product structure on TM.
On TM, there exist almost 2 — 7z structures; one of them is given by
(22) ¢} = 5.
This is a nontrivial tensor field because its lift to TM is not generally
integrable.
Evidently rank H(Dl H =N and the mapping ¢:X e X4(M)— X € X4(M)
is an isomorphism, where X4(M) is the module of d-vector fields on TM.

Obata’s operators of the structure (0} are given by

23) 0] = (%5 b (ph(z)k ] o)) - (%5 12 oho, j .
A2 A
o o ! o ! o !

Let DI'=(Nj,F jk,C jk) be a fixed d-connection on TM and @ the
d-tensor field, given by

(2.4) @ =l (x, y)5, ®dx’.

Definition 2.2 A d-connection D is called an almost 2 -7 d-
connection if it satisfies

(2.5) Dy® =0,

for any vector field on TM.

This condition is equivalent to

(2.5°) Df®=0,D;®=0.

When (o} and N} are given by direct calculation, we have:
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o o o

Theorem 2.1. Let DI'=(N i F ik, C jk) be a fixed d-connection on

TM. Then there exist an almost 2z d-connection DI'whose coefficients are
given by
i i i
Y IS S [ RS I E [ T
(2.6) Nj=Nj,Fj=Fjk-——=0jo . ,Cjx =Cjk——=0jo I\
24 i 24

The connection DI" given by (2.6) is called almost 2 d-connection
on TM with respect to the 27 d-structure gp} .

Using (2.5) we can prove

Theorem 2.2. The set of all almost 2z connection is given by

i i i

- o o

Nj=Nj-Xj,Fjx=F jk+Cjm Xy -
@7 —2—2<o§“ ¢, +omli Xk |+ O] Yk,

o

N 1 - (o] . I
ciy =c,-k—§¢,m(¢:n |k]+ozﬁ"zmk

where DT is a fixed d-connection and |,| we denote h and v-covariant

derivatives with respect to Dlo“, and X ; Y jik ,Z }k are arbitrary d-tensor field
respectively.

From (2.6), the transformations DI'(N)— DI'(N) between two
almost 27 d-connections are given by

(2.8) Ifjlk = Fjik +Op X Ejik = C}k +Orlr:jYII£n

where X,',Y, are arbitrary —tensor fields. Therefore, we have

Theorem 2.3. The set of all transformation (2.7) together with the
mapping product form are Abelian group G,, which is isomorphic with the

additive group of the pair of d-tensor fields: (OrIT'U- Xik» Otl,'ijkn )
3. INFINITESIMAL MOTIONS OF AN ALMOST 2 — 7 d — STRUCTURE

Let us consider an infinitesimal transformation on TM, determined by
a vector field v'(x) on M [7].
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B.D) X =x' +vi(x)dt,y' =yt +y"a, v'dt.
Thus the Lie derivation of a d-tensor field go} (X, y) is given by
(3.2) Loj(x, y)=0,0] — 9 0,V' + 9,0 V"
where 0, is the operator defined by
(3.3) 6, =v"d,_ +y"d, V0,
0
m 8y'" .

and we denote 0, = —

We can give
Definition 3.1. An infinitesimal transformation (3.1) is called an

infinitesimal motion for an almost 27 d-structure ¢|(x,y) if the Lie

derivative L(p} (x, y) vanishes:

(3.4) Loj(x, y)=0.

Taking account of (3.2) we can state the following:
Theorem 3.1. An infinitesimal transformation (3.1) is a motion for an

almost 27 d-structure go} , if and only if the following equations are satisfied
(3.5) Oy} —9T oV +opa v™ =0.
Using (2.1) we have
(3.6) ¢ Lol + (Lo} b =0.
Consequently, we have:
Theorem 3.2. If (3.4) holds, then we have

(3.7) LOL(x, ¥)=0,L Ok (x, y)=0.
Now, let us consider an almost 27, d-connection DI'(N )= (F i C}k)

with respect to @] . Of course DF(N) is given by (2.7), with X =0. Hence it
can be expressed by
i
. o 1 . -
(3.8) Fj =F jk—ﬁwﬁngol L +OY L
m|k

i | mi— i
Cjk:Cjk_ﬁ¢j¢m|k+ojl Z oy
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OI OI

where DI:(N ) = [F ik, C ij is a fixed d-connection, and Y., Z }k are arbitrary

ik>

d-tensor fields.
Any d-connection DI'(N)= (F jik , C}k) defined by (3.8) has the
property:
(3.9) @) =0, 9 [,=0.
We consider one of these d-connections.
Now, by virtue of (3.8) we can express the Lie derivative Iv_(p; in new

form [6] and can formulate Theorem 3.1 in the following manner
Theorem 3.3. The infinitesimal transformation (3.1) is a motion of an

almost 27z d-structure ¢}(x,y) if and only if the following equation is
satisfied

(3.10) — @}y, + v + (v vi vy 0l =0
where the covariant derivatives are taken with respect to an almost 2z d-
connection DI'(N).

The d-tensor D =y’ is called the h-deflection tensor field of DI'(N).

We remark that for a d-connection DF(N)z(Fi C}k) the Lie

jk>

derivatives IV_ F jik, IV_C }k , with respect to (3.1)are given by

LFL (x,y)=6,FL —FMo v —Fl o ,v™ +Fl o,v™+0;0,V'
k\7™ vk k“m k9] im“k 9k

@3.11) v o "

bCijk(x, ¥)=0,Clj ~CRomv' +Cld V™ +Cinav™.

If we denote by the covariant derivative with respect to Berwald
connection BI'(N )= (Bijk,ol Bijk =0;N,, then we have the following Lie

C¢||”

brackets:
- 0u1= 09 ™ b + V™Rl + [y ™V "y ) 1

[8k: 9\,]: {VmBIEm +6k(ymv\rm —me|rm Or
We can prove
Theorem 3.4. If ti(x,y) is a d-tensor field and DI'(N) is a d-

connection, then we have the following formulas:

(3.12)
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(Lt‘jj —Lt‘”k:—thFr‘k +t‘r|_Fjrk+
v K Vv
{v Ry y My —y™ y ) }8t
(3.13) km TV Vim =V Yim g Pr
( )‘k—LtJ |k——t LCrk+t LCJk-l-
' ' Vv

ey -y ot
Proof. By a straightforward calculation we get
Lt)) =6.(at; —tja,v +ta v )+ Fiy LtT —FT Lt

Vi
Lt =6 (St + FLT —FIt )=t o v+t 0 v+t 8"
Therefore, taking account of (3.10) and (3.11), we have the formulas

(3.12). g.e.d.
Applying these formulas we have:

Theorem 3.5. If (3.1) is an infinitesimal motion of an almost 2z d-
structure ¢! and DI'(N) is an almost 27 d-connection with respect to ¢!,

then we have
o LR 0 AR ) o
P LCl + gl LC) + i + 0, (y"vi, V"1 ), =0
Proof. Indeed, if (3.1) is an infinitesimal motion for(o}, we

have Lgo} =0. DI'(N) being an almost 2z d-connection, we get

@}\k =0, (0} lk=0.
Applying the formulas (3.12) for t} = (p} we have the equations (3.14).
Remark. All this theory can be particularized for the almost complex

d-structure go; on TM taking A=+i and for the almost product d-structure

(p} on M, taking A = £1.
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