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INFINITESIMAL MOTIONS OF THE π−2  STRUCTURES  
ON THE TANGENT BUNDLE 

 
VICTOR BLĂNUŢĂ, MANUELA GÎRŢU and VALENTIN GÎRŢU 

 
Abstract.  We define the motion of an almost π−2  structure on the 
tangent bundle and study the main properties of these. We study here the 
existence and arbitrariness of d-connection ( )NDΓ  determining all these 
connections. Finally we determine the infinitesimal motions of this structure 
and we study the properties of these motions. 
 

 INTRODUCTION 
 M. Yawata  studied in [7] the infinitesimal transformations and 
motions on a vector bundle establishing the main properties of these. We have 
defined an almost π2 structure on TM as a d-tensor field ( )yxi

j ,ϕ  with the 

property i
k

j
k

i
j δλϕϕ 2= , λ  being nonvanish complex number [ ] [ ] [ ]3,2,1 . 

For i±=λ , we have an almost complex d-structure on TM and for 1±=λ , we 
get an almost product d-structure on TM. We study the existence and 
arbitrariness of d-connection ( )NDΓ  for which 0|,0| == k

i
j

i
kj ϕϕ and 

determine all d-connections ( )NDΓ  with these properties [1], [2]. These 
connections and the composition of the mapping give us a group π2G . 

 Finally we determine the infinitesimal motions of j
iϕ  establishing the 

equations (3.10) and the consequences (3.14). There are also studied the main 
properties of these motions. 
 Some notations and fundamental result are taken from the book [6]. 
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1.  PRELIMINARIES 
 Let M be an n-dimensional (n=2p) differentiable manifold of class 

∞C and ( MTM ,, π ) it is tangent bundle. The canonical coordinates of a point 
( ) TMyx ∈,  are ( )ii yx , , where indices K,,, kji  take the values n,,2,1 K . 
 A local coordinate transformation on TM is given by 

 (1.1) ( ) j
j

i
i

j

i
nii y

x
xy

x
xxxxxx

∂
∂

=≠
∂
∂

=
~~,0

~
det,,,,~~ 21 K . 

 Let V be the vertical distribution on TM, 
i.e. ( ) TMTVTMyxuV uu ∈→∈= ,: , for any point TMu∈ . Then V is an 

integrable distribution having 
⎭
⎬
⎫

⎩
⎨
⎧

∂
∂

iy
 as adapted basis.  

 A nonlinear connection N is a ∞C -distribution on TM with the 
property  

uuu VNTMT ⊕=)2.1(  
for any point TMu∈ . N will be called a horizontal distribution on TM. 
 Locally it is characterized by an adapted basis 

(1.3) i
j

iii y
N

xx ∂

∂
−

∂

∂
=

δ

δ  

where the function ( )yxN j
i ,  are the coefficients of the nonlinear connection 

N. 

 Then 
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂

∂
ii yx

,
δ

δ  are the local basis of F(TM)-module of vector 

fields ( )TMX , adapted to the supplementary distribution N and V. We denote 
these basic shortly by ( )ii ∂δ &,  and call it adapted basis. The dual basis are 
given by 

(1.4) ji
j

iii dxNdyydx +=δ, . 

 A vector field ( )TMXX ∈  is uniquely expressed in the form 

(1.5) VXNXXXX VHVH ∈∈+= ,,  
and for 1-form 

(1.6) VH ωωω +=  
where ( ) 0=VH Xω  and ( ) 0=HV Xω . 
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 A tensor field ( )TMTt r
s∈  is called distinguished tensor field (shortly 

d-field) if it has the properties: 
(1.7) ( ) 0,,,, 11 =sr XXt KK ωω  

for H
i ωω =  or ( )riV

i ,,1K== ωω  and H
jj XX =  or 

( )sjXX V
jj ,,2,1, K== . 

 For example VH XX , are d-tensor fields and VH ωω ,  are d-fields 1-
form. 
 The components of a d-tensor field on TM determine d-tensor fields on 
M and with respect to (1.1), they are transformed by classical rule. 
 We remark that F(TM)-linear mapping ( ) ( )TMXTMXJ →:  defined 
by 

(1.8) 0, =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

iii y
J

yx
J  

is globally defined on TM. It has the property 02 =J and is an integrable 
structure called tangent structure on TM. 
 A linear connection D on TM is called distinguished connection if D 
preserve by parallelism the horizontal distribution N and the tangent structure 
is absolute parallel with respect to D. 
 We write 

(1.9) VH X
V
XX

H
X DDDD == ,  

where HD  and VD  are the h-and-v- covariant derivatives in the algebra of d-
tensor fields ( )TMTTMTd ⊂)( , respectively. 
 When the nonlinear connection N is given, d-connection D on TM is 
completely determined by its coefficients:  
 (1.10) i

i
jkjki

i
jkjki

i
jkjki

i
jkjk CDCDFDFD ∂=∂=∂=∂= ∂∂

&&&&
&& ;;; δδδδ δδ . 

 We shall denote the system of the coefficients of D by 
( ) ( )i

jk
i
jk CFND ,=Γ . Whether N is fixed it is denoted by ( )i

jk
i
jk

i
j CFND ,,=Γ . 

 If we write the torsion tensor field T of ( )NDΓ  in the adapted basis 
( )ii ∂&,δ  as follows: 

(1.11) 
( )
( )

( )⎪
⎩

⎪
⎨

⎧

∂=∂∂
∂+=∂
∂+=

i
i
jkjk

i
i
jki

i
jkjk

i
i
jki

i
jkjk

ST
PPT
TTT

&&&

&&

&

,

~,

~,
δδ
δδδ
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then the coefficients i
jk

i
jk

i
jk

i
jk

i
jk SPPTT ,~,,~,  are uniquely determined by  

  (1.12) 
i
kj

i
jk

i
jk

i
kj

i
jk

i
jk

i
jk

i
jk

i
kj

i
jk

i
jk

i
jk

i
kj

i
jk

i
jk

CCSFNPCP

NNRTFFT

−=−∂==

−==−=

,~,

,~,

&

δδ
  

 
2.  ALMOST π−2  STRUCTURES ON TM  

Definition 2.1  A d-tensor field ( )yxi
j ,ϕ  of type (1.1) on TM is 

called an almost π−2 structure if it has the property 
(2.1) i

k
i
k

i
j δλϕϕ 2+=  

where λ  is a complex number. 
 For i±=λ , i

jϕ  is an almost complex structure on TM and for 1±=λ , 
i
jϕ  is an almost product structure on TM. 

 On TM, there exist almost π−2  structures; one of them is given by 
(2.2) i

j
i
j λδϕ = . 

 This is a nontrivial tensor field because its lift to TM is not generally 
integrable. 
 Evidently rank ni

j =ϕ  and the mapping ( )MXXMXX dd ∈→∈ ϕϕ )(:  

is an isomorphism, where ( )MX d  is the module of d-vector fields on TM. 
 Obata’s operators of the structure i

jϕ  are given by 

 (2.3) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+= j

k
i
h

j
k

i
h

ij
hk

j
k

i
h

j
k

i
h

ij
hk OO ϕϕ

λ
δδϕϕ

λ
δδ

2
*

2
1

2
1,1

2
1 . 

 Let ),,(
i

jk

i

jk

i

j CFND
oooo

=Γ  be a fixed d-connection on TM and Φ  the 
d-tensor field, given by 
 (2.4) ( ) j

i
i
j dxyx ⊗=Φ δϕ , . 

Definition 2.2  A d-connection D is called an almost π−2  d-
connection if it satisfies 

(2.5) 0=ΦXD , 
for any vector field on TM. 
 This condition is equivalent to  

(2.5’) 0,0 =Φ=Φ V
X

H
X DD . 

 When i
jϕ  and i

jN  are given by direct calculation, we have: 
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Theorem 2.1. Let  ),,(
i

jk

i

jk

i

j CFND
oooo

=Γ  be a fixed d-connection on 

TM. Then there exist an almost π2  d-connection ΓD̂ whose coefficients are 
given by 

 (2.6.) k
i
l

l
j

i

jk
i
jk

k

i

l

l
j

i

jk
i
jk

i

j
i
j CCFFNN

oooo

o |
2

1,
2

1, 2
|

2 ϕϕ
λ

ϕϕ
λ

−=−==  

 The connection ΓD̂  given by (2.6) is called almost π2  d-connection 
on TM with respect to the π2  d-structure i

jϕ . 
 Using (2.5) we can prove 

Theorem 2.2. The set of all almost π2  connection is given by 

 (2.7) 

l
mk

mi
jlk

i
m

m
j

i

jk
i
jk

l
mk

mi
jl

l
kl

i
m

k

i

m

m
j

m
k

i

jm

i

jk
i
jk

i
j

i

j
i
j

ZOCC

YOX

XCFFXNN

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

+⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+−

−+=−=

oo

o

ooo

o

|
2

1

,|
2

1

,

2

|
2

ϕϕ
λ

ϕϕϕ
λ

 

where 
o

ΓD  is a fixed d-connection and 
oo

|,|  we denote h and v-covariant 

derivatives with respect to  
o

ΓD , and i
jk

i
jk

i
j ZYX ,,  are arbitrary d-tensor field 

respectively. 
 From (2.6), the transformations ( ) ( )NDND Γ→Γ  between two 
almost π2  d-connections are given by 

(2.8) m
lk

li
mj

i
jk

i
jk

m
lk

lj
mk

i
jk

i
jk YOCCXOFF +=+= ,  

where m
lk

m
lk YX ,  are arbitrary –tensor fields. Therefore, we have  

Theorem 2.3. The set of all transformation (2.7) together with the 
mapping product form are Abelian group π2G which is isomorphic with the 

additive group of the pair of d-tensor fields: ( )m
lk

li
bj

m
lk

li
mj YOXO , . 

 

3.  INFINITESIMAL MOTIONS OF AN ALMOST π−2  d – STRUCTURE 
 Let us consider an infinitesimal transformation on TM, determined by 
a vector field ( )xvi  on M [7].  
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(3.1) ( ) dtvyyydtxvxx i
m

miiiii ∂+=+= `,` . 
 Thus the Lie derivation of a d-tensor field ( )yxi

j ,ϕ  is given by  

(3.2) ( ) m
j

i
m

i
m

m
j

i
jv

i
jv

vvyxL ∂+∂−= ϕϕϕθϕ ,  

where vθ  is the operator defined by  
(3.3) s

s
m

m
m

m
v vyv ∂∂+∂= &θ  

and we denote mmmm yx ∂
∂

=∂
∂
∂

=∂ &, . 

We can give 
Definition 3.1. An infinitesimal transformation (3.1) is called an 

infinitesimal motion for an almost π2  d-structure ( )yxi
j ,ϕ  if the Lie 

derivative ( )yxL i
jv

,ϕ  vanishes: 

(3.4) ( ) 0, =yxL i
jv

ϕ . 

Taking account of (3.2) we can state the following:  
Theorem 3.1. An infinitesimal transformation (3.1) is a motion for an 

almost π2  d-structure i
jϕ , if and only if the following equations are satisfied 

(3.5) 0=∂+∂− m
j

i
m

i
m

m
j

i
jv vv ϕϕϕθ . 

Using (2.1) we have 
(3.6) ( ) 0=+ i

k
i
jv

j
kv

i
j LL ϕϕϕϕ . 

Consequently, we have: 
Theorem 3.2. If (3.4) holds, then we have 

(3.7) ( ) ( ) 0,,0, * == yxOLyxOL ij
hkv

ij
hkv

. 

Now, let us consider an almost π2 , d-connection ( ) ( )i
jk

i
jk CFND ,=Γ  

with respect to i
jϕ . Of course  ( )NDΓ  is given by (2.7), with 0=i

jX . Hence it 
can be expressed by  

(3.8) l
mk

mi
jl

i

km

m
j

i

jk
i
jk YOFF +−=

o

o

|
22

1 ϕϕ
λ

, 

i
mk

mi
jlk

i
m

m
j

i

jk
i
jk ZOCC +−=

oo

|
2
1

2 ϕϕ
λ
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where ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=Γ

i

jk

i

jk CFND
ooo

,  is a fixed d-connection, and i
jk

i
jk ZY ,  are arbitrary 

d-tensor fields. 
 Any d-connection ( ) ( )i

jk
i
jk CFND ,=Γ  defined by (3.8) has the 

property: 
(3.9) 0|,0| == k

i
j

i
kj ϕϕ . 

 We consider one of these d-connections. 
 Now, by virtue of (3.8) we can express the Lie derivative i

jv
Lϕ  in new 

form [6] and can formulate Theorem 3.1 in the following manner 
 Theorem 3.3. The infinitesimal transformation (3.1) is a motion of an 
almost π2  d-structure ( )yxi

j ,ϕ  if and only if the following equation is 
satisfied 
 (3.10) ( ) 0|||| =∂−++− i

jm
m
k

km
k

kk
j

i
k

i
k

k
j yvvyvv ϕϕϕ &  

where the covariant derivatives are taken with respect to an almost π2  d-
connection ( )NDΓ . 
 The d-tensor m

k
m
K yD |=  is called the h-deflection tensor field of ( )NDΓ . 

 We remark that for a d-connection ( ) ( )i
jk

i
jk CFND ,=Γ  the Lie 

derivatives i
jkv

i
jkv

CLFL , , with respect to (3.1)are given by  

 (3.11) 
( )
( )⎪⎩

⎪
⎨

⎧

∂+∂+∂−=

∂∂+∂+∂−∂−=

.,

,
m

k
i
jm

m
j

i
mk

i
m

m
jk

i
jkv

i
jkv

i
kj

m
k

i
jm

m
j

i
mk

i
m

m
jk

i
jkv

i
jkv

vCvCvCCyxCL

vvFvFvFFyxFL

θ

θ
 

 If we denote by “||” the covariant derivative with respect to Berwald 
connection ( ) ( ) i

kj
i
jk

i
jk NBBNB ∂==Γ ,0, , then we have the following Lie 

brackets: 

 (3.12) 
[ ] ( ) ( ){ }
[ ] ( ){ }⎪⎩

⎪
⎨
⎧

∂−∂+=∂

∂−++∂=

r
r
m

mr
m

m
k

r
km

m
vk

rk
r
m

mrmr
km

m
m

m
kvk

yvvyBv

yvvyRvv

&&&

&

||

|||Im

,

,

θ

δθδ
 

 We can prove 
 Theorem 3.4. If ( )yxt i

j ,  is a d-tensor field and ( )NDΓ  is a d-
connection, then we have the following formulas: 
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 (3.13) 
( ){ }

( ){ } i
jr

r
m

mr
m

m
k

m

r
jk

v
i
r

i
rk

v
r
jk

i
j

v
k

i
j

v

i
jrk

r
m

mr
m

mr
km

m

r
jk

v
i
r

i
rk

v
r
j

i
kj

vk

i
j

v

tyvvyv

CLtCLttLtL

tyvvyRv

FLtFLttLtL

∂−∂++

++−=−⎟
⎠
⎞

⎜
⎝
⎛

∂−++

++−=−⎟
⎠
⎞

⎜
⎝
⎛

&&

&

||||

||||

|

||
 

Proof.  By a straightforward calculation we get 

 
( ) ( )

( ) m
k

i
mj

m
j

i
km

i
m

m
kj

i
m

m
jk

m
j

i
mk

i
jkv

i
kjv

i
mv

m
jk

m
jv

i
mk

r
j

i
r

r
r

r
j

i
jvk

Ik

i
jv

vtvtvttFtFttL

tLFtLFvtvtttL

∂+∂+∂−−+=

−+∂+∂−=

|||| δθ

θδ
 

 Therefore, taking account of (3.10) and (3.11), we have the formulas 
(3.12). q.e.d. 

Applying these formulas we have:  
 Theorem 3.5. If (3.1) is an infinitesimal motion of an almost π2  d-
structure i

jϕ  and ( )NDΓ  is an almost π2  d-connection with respect to i
jϕ , 

then we have 

 (3.14) 
( ){ }
( ){ }⎪⎩

⎪
⎨
⎧

=∂−∂+++−

=∂−+++−

0

0

||||

||||
i
jr

r
m

mr
m

m
k

r
k

r
jkv

i
r

i
rkv

r
j

i
jrk

r
m

mr
m

mr
mk

mr
jkv

i
r

i
rkv

r
j

yvvyvCLCL

yvvyRvFLFL

ϕϕϕ

ϕϕϕ
&&

&
 

 Proof.  Indeed, if (3.1) is an infinitesimal motion for i
jϕ , we 

have 0=i
jv

Lϕ .  ( )NDΓ  being an almost π2  d-connection, we get 

0|,0| == k
i
j

i
kj ϕϕ . 

 Applying the formulas (3.12) for i
j

i
jt ϕ=  we have the equations (3.14).  

 Remark. All this theory can be particularized for the almost complex 
d-structure i

jϕ  on TM taking i±=λ  and for the almost product d-structure 
i
jϕ on M, taking 1±=λ . 
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