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SEMIVARIATION AND EXHAUSTIVITY OF SET
MULTIFUNCTIONS

ALINA CRISTIANA GAVRILUT

Abstract. In this paper we study exhaustivity and the properties
of semivariation for set multifunctions. An extension theorem by pre-
serving the properties is obtained and several results concerning fuzzy
set multifunctions are given.

1. INTRODUCTION

Exhaustivity is an important property in many problems of mea-
sure theory. For instance, it is well-known that for every exhaustive
submeasure can be indicated a control measure (see [4]).

In recent years, in the context of fuzzy measures, people began to
study exhaustivity and another important property, autocontinuity,
which is more general than subadditivity. Properties like autocontinu-
ity, exhaustivity, increasing convergence, decreasing convergence and
o-continuity are very popular in the literature of non-additive mea-
sures. We mention here the contributions of Denneberg [2], Jiang and
Suzuki [13,14], Jiang, Suzuki, Wang and Klir [12], Asahina, Uchino
and Murofushi [1], Tan and Zhang [17], Pap [16], Zhang [20], Wang
and Klir [18] and many others.
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On the other hand, due to its numerous applications in Mathematics
Economics, Theory of Control, Decision Theory and other fields, a set-
valued fuzzy measures theory became to develop. Guo and Zhang [10],
Zhang, Guo and Liu [21], Zhang and Wang [22] generalized different
problems of fuzzy measures and integrals theory to the set-valued case.
In three recent papers, Gavrilut [7], Gavrilu and Croitoru [8,9] studied
regularity, non-atomicity, Darboux property and other problems for
fuzzy set multifunctions with respect to the Hausdorff topology.

In this paper we study exhaustivity and the properties of semivari-
ation for set multifunctions taking values in the family of non-void,
closed subsets of a real normed space, endowed with the Hausdorff
pseudometric h. Several results concerning fuzzy set multifunctions
are also obtained and an extension theorem by preserving the prop-
erties (exhaustivity, autocontinuity and increasing convergence) is es-
tablished for monotone set multifunctions taking values in the family
of non-void, closed, bounded subsets of a Banach space.

Let T be an abstract, nonvoid set, C a ring of subsets of T, X a real
normed space, Po(X) the family of all nonvoid subsets of X, P;(X)
the family of all nonvoid, closed subsets of X, Py;(X) the family
of all nonvoid, closed, bounded subsets of X and h the Hausdorff
pseudometric on Ps(X), which becomes a metric on Ppz(X).

It is known that h(M, N) = max{e(M,N),e(N, M)}, where

e(M,N) = supd(z, N), for every M, N € Ps(X) and

zeM

d(xz, N) is the distance from z to N induced by the norm of X.

We denote |M| = h(M,{0}), for every M € P;(X), where 0 is
the origin of X. If X is complete, then the same is Ppr(X) (see [11],
Theorem 1.6).

On Py(X) we introduce the Minkowski addition ” + 7 defined by:
MY N=DM+N, for every M, N € Py(X),
where M + N ={z+y;x € M,y € N} and M + N is the closure of
M + N with respect to the topology induced by the norm of X.
First, we recall the following classical notions:

Definition 1.1. Let m : C — R, be a set function. m is said to
be:
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I) exhaustive if lim m(A,) = 0, for every pairwise disjoint sequence

n—oo

of sets (Ay)nen+ C C.

I1) increasing convergent if lim m(A, ) = m(A), for every increasing
sequence of sets (A )nen C C, with A, /A (that is, A, C A,41, for
every n € N*) and CleAn eC.

III) decreasing convergent if lim m(A,) = m(A), for every decreas-
ing sequence of sets (A, )nen+ C C, with A, \, A (that is, A, D A1,
for every n € N*) and O(iAn eC.

IV) monotone if m(A) < m(B), for every A, B € C, with A C B.

V) fuzzy if m(0) = 0 and m is monotone, increasing convergent and
decreasing convergent.

VI) a submeasure (in the sense of Drewnowski [3]) if m(0) = 0, m
is monotone and subadditive, that is, m(AU B) < m(A) + m(B), for
every A, B € C, with AN B = ().

VII) uniformly autocontinuous if for every e > 0, there is 6(¢) > 0 so
that for every A, B € C, with m(B) < d, we have m(AUB) < m(A)+e.

We shall need the following notions in the set valued case:

Definition 1.2. Let p: C — P(X) be a set multifunction, with

pu(0) = {0}.
I) We call the total variation of u, the real extended valued set
function  defined by:

i(A) = sup{) _|u(A;)|}, for every AC T,
i=1

where supremum is extended over all finite families (A;),_15; of pair-
wise disjoint subsets of C, contained in A.
IT) We say that u is of finite variation if i( A) < oo, for every A C T.
IIT) We call the semivariation of u, the real extended valued set
function 1 defined by:

1u(A) = sup{|u(B)|; B C A, B € C},for every A C T.

By |p| we mean the real extended valued set function defined by

|| (A) = |u(A)], for every A € C.

Definition 1.3. A set multifunction p : C — P(X) is said to be:
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I) a multisubmeasure ([5], [6]) if

@) ulD) = {0},

b) 1 is monotone (ie. p(A) C u(B), for every A, B € C, with A C B)
and

c) p is subadditive (ie. p(AUB) C p(A) :Lu(B), for every A, B € C,
with AN B = 0)

(or, equivalently, for every A, B € C);

IT) a multimeasure if p(AU B) = u(A) + wu(B), for every A, B € C,
with AN B = (.

Definition 1.4. Let 1 : C — Ps(X) be a set multifunction. p is
said to be:

I) increasing convergent (with respect to h) if lim h(u(Ay), p(A4)) =
0, for every increasing sequence of sets (A, )pen C C, with A,, /' A €
C.

IT)  decreasing  convergent  (with  respect to h) if
lim h(u(An),n(A)) = 0, for every decreasing sequence of sets
(An)nen+ C C, with A, \, A € C.

IIT) fuzzy if it is monotone, increasing convergent, decreasing con-
vergent and p(() = {0}.

IV) ezhaustive (with respect to h) if lim |u(A,)| = 0, for every
pairwise disjoint sequence of sets (A, )nen C C.

V) uniformly autocontinuous if for every e > 0, there is §(g) > 0 so
that for every A, B € C, with |u(B)| < §, we have h(u(AUB), u(A)) <
€.

VI) o-continuous (with respect to h) if lim |u(A,)| = 0, for every

sequence of sets (A, )nen+ C C, with A, \ 0.
VII) h—o-subadditive if |pu( OleAn)\ < > |u(Ay)|, for every pairwise
n= n=1

disjoint sequence of sets (A, )nen+ C C, with OleAn eC.
n=

Remark 1.5. i) If g is a multisubmeasure, then p is uniformly
autocontinuous. Indeed, if A, B € C, then e(u(A), n(AU B)) = 0 and
e(u(AU B), u(A)) < |u(B)|, hence the statement follows.

There are uniformly autocontinuous set multifunctions, which are
not multisubmeasures:
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Let C = P(N) and p : C — Ps(R), defined for every A C N by
{0}, if A is finite

n(A) = { [1,00), if A is countable infinite.

Then p is uniformly autocontinuous and it is not a multisubmeasure.

ii) If p is uniformly autocontinuous, then for every e > 0, there
exists 0(g) > 0 so that for every A, B € C, with |u(AAB)| < 0, we
have h(u(A), u(B)) < e.

Indeed, by the uniformly autocontinuity of u, we get that for ev-
ery € > 0, there exists §(¢) > 0 so that for every A, B € C, with
AAB)| < 0, we have h(u(A), W(AU(AAB))) = h(u(A), 1 (AUB)) <
5. Analogously, h(u(B), n(AU B)) < 5. This yields h(u(A), u(B)) <
g, as claimed.

iii) Definitions 1.4 1)-VII) generalize the classical ones mentioned
in Definition 1.1. Indeed, one can easily check that, if m : C — R,
is a set function and p : C — Pr(R) is defined by p(A) = [0,m(A)],
for every A € C, then p is fuzzy (respectively, increasing convergent,
decreasing convergent, exhaustive, o-continuous, monotone uniformly
autocontinuous) if and only if the same is m. So, in this direction, our
definitions generalize those well-known from the classical case.

Also, we observe that if m : C — R, is a set function and
p 2 C — P(R) is defined by u(A) = {m(A)}, for every A € C,
then g is increasing convergent, decreasing convergent, exhaustive,
o-continuous if and only if the same is m. Let us note that the mono-
tonicity of p implies that u(A) = {0}, for every A € C.

The statements follow since |pu(A)| = m(A), for every A € C and
h([0,a],[0,b]) = |a — b|, for every a,b € R,.

iv) If C is finite, then any set multifunction, with u(@) = {0}
is increasing convergent, decreasing convergent, exhaustive and o-
continuous.

v) If o : C — Pp(X) is a multisubmeasure, then || is a submeasure
in the sense of Drewnowski [3], 7 is finitely additive on C and 7i(A) >
|(A)|, for every A € C.

For the special case of uniformly autocontinuous set multifunctions,
there are some immediate implications among increasing convergence,
o-continuity and decreasing convergence:
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Theorem 1.6. Let it : C — Py(X) be an uniformly autocontinuous
set multifunction, with p(0) = {0}. Then:

i) If p is o-continuous, then p is increasing convergent;

i) p is o-continuous if and only if it is decreasing convergent.

iii) If w is monotone, then p is o-continuous if and only if it is
fuzzy.

Proof. i) Let (A,)nen C C, with A, /" A € C. Then A\A, \, 0,
so, by the o-continuity of p, lim |u( AAA,)| = lim |u( A\A,)| =
0. According to Remark 1.5 ii), lim A(u(A), u(A4,)) = 0, so p is
increasing convergent.

ii) The if part follows as in i).

The only if part is an immediate consequence of definitions.
iii) The statement easily follows by definitions, i) and ii).

2. EXHAUSTIVE FUZZY AND NON-FUZZY SET MULTIFUNCTIONS

In this section we establish different results concerning exhaustive
set multifunctions. We also generalize several known results from
single-valued fuzzy measures theory.

Theorem 2.1. Let p: C — Py(X) be a set multifunction, with
(@) ={0}. Then:

i) p is exhaustive if and only if every monotone sequence of sets
(Ap)nen+ C C is Cauchy with respect to u, that is, nhIEO’N<AnAAm)| =

m—00

0.
i) If p is exhaustive and wuniformly autocontinuous, then
JLrgoh(ﬂ(An)a 11(Am)) = 0.

m—00

Proof. i) For the if part, suppose without any loss of generality
that (A, )nen is increasing. Let us suppose, by the contrary, that it is
not a Cauchy one. Then there exist £y > 0 and an increasing sequence
(nik)r € N* so that |u(A,,AA,,,,)| > €o, for every k € N*.

Let B, = Ap,,,\An,, for every k € N*. Then

|1(Bry)| = |p(An, AA,, )| = €0, for every k € N*,

which is false because B,,, are all pairwise disjoint and p is exhaustive.
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For the only if part, let (A, )nen+ C C be pairwise disjoint and con-
sider B, = 'ngAi, for every n € N*. Then (B,,)n,en+ C C is increasing,
SO -

i Ju(A,)] = T (B \Bu)| = T (B AB,)| =0,

as claimed.
ii) The conclusion immediately follows according to Remark 1.5 ii).

By Remark 1.5 iii), Theorem 2.1 i) generalizes Proposition 1 of [12].

In what follows, we generalize Proposition 3 of [13]. Note that this
proposition also appears in a different form in [17], Proposition 2.1.

Theorem 2.2. If u: C — Pr(X) is an erhaustive increasing
convergent set multifunction, then p is o-continuous.

Proof. Suppose, by the contrary, that there exist ¢g > 0 and
(Ap)nen+ C C, with A, \, 0 and |u(A,)| > €, for every n € N*. Since
for every k € N* arbitrary, but fixed, A\ A, /" Ay and p is increasing
convergent, then lim A(u(A1\A,), u(A1)) = 0. Also, |u(A1)| > eo.

Since h(M, N) > ||M]| — |N||, for every M, N € P¢(X), then
h(p(AN\AR), (A1) = [[p(AD)] = [1(A\AL)]], for every n € N7,
hence
T Ju(AN\A| > (A > 0

Then there is ny € N* so that |u(A1\A,,)| > <o

The same as before, there exists ny > ny such that |p(A,, \An,)| >
go. Continuing this way, we find an increasing sequence (ny ), C N* so
that |p(An, \An,,,)| > €0, a contradiction, because p is exhaustive.

A converse of the above theorem is valid for monotone set multi-
functions:

Theorem 2.3. Let C be a o-ring and p : C — Py(X) an o-
continuous monotone set multifunction. Then u is exhaustive.

Proof. Let (A,)nen+ C C be pairwise disjoint and consider B,, =
kf_j Ay, for every n € N*. Then (B,,)nen+ C C and B, \ (), so, by the
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o-continuity of p, lim |u(B,,)| = 0. Since A,, C B,, for every n € N*,

then lim |u(A,)| =0, so u is exhaustive.

Note that a theorem of this type appears in fuzzy measures theory
in different forms: Proposition 3 of [12], Proposition 1 of [13] (cited as
Proposition 2 of [19]). It is also known for submeasures (see [3]).

Corollary 2.4. Let C be a o-ring and ¢ : C — P;(X) a monotone
increasing convergent set multifunction. Then p is exhaustive if and
only if it is o-continuous.

In what follows, we give some sufficient conditions for the exhaus-
tivity of a set multifunction:

Theorem 2.5. Let pi: C — Py(X) be a set multifunction.

i) If p is h-o-subadditive and of finite variation, then p is exhaus-
tive.

ii) If C is the o-ring generated by a d-ring Cy and if w is an in-
creasing convergent multisubmeasure of finite variation, then w is ex-
haustive.

Proof. i) Let (A,)nen+ C C be pairwise disjoint. By the definition of
h-o-subadditivity, since p is of finite variation, then lim |u(A,)| =0,

so p is exhaustive.
ii) It is suficient to prove that p is h-o- subadditive. Let € > 0 and

(A,)n C C pairwise disjoint so that A = U A, eC.

Since (A,), C C and C is the o-ring generated by a d-ring Cy, then
for every n € N* there exists (B})ry C C; so that B} / A,. So,

A, = k(L)le,?, for every n € N*.

Denote C} = oL_leg, for every k € N*. Obviously, (Cy)r C C and

Cr /" A, so there is ko(e) € N* such that h(u(Cy), u(A4)) < §, for
every k > ky.

n .
Because ile}m /" Ck, and p is increasing convergent, there exists

no(e) € N* so that h(u(Cko),u('QlB,io)) < 5, for every n > ng.
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On the other hand, for every n > ny,

(U Bi,)l < D 1u(Bi,)l < D lu(Bi)l < ) lu(An)l.
=1 n=1 n=1

Then, for every n > ny,

n . n . € o
[1(Cro)| < h(pCry) (U Biy)) + 108, By ) < 5+ > l(An)).
n=1

Consequently,

1(A)] < h(1U(Cry), 1(A)) + [1(Ci)| < Y |1 An)| + ¢,

n=1

for every € > 0, so |u(A)| < > |1(Ay)|. By i), the conclusion follows.
n=1

We note that, generally, not even for a multisubmeasure, exhaus-
tivity does not imply increasing convergence and the converse is also
not valid, as we observe from the following examples:

Example 2.6. I) There are increasing convergent multisubmea-
sures which are not exhaustive:

I) Let C ={A C R, A is finite} be a ring of subsets of T = R and
m : C — R, be the set function defined for every A € C by:

_J0, A=10
| 1+cardA, A+#0, ACR, A finite
(where card A represents the number of elements of A).
One can easily check that the multisubmeasure o : C — Ps(R),

defined by p(A) = [0,m(A)], for every A € C is o-continuous, hence
increasing convergent, but it is not exhaustive.

m(A)

IT) There are exhaustive multisubmeasures which are not increasing
convergent:

Let C be the algebra {A C T', A is finite or cA is finite} of subsets of
an infinite, countable set 7" and the multisubmeasure p : C — Pf(R),
defined for every A € C by:

0}, A is finite
p(a) = 0h A s fimite
{0,1}, cAis finite



70 A.C.GAVRILUT

Then p is exhaustive but it is not increasing convergent. Indeed, let
be the sequence of sets (A, )nen C C, defined by A,, = {z1,x9,...,2,},
for every n € N*. Obviously, 4, / T = {z1,29,...,2Tp,...} €
C, n(A4,) = {0}, for every n € N* and u(T) = {0,1}, hence
lim h(u(Ay), (7)) = |{0,1}] = 1 # 0, so u is not increasing
ggr?zergent.

Now, we prove that p is exhaustive. Let (B,)nen+ C C pairwise
disjoint. Since c¢B,, UcB,, =T, for every m # n, then there can exist
only one set, for instance B,,, € C so that ¢B,, is finite. Then B, is
finite for every n > ng, so lim |u(B,)| = 0.

3. THE SEMIVARIATION OF SET MULTIFUNCTIONS

In this section we study if the semivariation zi of a set multifunc-
tion p preserves the properties of u. Also, an extension theorem by
preserving the properties (autocontinuity, exhaustivity and increasing
convergence) for monotone set multifunctions from a é-ring to the gen-
erated o-ring is established. Note that different types of extensions in
fuzzy measures theory were studied by Denneberg [2], Murofushi [15],
Pap [16], Wang and Klir [18] etc.

Let po: C — Py(X) be an arbitrary set multifunction.

Remark 3.1. i) i is monotone on P(T).

ii) If p is a multisubmeasure, one can easily check that 71 is a sub-
measure on C in the sense of Drewnowski [3]. Also, in this case
u(A) < u(A\B) + u(B), for every A C T and every B € C, with
B C A

In what follows, let be o(C), the o-ring generated by a ring C and
C, = {A C T there exists an increasing sequence of sets (A, )nen C C

with A= |J 4,}.
n=1
It is easy to verify that C C C,, (C,), = C, and if C is a d-ring, then
C, =a(C).

First, we establish a result concerning the semivariation of increas-
ing convergent set multifunctions:
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Theorem 3.2. Let C be a 6-ring and j1: C — Pr(X) a set multi-
function. Then:

i) If w is increasing convergent, then [ is also increasing convergent
on Cy;

i) If p is monotone, increasing convergent and uniformly autocon-
tinuous, then the same is 1 on Cy;

iii) If, moreover, u is a multisubmeasure, then [i is a submeasure
on C,.

Proof. i) Let € > 0 and (A, )nens C C, be an increasing sequence
of sets. Then A = noL:len € C,. Since (A,)nen+ C Cy, then for every
n € N*, there exists an increasing sequence of sets (B})r C C so that
By /A,

Consider C,, = LkU@B,i, for every n € N*. Then C,, € C,C, C A,
for every n € N* and C,, /" A.

Let B € C, with B C A. Because (C,NB), CC,C, N B / B and
 is increasing convergent, there exists ng(¢) € N* such that

h(u(B), n(C, N B)) < e, for every n > ny.
Consequently,

[1(B)] < h(p(B), p(CuNB))+[u(CuNB)| < e+ |u(CuNB)| < e+7i(An),

which yields 1(A) < e + [i(A,), for every n > ny.
Since fi(A,) < f(A), for every n € N*, then lim fi(A4,) = nu(A),

n—oo

that is, 11 is increasing convergent on C,.
ii) Let ¢ > 0 and A € C,. There is an increasing sequence

(Ap)nen C C so that A = oleAn. Since p is uniformly autocon-
tinous, then for every n € N* there is d(¢) > 0 so that for every
C € C, with |u(C)] < 6, we have h(u(A,), u(A, UC)) < . Let

2
B € C,, with i(B) < 6. There is an increasing sequence (Bg)ren+ C C

so that B = koleBk. Obviously, |u(Bg)| < 6, for every k € N*| so,
h(p(An), n(A, U By)) < 5, for every n € N* and every k£ € N*. Then

(A U B[ < h((An), p(An U B) + [n(Ad] < 5+ B(A),

for every n € N* and every k € N*, which, particularly, implies |u(A,U
B,)| < 5+ 1(A), for every n € N*. By the increasing convergence of
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i on C,, there exists ng € N* so that (AU B) < |u(A, U B,)| + 5,
for every n > ng. Then u(AU B) < € + i(A), that is, i is uniformly
autocontinuous on C,.

iii) Suppose p is a multisubmeasure. Obviously, () = 0 and 1 is
monotone on C,.

In order to prove that i is finitely subadditive on C,, we demonstrate

that, moreover, i is o-subadditive on C,, that is, u(A) < > 1u(A,),
for every pairwise disjoint sequence of sets (An)neN* c C,, with A =
U A,,. Indeed, let (A,)nen+ C C, and A = U A,,. Then A € C,.

On the other hand, for every n E N*, there ex1sts an increasing
sequence (By)r C C so that A, = U Bp. If Cy = U By, for every

k € N*, then Cj € C,, for every k € N* and C} A
Smce 11 is a submeasure on C, we get that

A0UBY<S wBY<S B <S 70
p(UY By < ;H(Bk) < Z:lﬂ(Bk) < Z;M(A
for every n € N* and k € N*.

Because the sequence (‘L_leB,i)neN* C C is increasing, ,ileB,i =Cy €
C, and 11 is increasing convergent on C,, then lim ﬂ(@lB,’g) = u(Cy).
Consequently, 11(Cy) < > 1u(A,), for every k € N*.

n=1

On the other hand, fi is increasing convergent on C,, (Cy)r C Co

and Cy / A. So, lim 1i(Cy) = u(A), which yields u(A) < > u(A,),
n—00 n=1

as claimed.

Theorem 3.3. Let p: C — Ps(X) be a monotone set multifunc-
tion. Then p is exhaustive on C if and only if 1 is exhaustive on

P(T).

Proof. If i is exhaustive on P(T'), then pi|c = |p| is also exhaustive
and the same is true for p on C.
Conversely, let € > 0 and (A4, ),en+ C T be pairwise disjoint.
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By the definition of ji, for every n € N* there exists B, C A,,
B,, € C, so that

1
lu(Br)| < 1(Ay) and |u(By)| > u(A,) — o for every n € N*.

Because pu is exhaustive and (B,), is also pairwise disjoint, then
lim |u(B,)| = 0 and by the last inequality we get lim p(A,) = 0,

hence 71 is exhaustive on P(T).

Corollary 3.4. If C is a é-ring and p : C — P¢(X) is an exhaustive,
fuzzy multisubmeasure on C, then i is an exhaustive fuzzy submeasure
on C,.

Proof. Since p is a fuzzy multisubmeasure, then it is increasing
convergent, so, by Theorem 3.2, Ji is increasing convergent on C,. Now,
because 11 is also exhaustive by Theorem 3.3, then i is o-continuous on
C,. Consequently, by Remark 3.1, 1z is an exhaustive fuzzy submeasure
on C,.

Note that 1 : C, — R because of its exhaustivity.

In the sequel, we shall prove that exhaustivity allows for any set A
of T, the approach by a set B of C, with the aid of semivariation.

Theorem 3.5. If i : C — Py(X) is an exhaustive set multifunction,
then for every A C T and every € > 0, there exists B € C,B C A, so
that i(A\B) < e.

Proof. Suppose that, on the contrary, there exist A C T and gy > 0
such that f(A\B) > ¢, for every B € C, with B C A.

Let B = (). Then fi(A) > &p and, by the definition of 71, there is
By € C, By C Aso that |u(By)| > 2.

Let B = By. Then i(A\B;) > o, which implies the existence of a
set By € C, such that By C A\B; and |u(By)| > .

Let B = By U By € C. Then 1(A\(B; U Bs)) > &g, so there is a set
By € C, B3 C A\(B1 U By) such that |u(Bs)| > 3.

By induction we obtain a pairwise disjoint sequence of sets
(Bn)nen+ C C with |u(B,)| > %, for every n € N*.

Consequently, lim |u(B,)| # 0, which is false because p is exhaus-

tive.
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Corollary 3.6. If 1 : C — Ps(X) is an exhaustive multisubmea-
sure, then:

i) (T < o0;

ii) for every A C T, there exists B € C,, B C A so that 1i(A) = 1(B)
and 11(A\B) = 0;

iii) for every A C T, there exists an increasing sequence of sets
(Bp)nen+ C C so that B, C A, for every n € N* and u(A) =

lim 7i(B,) = Ji(B), where B = flen.

Proof. i) Let € > 0. By Theorem 3.5, there exists for 7" a subset
B € C, so that 1i(T\B) < e. By the definition of 1i we get that

A(T) < W(T\B) +7i(B) < ¢ + i(B) = £ + |u(B)|.

Because p is exhaustive, it is also bounded, so there is M > 0 such
that |u(B)| < M. Consequently, u(T) < e+ M < .

ii) Let A C T. Since p is exhaustive, by Theorem 3.5 we get that for
every n € N*, there exists B, € C, B, C A such that fi(A\B,) < %.

Consider B = OL_len. Then B € C,,B C A and

0 < i(A\B) < i(A\B,) < % for every n € N,
which implies 1(A\B) = 0.
On the other hand,
w(A) < u(A\B,,) + u(By), for every n € N*.
So,
u(A) < % + 1(B), for every n € N¥,
and, because [i(B) < 1(A), we finally get 11(A) = 1u(B).

iii) Let A C T. Because pu is exhaustive, there exists a sequence
(Byn)nen+ C C, with B, C A, for every n € N* and lim 1(A\B,) = 0.

Without any loss of generality, we may suppose that (B,,)pen is
an increasing one (if not, considering B} = iCJlBi7 for n € N*| then
B! C A, (BY)yen- C C and fi(A\BY) < fi(A\B,), for every n € N,
which implies lim 7(A\B) = 0).

Then o

1(Bn) < 1i(A) < u(A\B,) + 1i(By), for every n € N*
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and, consequently,
p(A) = lim p(By) = lim |p(B,)].
On the other hand, from the proof of ii), it follows 1(A) = u(B),
where B = :Qan = nOL:le}L.
Consequently, nll_)IIolo i(B,) = u(B). This equality shows that if a

multisubmeasure is exhaustive, then there is a sequence of sets on
which its semivariation is increasing convergent.

The following result shows that, if p; and u, are two exhaustive
multisubmeasures, then for the equality of 1, and pi, on P(T), it is
sufficient they are equal on C, C P(T).

Theorem 3.7. Let jy, py : C — Py(X) be two exhaustive multi-
submeasures. If 11, = ji, on C,, then i, = fi, on P(T).

Proof. Let A C T be an arbitrary set. Because p; is exhaus-
tive, then for every n € N*, there exists B! € C, B! C A such that
i (A\B}) < .

Analogously, since p, is exhaustive, for every n € N*, there exists
B2 eC, B2 C A, with fiy(A\B2) < .

Let By = UBl and B, = U B2 Then B C A,B, C A and
By, By € C,.

Using the same arguments as in the proof of Corollary 3.6 ii), it also
easily follows that

fi (Br) = 111 (A), 11 (A\By) = 0, 1i5(Bz2) = Jip(A) and fip(A\By) = 0.
Because A\(B; U By) C A\B; and A\(B; U By) C A\ By, then

A(A\(By U By)) = 0 and iy (A\(B; U By)) = 0.
Let us prove now that 11, (A) = 1y (B1 U By).
Indeed,
7By U By) < iy (A) < Ji(A\(BL U B2)) + iy (BL U B?) <
< (A\B)) + 11,(B1 U By) < % + 111 (B U By),
for every n € N*, which implies that ji;(A) = 1,(B1 U By).

Analogously, 1i,(A) = 1iy(B; U By), and, since ji; = fi, on C, and
By U By € Cy, then 11, (A) = 1iy(A). So, fi; = ji, on P(T).
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We are now able to prove a theorem concerning the properties of
the extension of p from C to C,.

Theorem 3.8. Let C be a 6-ring, X a Banach space and u : C —
Prs(X) an increasing convergent uniformly autocontinuous exhaustive
monotone set multifunction. Then:

i) 1 uniquely extends to an increasing convergent uniformly auto-
continuous exhaustive monotone set multifunction p* : C, — Pys(X),
defined by:

w(A) = lim p(A,) (with respect to the Hausdorff metric h),
for every A € C,, where (Ay)nen C C, A, / A;

i) If w is a multisubmeasure, then:

a) p*is a fuzzy multisubmeasure;

b) || : C — Ry is an increasing convergent, exhaustive submeasure,
which uniquely extends to the increasing convergent, exhaustive sub-
measure || Co — Ry

¢) | (A)] = 1i(A) = p*(A), for every A € Co;
d) i = p on P(T).

Proof. i) Let ¢ > 0 and A € C There is an increasing sequence
of sets (A,), C C so that A = U A,. We prove that there exists
lim p(A,) (with respect to the Hausdorff metric h).

Indeed, because u is exhaustive and uniformly autocontinuous, by
Theorem 2.1, we get that lim h(u(A,), u(An)) = 0, so ((An))n is

a Cauchy, hence a convergent sequence in the complete metric space

Prr(X).

Denote

' (A) = lim p(A,) (with respect to h), for every A € C,.

Obviously, p* : C, — Pyp(X).
We prove that the limit does not depend on (A4,),, that is, if A € C,
and (A,,)m, and (B,), are two increasing sequences of sets such that

A = OleAn = oL_len and if we denote pj(A) = lim p(B,), then
p(A) = pi(A).
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Indeed, because A,, ~ A, there exists my € N* so that
h(u(Am), p*(A)) < 5, for every m > my. Particularly,

h(p(Amy), 1" (4)) < 5.
Since Ay N By /Ay NA = A, and p is increasing convergent,

there exists n; € N* so that h(u(Am,), (Ame N By)) < 3, for every
n>ni.

Also, because B, A, there exists ny, € N* such that
h(pi(A), u(Bn)) < 5, for every n > ns.

Consequently, if ng = max{ny,ns}, then

e(u(A), pi(A)) < e(u™(A), 1(Amo))+e(p(Amg), (AmgNBny))+
+e(p(Ame N Bny), 1(Bny)) + e(1t(Bny ), #i(A)) <
< h(p*(A), 1(Amy)) + h(( Ay ), 1(Amg N Biy))+
+h((Bny), ni(A)) <5+ 5+5=¢
Analogously, e(u;(A), u*(A)) < e, so u*(A) = ui(A), for every A €
Co.
Note that, evidently, p*(0) = {0} if u(0) = {0}.
If A, B € C, are so that A C B, then there are (4,), and (B,), in
C,with A, /*Aand B, ~ B.
Consequently,
e(u*(A), ' (B)) < e(p (A), w(An N By)) + e(pu(An N By), 1(B))+
+e(u(Bn), ' (B)) < h(p*(A), p(An N By)) + h(pu(By), 1 (B)).
Since A, N B, /A and B,, /* B, by the definition of u* we immedi-

ately get that p*(A) C p*(B), so p* is monotone on C,.
Now, we prove that p* is increasing convergent. Let be (A,), C C,,

with A, / A = Elen. Because e(p*(An), p*(A)) = 0, for every

n € N* it is sufficient to prove that for every € > 0 there is ng € N*
so that e(u*(A), u*(An)) < g, for every n > ny.

Since A,, € C,, for every n € N*, there exists an increasing sequence
of sets (A)m C C, with A, = oleA,’;L.

Let C,, = AL, U A% U...UA™. Then (C,,) is increasing. Indeed,

Cn=A,UAZ U.. .UA"C A UA U .UA" =Cpy,

because (A" ), is increasing.
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Moreover, since Al C Ay, A2, C Ay, .. .AT C A, we get A" C
C,, C A, for every m > n.
Consequently,

o0 oo o0 [e.9] *
A, = UA C UC,C UA,= UA,, forevery n € N
m=n m=n m=n n=1

hence, OL_len = EJ_OlCn = A.
On the other hand, because (C,,), C C, we have

e(p*(A), 1" (An)) < e(p™(A), 1(Cn)) + e(u(Cn), 1" (An))

and p*(Cy) = u(C,,), for every n € N*.
Then there is ng € N* so that

e(u*(A), " (An)) < (" (A), 1(Cn)) + (i (Cn), 17 (An)) =
= h(p(A), u(Cn)) <,

for every n > nyg.

We prove that p* is exhaustive on C,. Indeed, let (A4,), C C, be
pairwise disjoint. For every n € N*, there exists (A¥); C C such that
AR A,

Since for every n € N*, p*(4,) = ]}Lrgou(Aﬁ), there is kj € N* so

that

17 (An)] < B (A), (AR + [(A)] < 5+ (AL,

Because ALY N A c A, N A, =0, then A N A% =0, m #+ n.
Since pu is exhaustive, then lim | M(AI;’;O )| = 0.
n—oo

Therefore, there is ng € N* such that [u*(A,)] < 5§+ § = ¢, for
every m > ng, hence p* is exhaustive on C,.

We prove now that p* is uniformly autocontinuous. Let € > 0 and
A € C,. There is an increasing sequence (4,), C C, with A, " A.
Since p is uniformly autocontinuous, then for every n € N* there
exists d(¢) > 0 such that for every C' € C, with |u(C)| < §, we have
h(p(A, U C), w(A,)) < £. Let B € C,, with [u*(B)| < 2. There is an
increasing sequence (By)r C C, with By, /* B. By the definition of p*,
p*(B) = klim p(By), which implies the existence of a k() € N* such

that h(u*(B), u(By)) < 2, for every k > k;. Consequently, [u(By)| <
9, for every k > ki. Then h(u(A, U By), u(Ay)) < 5, for every n € N*
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and every k > k;. Particularly, h(u(Ay U Bi), u(Ax)) < 3, for every
k > k1. On the other hand, we also have h(u*(AUB), u(AxUBy)) < £
and h(u(Ag), p*(A)) < 5, for every k > ky. Denote ko = max{ki, ky}.
Then:

h(p* (AU B), p*(A)) < h(p* (AU B), u(Ax, U By,)) +

+ h(p( Ay U Biy ), 1(Aky)) + h((Ary ), 17 (A)) < e

Therefore, p* is uniformly autocontinuous.

Now, we prove that the extension is unique. Suppose, by the con-
trary, that there is another increasing convergent, exhaustive, mono-
tone uniformly autocontinuous set multifunction pj : C, — Ppp(X)
which extends p. Let be A € C, and € > 0.

There exists an increasing sequence (A,), C C, with A, 7 A.

Because p* and pj are both increasing convergent, then there is a
common ny(e) € N* so that

B (An) " (A)) < 5 and A(ui(A,), pi(A) <

for every n > ny.
Then, also,

?

DO | ™

and A(p1(Ang), 11(A)) <

wi(An,), we get that

DO ™

Also, since pu(A,,) = p*(An,

/'\\/I\DI(‘)

h(p*(A), 1 (A)) < h(p(A), 1(Any)) + h(1(Any ), 11 (A)) <
< 5 -+ 5 = e.

So, h(p*(A), ui(A)) < g, for every € > 0, hence, finally, pu*(A) =
wi(A), for every A € C,.

ii) a) It is easy to verify that u* is also a multisubmeasure. Accord-
ing to Theorem 1.6 and Theorem 2.2 ii), every exhaustive increasing
convergent multisubmeasure is o-continuous, hence fuzzy.

b) We observe that |u*| extends |u| because |u*(A)| = |u(A)], for
every A € C. Also, by Theorem 3.2, |u| and |p*| are increasing con-
vergent submeasures on C, respectively, on C,,.

Obviously, |u| and |p*| are exhaustive on C, respectively, on C,, since
the same are p and p*. It only remains to establish the uniqueness. For
this, let v : C, — R be another increasing convergent and exhaustive
submeasure on C,, which extends |u|. We prove that v(A) = |u*(A)|,
for every A € C,.
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Let ¢ > 0 and A € C, be arbitrarily. There exists an increasing
sequence of sets (A, )nen+ C C, with A, " A.

Because v is increasing convergent on C,, there exists ni(¢) € N*
such that [v(A) — v(A4,)| < 5, for every n > n;.

Analogously, for |u*|, there exists nso(e) € N* so that ||[pu*(A4)| —
|1 (An)|| < 5, for every n > ny.

Then
£

[V(4) = v(Au)| < 5 and [l (A)] = " (Ang)]| < 5

where ng = max(nq, ns).
So, since A,, € C, we have

[w(A) = (A < w(A) = v(An)| + [l (A)] = |17 (Any )|+
" (Ang )| = v(Ang )| < &+ [ (Ang)| = v(Ang) = €.

Consequently, v(A) = |u*(A)|, for every A € C,.

¢) Applying Theorem 3.2 and Theorem 3.3, 1 is also an increas-
ing convergent and exhaustive submeasure on C,, which extends |u|.
Consequently,

A(A) = [ (A)| = @ (A), for every A € C,.
d) We use ¢) and Theorem 3.7.

Concluding remarks. In this paper we study exhaustivity and
the properties of semivariation for P;(X)-valued set multifunctions,
where Py (X) is the family of non-void, closed subsets of a real normed
space X. Several results concerning fuzzy set multifunctions are ob-
tained, some of them generalizing known results from single-valued
fuzzy measures theory, and an extension theorem by preserving ex-
haustivity, autocontinuity and increasing convergence is established
for monotone set multifunctions taking values in Py(X), the family
of non-void, closed, bounded subsets of a Banach space X.
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