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SOME PROPERTIES OF A R-RANDERS QUARTIC
SPACE

OTILIA LUNGU AND VALER NIMINEŢ

Abstract. It is well known that a Randers metric is a deforma-
tion of a Riemannian metric α (x, y) =

√
aij (x) yiyj using a 1-form

β (x, y) = bi (x) yi. In this paper we consider a deformation of a 4-th

root metric (or a quartic metric) F (x, y) = 4
√

ahijk (x) yhyiyjyk using
the Riemannian metric α (x, y). We call it a R-Randers quartic metric
and we are going to study some of its properties.

1. Introduction

Let M be a real n-dimensional smooth manifold and (TM, τ,M) the
tangent bundle of M. In a local chart (U, xi) on M, a tangent vector
y ∈ TxM , x ∈ M has the form y = yi ∂

∂xi |x .
A Finsler metric on M is a positive function F : TM → R+ satisfy-

ing the following properties:

i) F is of C∞-class on
∼

TM = TM − {0} and only continuous on {0}
ii) F is positive homogenous of order one with respect to y :

(1) F (x, λy) = λF (x, y) , λ > 0;

iii)∀ (x, y) ∈
∼

TM the symmetric bilinear form gij (x, y) is positive and
nondegenarate, where

————————————–
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(2) gij (x, y) =
1

2

∂2F 2

∂yi∂yj
.

The pair F n = (M, F ) is called a Finsler space and the bilinear form
gij (x, y) is called the fundamental tensor of the Finsler space.

The metric F (x, y) = α (x, y) + β (x, y), where α (x, y) =√
aij (x) yiyj is a Riemannian metric and β (x, y) = bi (x) yi is a 1-

form, is a Finsler metric. The space F n = (M, F = α + β) is called a
Randers space.

2. Quartic Finsler space

Let F n = (M, F ) be a Finsler space with the metric F given by

(3) F (x, y) = 4

√
ahijk (x) yhyiyjyk,

where ahijk (x) are the components of a symetric tensor field of (0,4)-
type.
We call this space a quartic Finsler space and we denote it by QF n.
For an easier calculation we also denote:

(4)
ahijk (x) yh = Faijk (x, y) ;
ahijk (x) yhyi = F 2ajk (x, y) ;
ahijk (x) yhyiyj = F 3ak (x, y) .

We have

(5) li = ai

and

(6) hij = 3 (aij − aiaj) .

The fundamental tensor of QF n space is

(7) gij = 3aij − 2aiaj.

If gij = (gij)
−1, then
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(8) gij =
1

3

(
aij + 2aiaj

)
,

where aij = (aij)
−1 i ai = airar.

The generalised Cristoffel symbols of 4-th order are given by

(9) Γs
hijk =

1

6
asp

(
∂aijkp

∂xh
+

∂ajkph

∂xi
+

∂akphi

∂xj
+

∂aiphj

∂xk
− ∂ahijk

∂xp

)
,

and the components of the Cartan tensor field are

(10) Cijk =
3

F
(aijk − aijak − ajkai − akiaj + 2aiajak) .

From (7) we have

(11) F 2 = gijy
iyj = 3aijy

iyj − 2aiy
iajy

j.

And if we take into account

aiy
i =

1

F 3
aijkhy

jykyhyi =
1

F 3
F 4 = F,

we obtain

F 2 = 3aijy
iyj − 2F 2,

or

(12) F 2 = aijy
iyj.

So, we can construct a Finsler connection based on aij .

3. R-Randers Quartic Space

Let QF n = (M, F ) be a quartic Finsler space with F given by (3)

and a Riemannian metric α (x, y) =
√

bij (x) yiyj on TM. We construct
the function

(13) L(x, y) = F (x, y) + α(x, y), ∀ (x, y) ∈ TM

and we call it a R-Randers quartic metric. The space RRQn = (M, L)
will be called a R-Randers quartic space.
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We denote
F li = ∂F

∂yi = ai,
αli = ∂α

∂yi =
bijyj

α
i Lli = ∂L

∂yi = ai + αli
and we calculate the angular metric of the RRQn = (M, L):

(14) Lhij = L
∂2L

∂yi∂yj
=

L

F
F hij +

L

α
αhij

or

(15) Lhij =
L

F
3 (aij − aiaj) +

L

α
(bij − αlαi lj) .

Proposition 3.1 The tensor field gij of a R-Randers Quartic space
is given by

(16) Lgij =
L

F
3 (aij − aiaj) +

L

α
(bij − αlαi lj) + (ai + αli) (aj + αlj) ,

or, equivalently

(17) Lgij =
L

F
gij +

L

α
bij − α

F
aiaj − F

α
αli

αlj + ai
αlj + aj

αli.

By a direct calculation we obtain
Proposition 3.2 The components LCijk of the Cartan tensor field

in a R-Randers quartic space are given by

(18)
LCijk = L

F
F Cijk + 1

2

[αlkF−αak

F 2

(
F gij − aiaj

)− αlkF−αak

α2 (bij − αli
αlj)

− α
F 2

(
F hikaj + F hjkai

)− F
α2 (αhik

αlj + αhjk
αli)

+ 1
F

(
F hik

αlj + F hjk
αli

)
+ 1

α
(αhikaj + αhjkai) .

Now our goal is to write down the geodesic spray coefficients of a
R-Randers quartic metric. We begin with the fact the Riemannian
metric bijis constant with respect to its Levi-Civita connection:

(19) bij,xk = γijk + γjik,

where

(20) γijk =
1

2

(
bij,xk + bik,xj − bjk,xi

)
.
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We have the following computations:

(21)
∂α
∂xk = 1

2α
bpq,xkypyq = α2

2α
bpq,xk lplq =

= α
2

(γpqk + γqpk) lplq = α
2

(γnnk + γnnk) = αγnnk.

(22)
∂F

∂xk
=

α4

4F 3
amnpql

mlnlplq.

(23)
∂

∂xk

(
L

F

)
=

4F 4αγnnk − α5amnpq,xk lmlnlplq

4F 5

not
=

Bnnk

4F 5
.

(24)
∂

∂xk

(
L

α

)
= −4F 4αγnnk − α5amnpq,xk lmlnlplq

4F 3α2

not
= − Bnnk

4F 3α2
.

(25)

∂αli
∂xk = ∂

∂xk

(
bipyp

α

)
=

b
ip,xkypα−bipypα

,xk

α2

=
α(γipk+γpik)yp−bipypαγnnk

α2

= γink + γnik − αliγnnk
not
= Aink

(26)
∂F li
∂xk

=
∂

∂xk
(ai + αli) = γink+γnik−αliγnnk+ai,xk = Aink+ai,xk .

We obtain

(27)

∂Lgij

∂xk = 3
4F 5 Bnnk (aij − aiaj) + L

F
3
(
aij,xk − ai,xk − aiaj,xk

)
− 1

4F 3α2 Bnnk (bij − αli
αlj) + L

α

(
bij,xk − Ainklj − Ajnkli

)

+
(
Aink + ai,xk

)L
lj +

(
Ajnk + aj,xk

)L
li

and

(28)
2γijk = 3

4F 5 [Bnnk (aij − aiaj) + Bnnj (aik − aiak)−Bnni (ajk − ajak)]
+3L

F

(
2fijk − ai,xkaj − aiaj,xk − ai,xjak − aiak,xj + aj,xiak + ajak,xi

)
− 1

4F 3α2 [Bnnk (bij − αli
αlj) + Bnnj (bik − αli

αlk)−Bnni (bjk − αlj
αlk)]

+α
2

[2γijk − Aink
αlj − Ajnk

αli − Ainj
αlk − Aknj

αli + Ajni
αlk + Akni

αlj]
+

(
Aink + ai,xk

)
Llj +

(
Ajnk + aj,xk

)
Lli +

(
Ainj + ai,xj

)
Llk +

(
Aknj + ak,xj

)
Lli

− (
Ajni + aj,xi

)
Llk −

(
Akni + ak,xi

)
Llj.



138 O.LUNGU AND V.NIMINEŢ

Replacing (28) in Gs = Lgisγijky
jyk it results the spray coefficients

of RRQ-space.
Theorem 3.1 Let QF n = (M, F ) be a quartic Finsler space of

scalar curvature K (x, y). A R-Randers quartic space RRQn = (M, L)
is of the same scalar curvature K (x, y) if and only if

(29)
1

L3
LRij − 1

F 3
F Rij = K(x, y)

1

α
αhij.

Proof : The R-Randers quartic metric L is of scalar curvature
K (x, y) if and only if LRij = L2K(x, y)Lhij, or equivalently

LRij = L3K(x, y)
1

F
F hij + L3K(x, y)

1

α
αhij.

The quartic metric F is of scalar curvature K (x, y) if and only if
F Rij = F 2K(x, y)F hij. Replacing this relation in the expression of we
get immediately the conclusion.

Theorem 3.2 Let RRQn = (M, L) be an n-dimensional R-Randers
quartic space. If the three metrics L,F i α are of the same constant
curvature K and 1

α
lilj + 3

F
aiaj = 3

F
aij, then

(30) LRij =
L3

(n− 1)α
αRij.

Proof : The Riemann space(M,α)is of constant curvature if and
only if it is an Einstein space. So, αRij = (n − 1)Kbij. We replace
this in (3.18) and we take into account that 1

α
lilj + 3

F
aiaj = 3

F
aij.
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