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SOME PROPERTIES OF A R-RANDERS QUARTIC
SPACE

OTILIA LUNGU AND VALER NIMINET

Abstract. It is well known that a Randers metric is a deforma-
tion of a Riemannian metric a (z,y) = \/a;; (z) y'y/ using a 1-form
B (z,y) = b; () y". In this paper we consider a deformation of a 4-th
root metric (or a quartic metric) F (z,y) = /anijr (z) y"y'y7y* using
the Riemannian metric « (z,y). We call it a R-Randers quartic metric
and we are going to study some of its properties.

1. INTRODUCTION

Let M be a real n-dimensional smooth manifold and (T'M, 7, M) the
tangent bundle of M. In a local chart (U, z%) on M, a tangent vector
y €T, M, x € M has the form y = yiaii

A Finsler metric on M is a positive function F' : TM — R, satisfy-
ing the following properties:

i) F'is of C*-class on TM = TM — {0} and only continuous on {0}
ii) F' is positive homogenous of order one with respect to y:

T -

(1) F(z,\y) = A\F (z,y),\ > 0;

i)V (z,y) € TM the symmetric bilinear form g;; (x,y) is positive and
nondegenarate, where
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1 0?F?
(2) gij (v, y) = éﬁyiayj'
The pair F™ = (M, F) is called a Finsler space and the bilinear form
gi;j (x,y) is called the fundamental tensor of the Finsler space.

The metric F(z,y) = a(z,y) + B(x,y), where a(z,y) =
Vaij () y'y? is a Riemannian metric and §(z,y) = b; (z)y" is a 1-
form, is a Finsler metric. The space F" = (M, F = o + [(3) is called a
Randers space.

2. QUARTIC FINSLER SPACE

Let F™ = (M, F') be a Finsler space with the metric F given by

(3) F(z,y) = (‘/ anijr () Y y'yy",
where ay;j, (z) are the components of a symetric tensor field of (0,4)-

type.
We call this space a quartic Finsler space and we denote it by QF™.

For an easier calculation we also denote:

anigr () y" = Fagp (. y);
(4) anig () y"y' = F?ag, (2, y);
anijr () y"y'y = Fiay, (x,y) .
We have
(5) lz = a;
and
(6) hij = 3 (ai; — a;a;) .

The fundamental tensor of QF™ space is

(7) gij = 36Lij — 2@2'0,]‘.
If g = (gz-j)_l, then
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(8) g7 = % (aij + Qaiaj) ,

where ¥ = (a;) " i d’ = a”a,.
The generalised Cristoffel symbols of 4-th order are given by

9) hijk = g oxh oxt + oxJ + oxk  Oxp

and the components of the Cartan tensor field are

1asp <aaijkp i Oajkpn,  OQrphi  Oiph; 8ahijk)
)

3
(10) Cijk = F (aijk — aijak — CijCLi — akiaj + 2aiajak) .

From (7) we have

(11) F? = gyy'y’ = 3aiy'y’ — 20y a;y’.
And if we take into account
i 1 j i 1
ay’ = gaimy’y'y"y = 5 =,
we obtain
F? = 3a,y"y’ — 2F”,
or
(12) F? = al-jyiyj.

S0, we can construct a Finsler connection based on a;; .

3. R-RANDERS QUARTIC SPACE

Let QF™ = (M, F) be a quartic Finsler space with F' given by (3)
and a Riemannian metric a (x, y) = 1/b;; (z) y'y? on TM. We construct
the function

(13) L(z,y) = F(z,y) + o(z,y),V (z,y) € TM

and we call it a R-Randers quartic metric. The space RRQ™ = (M, L)
will be called a R-Randers quartic space.
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We denote ,
Fj _ OF _ _ Oa __ byy Ly _ 0L __
li =55 = a;, %l = 55 = =417 = 55 = a; +°;

and we calculate the angular metric of the RRQ" = (M, L):

2L L, L

( ) J 8y’8y3 F J + a J
or
L L o
(15) “hij = 79 (i — aiag) + — (biy = “G') -
Proposition 3.1 The tensor field g;; of a R-Randers Quartic space
is given by

L L
(16) “gij = ik (aij — aia;) + S (bij — “I7';) + (as + °1;) (a5 + 1),

or, equivalently

(17) ng‘j = ngj + Ebij — Fai@j - LYl + ai®l; 4+ a7,

By a direct calculation we obtain
Proposition 3.2 The components LCl-jk of the Cartan tensor field
in a R-Randers quartic space are given by

—
~
0]
-

“p F—aa “lpF—aa aj a
k=5 Cij + 3 [kTFk ("gi — @ia;) — =252 (bi; — *1:°0)
=5z ("hava; + T hjras) — 23 (“hatl + *hjtl)
Now our goal is to write down the geodesic spray coefficients of a
R-Randers quartic metric. We begin with the fact the Riemannian

metric b;;is constant with respect to its Levi-Civita connection:

(19) bijak = Vijk + Viik

where

1
(20) Yijk = B (bij,x’“ + bt pi — bjk,xi) .
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We have the following computations:

da o?

1
(21) (%ka: ﬁbpq,xkypyq = %lzypqwklplq =
= 2 (Ypgk + Yapk) P17 = § (Yomk + Yonk) = WYnk

oF ot -
(22) % = mamnml ["Pe,

(23) i £ _ 4F4Oé’}/nnk — Oé5amnpq7xklmlnlplq @t Bnnk
4F> AF5

(24> i £ . _4F4a/ynnk: - Clflg)a'mnpq,ac‘]“lmlnlplq not Bk
oxk \ a 4F302 4F302°
o%l; _ 0 <bipyp> _ bip,mkypa_bipypa,zk
dzk T dzF a - a?
(25) . a(%'pk+’Ypik)yp—bipypa7nnk
= —
= Yink + Ynik — alzjynnk Tgt Aznk
oL o . )
(26) Ik~ Ok (a; + L) = Yink +Ynik— “liVnnk + Qi gk = Aing+a; 4.
We obtain
obgi; _ 3 p o aa) 4+ L3 (o — Gk — aia,
ozF  — 4F5 Pnnk (a/’L] ala]) + F (am,zk QA ok alaj,xk)
(27) — 17522 Bank (bijL_ L) 4 £ (byj e - Aiily — Ajicls)
+ (Aznk + ai,rk) lj + (Ajnk + aj,xk) l’L
and
(28)

295k = % [Brnk (ai5 — a;a;) + Bunj (@ — aiax) — B (aji — ajay)]

35 (2figk = ik @) — Q30500 — ;3 — Qi g5+ Qi O + Qg0

— 5523 | Bunk (bij — “1%1;) + Bunj (bt — “1;*1k) — B (bje — *1%1k))]

+5 27k — Akl — Ajui®li — Ainj U — Al + Ajri®ly + Apni®ly]

+ Amk + amk) Llj + Ajnk: + amk) Lli + (Am] + CLL;,;]') le + (A]m] + ak,xj) Lli
— (Ajni + a501) Pl — (Agni + i) “1.



138 O.LUNGU AND V.NIMINET

Replacing (28) in G* = F¢"*v,;;,y7y* it results the spray coefficients
of RRQ-space.

Theorem 3.1 Let QF™ = (M, F) be a quartic Finsler space of
scalar curvature K (z,y). A R-Randers quartic space RRQ" = (M, L)
is of the same scalar curvature K (x,y) if and only if

1 1 1,
(29) ﬁLRw‘ - ﬁFRz‘j = K(z,y) - hij.
Proof: The R-Randers quartic metric L is of scalar curvature
K (z,y) if and only if *R;; = L? K (z,y)"hi;, or equivalently

lp
F
The quartic metric F is of scalar curvature K (x,y) if and only if
FR;; = F?K(x,y)" h;;. Replacing this relation in the expression of we
get immediately the conclusion.

Theorem 3.2 Let RRQ™ = (M, L) be an n-dimensional R-Randers
quartic space. If the three metrics L,F i a are of the same constant

1 3,0 _ 3,
curvature K and -l;l; + za;a; = %a;;, then

1
hij + L3K($; Y)

LRZ']‘ = L3K(ZL‘, y) aahij-

LS

(30) R;; = =T

“Ry;.

Proof: The Riemann space(M, «)is of constant curvature if and
only if it is an Einstein space. So, *R;; = (n — 1)Kb;;. We replace

this in (3.18) and we take into account that élilj + %aiaj = %aij.
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