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COMMON FIXED POINT FOR COMPATIBLE PAIRS
OF MAPPINGS IN NON-COMPLETE METRIC
SPACES

NEERAJ ANANT PANDE, J.ACHARI, PRACHI R. AGRAWAL

Abstract. We prove the existence and uniqueness of a common
fixed point for two compatible pairs of self-maps of a metric space.
Instead of the completeness of the metric space, we use a weaker as-
sumption, namely, the convergence of alternate images of an associated
sequence. Our main result generalizes several known results from [1],

3], [4] and [5].
1. INTRODUCTION

Jungck [2] introduced the notion of compatible maps as a generaliza-
tion of commuting maps and has shown that some fixed point results
still hold when compatibility is assumed instead of commutativity.

Definition 1.1. [2](Compatible Mappings) If (X, d) is a metric space,
two mappings A, B : X — X are said to be compatible if, and only if,
whenever {x,} is a sequence in X such that lim Az, = lim Bz, =t,

n—oo n—oo

for some t € X, then d (ABx,, BAz,) = 0.

Keywords and phrases: Triangle Inequality, Compatible Map-
pings, Fixed Point.
(2000)Mathematics Subject Classification: 47H10, 54H25

215



216 NEERAJ ANANT PANDE, J.ACHARI, PRACHI R. AGRAWAL

Commutativity of two maps implies compatibility, but the converse
does not hold in general. Several fixed point results from [1] and [3]
have been generalized by replacing the assumption of commutativity
by that of compatibility, in [5] and [4], respectively. In continuation of
the same theme, here also the results would be obtained under general
compatibility.

In addition, the concept of associated sequence would be required
as one of the tools in our main results.

Definition 1.2. (Associated Sequence) If (X, d) is a metric space and
S, 1,T,J : X — X such that S(X) C J(X) and T(X) C I(X),
then for each xy € X, a sequence {x,} with Sxs, = Jxony1 and
Txon1 = Ixonis, for every n > 0, is called associated sequence
relative to S, 1,T and J.

The notion of associated sequence was used in [4] and [5] in fixed
point results that do not assume the completeness of the metric space.

2. MAIN RESULT

Using hypothesis somewhat similar to [1], [3], [4] and [5], we obtain
our main result under generalized contraction condition.

Theorem 2.1. Let (X,d) be a metric space and S, 1,J,T : X — X
such that
(1) S(X) C J(X) and T(X) C I(X),
R, U{0}" — R is a continuous function satisfying
(u,u,0,0) <0 implies u =0,
(u,0,u,0) <0 implies u =0,
(u,0,0,u) <0 implies u =0,
such that for all z,y € X,
(2.1) F(d(Sxz,Ty),d(Sz,Ix),d(Iz, Jy),d(Jy,Ty)) <0
(iii) The pairs (S,I) and (J,T) are compatible,
(iv) One of S,I,J and T is continuous.
(v) There is an o € X and an associated sequence {x,} of xg
relative to these four self maps such that the sequence

(22) SZL‘Q,Tl’l,SZEQ,TQTg,"' ,szn,TxgnH,---

converges to a point z € X.
Then z is unique common fized point of S, I,J and T.
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Proof. First suppose that the mapping I is continuous.

Ixy, = Ta9,_1 — 2z, and by continuity of I, I*xy, = Ilxs, — Iz,
as n — o0o0. Since Sws, — 2z, by using compatibility of S and I,
lim Slxy, = lim [Sxy, = Iz.

n—oo n—oo
Taking © = Ixs, and y = xa,,1, the contraction condition (2.1) gives

F (d(SIzan, Txoni1) ,d (SIxon, I*xon) , d (IP3an, JToni1)
d(Jrons1, Tron11)) <0
Letting n — oo,
F(d(Iz,z),d(Iz,12),d(Iz,2),d(z,2)) <0
F(d(Izz2),0,d(Iz,2),0)<0

By definition of F', d (Iz,z) = 0. So Iz = z and z is fixed point of I.
Now taking x = z and y = x9,41, the contraction condition (2.1) gives

F ( d (SZ, TI2n+1) s d (SZ, IZ) s d (IZ, Jx2n+1) s d (J$2n+1, Tl’gn_H)) S 0
Letting n — oo, Jxopi1, T'xoni1 — 2, and using [z = z, we get,
F(d(Szz2),d(Sz,z2),d(zz2),d(zz2)) <0
F( d(SZ,Z),d(SZ,Z),0,0) <0
By definition of F', d(Sz,z) = 0. So Sz = z and z is fixed point of S.
Thus, [z = Sz = 2.
Since S (X) C J(X), there is a point z; € X such that z = Sz = Jz.
Taking x = z and y = 21, the contraction condition (2.1) gives
F(d(Sz,Tz),d(Sz,1z),d(Iz,Jz),d(Jz,Tz)) <
F(d(z,Tz),d(z,2),d(2,2),d(z,Tz)) <
F(d(2,Tz),0,0,d(z,Tz)) <
By definition of F', d(z,T2) =0. So Tz = z = Jz.
Now for the constant sequence y, = z, for every n > 1, clearly as
n — oo, Jy, — Jz = z and Ty, — T2z, = z. Using compatibility of
the pair of mappings J and T', T'Jzy = JT'z, i.e., Tz = Jz.
Taking = z and y = z, the contraction condition (2.1) gives
F(d(Sz,Tz),d(Sz,1z),d(1z,Jz),d(Jz,Tz)) <
F(d(z,Tz),d(z,2),d(z,Jz),d(Jz, Jz))
0)

<0
F(d(z,Tz),0,d(z,Jz),0) <0
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By definition of F', d(z,Tz) = 0. So Tz = z and z is fixed point of
T. Also Jz =Tz = z and z is thus the common fixed point of all four
maps 5,1, J and T.

If instead of I, the mapping J is continuous, the proof runs in a parallel
way.

Now suppose that the mapping S is continuous.

Sx9, — z, and by continuity of S, S%x,, = SSxs, — Sz, as n — 0.
Iy, = Txy, 1 — 2z, and by using continuity of S and compatibility
of mappings S and I, lim ISz, = lim Slxy, = Sz.

n—oo n—~oo

Taking x = Sxy, and y = 9,41, the contraction condition (2.1) gives
F (d(SSwon, Txony1),d (SSxen, [Sxay,) ,d (1S, JTani1),
d(Jrons1, Tron11)) <0
Letting n — oo,
F(d(Szz2),d(Sz,52),d(Szz2),d(z,2) <0
F(d(Szz2),0,d(Sz,2),0) <0
By definition of F', d (Sz,z) = 0. So Sz = z and z is fixed point of S.
Since S (X) C J(X), there is a point 2o € X such that z = Sz = Jz,.
Taking © = Sz, and y = 25, the contraction condition (2.1) gives
F (d(SSxon, T2s),d (SSxa,, [Sxay,),d (ISTay,, J2s)
d(Jz,Tz)) <0
Letting n — oo,
F(d(Sz,Tz),d(Sz,8z2),d(Sz,2),d(z,Tz))
F(d(z,Tz),0,0,d(z,Tz))
By definition of F', d(z,Tz2) = 0. So Tzp = 2z = J 2.
Now for the constant sequence y, = 2z, for every n > 1, clearly as
n — oo, Ty, — Tz = z and Jy, — Jzo = z. Using compatibility of

the pair of mappings J and T, T'Jz, = JT 2y, i.e., Tz = Jz.
Taking = = x5, and y = z, the contraction condition (2.1) gives

F (d(Szo,,Tz),d(Swopn, [x9y,) ,d ({2,,J2),d(Jz,T2)) <0
Letting n — oo,

F(d(2,Tz),d(z,z2),d(2,T2),d(Tz,Tz)) <

F(d(2,T2),0,d(2,Tz),0) <

<0
<0

0
0
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By definition of F', d(2,72) =0. So Tz =z = Jz = Sz.
Since T (X) C I (X), there is a point z3 € X such that z =Tz = [z3.
Taking x = 23 and y = z, the contraction condition (2.1) gives

F(d(Sz3,Tz),d(Sz3,123),d (123, Jz),d(Jz,Tz)) <0

F(d(Sz3,2),d(Sz3,2),d(z,2),d(z,2) <0
F(d(Szs,2),d(Sz3,2),0,0) <0

By definition of F', d (Sz3,2) = 0. So Sz = z = I z3.
Now for the constant sequence y, = z3, for every n > 1, clearly as
n — 0o, Sy, — Sz3 = z and [y, — I23 = 2. Using compatibility of
the pair of mappings S and I, STz3 = [Sz3, ie., Sz =1z =z, and 2
is fixed point of I also. Thus, Sz =Tz = Jz = [z = 2z, and z is the
common fixed point of all four maps 5,1, .J and T
If instead of S, the mapping T is continuous, the proof runs in a
parallel way:.
Now for proving uniqueness of the common fixed point z, suppose that
there are two common fixed points of S, I, J and T, viz., z and 2’. So
S =T =J=1="7.
Taking x = z and y = 2/, the contraction condition (2.1) gives
F(d(Sz,T),d(Sz,1z),d(Iz,J2"),d(J,TZ")) <
F(d(z2),d(z2),d(z2),d(#,7)) <
F(d(z72),0,d(z2),0) <0
By definition of F, d(z,2') = 0. So z = 2’ and the common fixed
point z of S, I, J and T is unique.
It is also immediately clear that z is a fixed point of the all com-

position maps like SI,1S5,S5J,JS,ST, TS, 1J,JI,IT, TI,JT, and TJ.
This completes the proof. n

The above result generalizes many known results, as we will show
in the sequel.
3. SPECIAL CASES GIVING ESTABLISHED RESULTS

By choosing a particular example of the function F' defined by con-
dition (ii) in Theorem 2.1, we get the following.

Corollary 3.1. Let (X,d) be a metric space and S,I,J;T : X — X
such that
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(1) S(X) C J(X) and T(X) C I(X),
(ii) There is 0 < ¢ < 1, such that for all z,y € X,
(3.1) d(Sz,Ty) <c-(d(Sz,[z)+d(Ix,Jy) +d(Jy, Ty))

(iii) The pairs (S,I) and (J,T) are compatible,

(iv) One of S,I,J and T is continuous.

(v) There is an o € X and an associated sequence {x,} of xg
relative to these four self maps such that the sequence

(22) Sl’o,T.fL'l,SiL'z,ng,"' ,S$2n,T$2n+1,"'

converges to a point z € X.
Then z is unique common fixed point of S, I,J and T.

Proof. d(x,y), being always nonnegative, is valid to be used as an
argument of F in Theorem 2.1. We take F : (R, U{0})* — R to
be F (t1,to,t3,t4) = t1 — ¢ (ta + t3 + t4). With this the contraction
condition of Theorem 2.1 reduces to

d(Sz,Ty) —c-(d(Sz,Ix)+d Iz, Jy)+d(Jy,Ty)) <0
that is

d(Sz,Ty) <c-(d(Sz,Ix)+d(Ix,Jy) + d(Jy,Ty))

Since in every application of this in the proof of the Theorem 2.1, only
one of the three terms on the right hand side remains nonvanishing
and has also been equal to the left hand side as required, the proof
follows by Theorem 2.1. g

The contraction condition (3.1) is quite natural in the light of trivial
triangle inequality. It generalizes a result of Fisher [1].

Corollary 3.2. [1] Suppose S,I,T and J are four self maps of a
metric space (X, d) into itself satisfying the conditions :

() S(X) CJ(X) and T (X) C 1(X),

(ii) There is 0 < ¢ < 1, such that for all z,y € X,

(3.2) d(Sz,Ty) < c¢-max{d(Ix, Jy),d(Ix,Sz),d(Jy, Ty)}

(iii) The pairs (S,I) and (J,T) are compatible,

(iv) One of S, I,J and T is continuous.
Further if

(v) X is complete,
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then S, 1, T and J have a unique common fixed point z € X. Further
z 1s the unique fixed point of S and I, and of T and J.

Proof. Since the commutativity of pairs of mappings implies their
compatibility, completeness of the space implies convergence of se-
quence of alternate images of terms of the associated sequence and,
with 0 < a = d(Sz,Iz), 0 < b = d([z,Jy), 0 < ¢ = d(Jy,Ty),
max {a,b,c} < a+ b+ ¢, the conditions here guarantee hypothesis
of Corollary 3.1 and consequently required fixed point exists. This
completes the proof. g

Corollary 3.3. [3, Theorem 2.1] Let (X,d) be a metric space, map-
pings S, 1,T,J: X — X be such that S (X) C J(X), T(X) CI(X),
one of S, 1, .J, T is continuous, the pairs S, I and J, T are commuting
pairs and

d(Sz,Ty) < ¢-max{d(Sz,Iz),d(Iz,Jy),d(Jy,Ty),
1

(3.3) 5 (d(Sz,Jy)+d(Iz,Ty)) }

for all x,y € X, where 0 < ¢ < 1. If there is an vy € X and an
associated sequence {x,} of xy relative to these four self maps such
that the sequence

(2.2) Sxo, Txy, Sxe, Txs, -+, STop, TTopi1,- -

converges to a point z € X, then z is unique common fized point of
S, I,J and T. Consequently, z is also a fixed point of the composition
maps SI,1S,JT,TJ,SJ, JS,IT and TI.

Proof. Commutativity of the pairs of mappings implies their compati-
bility and sequence of alternate images of terms of associated sequence
is already taken to be convergent. Now with 0 < a = d(Sz, Iz),
0<b=d(x,Jy), 0 <c=d(JyTy), 0 <d=d(Sz,Jy), and
0 <e=d(Iz,Ty), triangle inequality property of the metric assures
that d < a+ b and e < b+ c. Then,

1 1
5(al+e) < §(a—|—2b—|—c) <a+b+ec
Thus, in totality, max {a, b, c, % (d+ e)} < a+ b+ ¢ and contraction

condition (3.1) is weaker than (3.3). So, by Corollary 3.1 required
fixed point exists. This completes the proof. i
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V.Srinivas has achieved significant generalization of Corollary 3.2.
But his result is also seen to be just a particular case of Corollary 3.1.

Corollary 3.4. [5, Theorem 1] Suppose S,1,T and J are four self
maps of metric space (X, d) into itself satisfying the conditions
(i) S(X)CJ(X) and T (X) CI(X),

(ii) There is 0 < ¢ < 1, such that for all x,y € X,
(3.2) d(Sz,Ty) < c-max{d(lz,Jy),d([z,Sx),d(Jy,Ty)}

(iii) One of S,I,J and T is continuous

and if the pairs (S,I) and (T,J) are compatible, and if there is a
point o € X and an associated sequence {x,} of xy relative to the
four self maps such that the sequence

(22) SSEQ,T.TI,SI'Q,T$3,"' 75x2n7T1;2n+17"'

converges to some z € X, then S, I,J and T have a unique common
fixed point z € X. Further z is unique common fized point of S and I
and of T and J.

Proof. Most of the things are as per requirement in Corollary 3.1 ex-
cept the contraction condition (3.2). Of course, (3.2) is stronger than
(3.1), since the maximum of finitely many non-negative numbers does
not exceed their sum and the proof follows as a particular case. &

Corollary 3.3 by authors happens to be generalization of Corol-
lary 3.2 by Fisher in terms of sequence convergence instead of com-
pleteness of the space and weaker contraction condition. Corollary 3.4
by V.Srinivas is generalization of Corollary 3.2 by Fisher in terms se-
quence convergence instead of completeness of the space and compat-
ibility in place of commutativity of pairs of maps. Authors [4] have
successfully merged the advantages of both generalizations in follow-
ing.

Corollary 3.5. [4, Theorem 3.1] Let (X,d) be a metric space and
S, I,J,T:X — X such that
() §(X) S J(X) and T (X) € I(X),
(ii) There is 0 < ¢ < 1, such that for all z,y € X,
d(Sz,Ty) < c-max{d(Sz, [x),d([z, Jy),d(Jy, Ty),

(3.3) %(d(Sw, Jy) +d(Iz,Ty)) }
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(iii) The pairs (S,I) and (J,T) are compatible,

(iv) One of S,I,J and T is continuous.

(v) There is an xy € X and an associated sequence {x,} of xo
relative to these four self maps such that the sequence

(22) Sl’o,T[El,SIQ,T.T:;,"' ,S$2n,T$2n+1,"'

converges to a point z € X.

Then z is unique common fixed point of S,I,J and T. Con-

sequently, =z 1s also a fixed point of the composition maps
SI,I1S, JIr,TJ,SJ,JJS, IT and T1I.

Proof. Here too, most of the things are as per requirement in Corol-
lary 3.1 except the contraction condition (3.3), which, as shown in
proof of Corollary 3.3, is clearly stronger than (3.1) and the proof
follows as a particular case. 1
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