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THE MEAN VALUE THEOREMS AND INEQUALITIES
OF OSTROWSKI TYPE

ANA MARIA ACU, ALINA BABOŞ, FLORIN SOFONEA

Abstract. The main purpose of this paper is to derive new inequal-
ities of Ostrowski type using mean value theorems. The inequalities
for p-norm are also given and the weighted case is considered. New es-
timations of the remainder term in quadrature formulas are obtained.

1. Introduction

The following result is known in the literature as Ostrowski’s in-
equality ([5]).

Theorem 1. [5] Let f : [a, b] → R be a differentiable mapping on
(a, b) with the property that |f ′(t)| ≤ M for all t ∈ (a, b). Then

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤
1

4
+

x− a+ b

2
b− a


2
 (b− a)M,

for all x ∈ [a, b]. The constant
1

4
is best possible in the sense that it

cannot be replaced by a smaller constant.

In the last years the inequalities of Ostrowski type have occupied
the attention of many authors ([1], [2], [3], [4], [6], [7], [9], [10]). The
mean value theorems were applied to prove this kind of inequalities.

————————————–
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In 1946, Pompeiu [8] derive a variant of Lagrange’s mean value the-
orem. In [3], S.S. Dragomir using this theorem evaluates the integral
mean of an absolutely continuous function.

Theorem 2. For every real valued function f differentiable on an
interval [a, b] not containing 0 and for all pairs x1 ̸= x2 in [a, b], there
exists a point ξ in (x1, x2) such that

(1)
x1f(x2)− x2f(x1)

x1 − x2

= f(ξ)− ξf ′(ξ).

Theorem 3. [3] Let f : [a, b] → R be continuous on [a, b] and differ-
entiable on (a, b) with [a, b] not containing 0. Then for any x ∈ [a, b],
we have the inequality
(2)∣∣∣∣a+ b

2
· f(x)

x
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣≤ b− a

|x|

1

4
+

x− a+b

2
b−a


2
 ∥f−lf ′∥∞,

where l(t) = t, t ∈ [a, b].

In [9], E.C. Popa using a mean value theorem obtained a general-
ization of Dragomir’s result.

Theorem 4. [9] Let f : [a, b] → R be continuous on [a, b] and differ-
entiable on (a, b). Then for any x ∈ [a, b] we have the inequality
(3)∣∣∣∣[a+b

2
−α

]
f(x)+

α−x

b−a

∫ b

a

f(t)dt

∣∣∣∣≤
1

4
+

x− a+b

2
b−a


2
 (b−a)∥f−lf ′∥∞,

where α /∈ [a, b] and l(t) = t− α, t ∈ [a, b].

Also, in [6] J. Pečarić and S. Ungar have proved a general estimate
with the p-norm, 1 ≤ p ≤ ∞ which for p = ∞ give the Dragomir’s
result.

Theorem 5. [6] Let the function f : [a, b] → R be continuous on [a, b]

and differentiable on (a, b) with 0 < a < b. Then for
1

p
+

1

q
= 1, with

1 ≤ p, q ≤ ∞, and all x ∈ [a, b], the following inequality holds:

(4)

∣∣∣∣a+ b

2
· f(x)

x
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ PU(x, p) · ∥f − lf ′∥p,
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where l(t) = t, t ∈ [a, b], and

PU(x, p)= (b−a)
1
p
−1

[(
a2−q−x2−q

(1−2q)(2−q)
+
x2−q−a1+qx1−2q

(1−2q)(1+q)

) 1
q

(5)

+

(
b2−q−x2−q

(1−2q)(2−q)
+
x2−q−b1+qx1−2q

(1−2q)(1+q)

) 1
q

]
.

Note that in cases (p, q) = (1,∞), (∞, 1) and (2, 2) the constant
PU(x, p) has to be taken as the limit as p → 1,∞ and 2, respectively.

The main purpose of this paper is to derive new inequalities of
Ostrowski type using mean value theorems, generalizing some results
of S.S. Dragomir, J. Pečarić, S. Ungar and E.C. Popa (see [3], [6], [9]).
The inequalities for p-norm are also given and the weighted case is
considered.

2. The inequalities of Ostrowski type

The following result is a generalization of Pompeiu’s mean value
theorem.

Theorem 6. For every real valued function f differentiable on an
interval [a, b] not containing 0 and for all pairs x1 ̸= x2 in [a, b], there
exists a point ξ in (x1, x2) such that

(6)
(x1 − α)f(x2)− (x2 − α)f(x1)

x1 − x2

= f(ξ)− (ξ − α)f ′(ξ),

where α /∈ [a, b].

Proof. Define F :

[
1

b− α
,

1

a− α

]
→ R by

(7) F (u) = uf

(
1

u
+ α

)
, α /∈ [a, b].

The function F is continuous and differentiable on

(
1

b− α
,

1

a− α

)
and for all x, t ∈

[
1

b− α
,

1

a− α

]
exists x < η < t such that

F (x)− F (t)

x− t
= F ′(η), namely

xf

(
1

x
+ α

)
− tf

(
1

t
+ α

)
x− t

= f

(
1

η
+ α

)
− 1

η
f ′
(
1

η
+ α

)
.
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Denote x =
1

x2 − α
, t =

1

x1 − α
, ξ =

1

η
+α, then x1 < ξ < x2 and the

relation (6) holds.

Remark 7. If we choose α = 0 to obtain the Pompeiu’s mean value
theorem.

Remark 8. From the relation (6) we obtained

(8) |(x1−α)f(x2)−(x2−α)f(x1)|≤ sup
ξ∈[a,b]

|f(ξ)−(ξ−α)f ′(ξ)| |x1 − x2|.

Integrating (8) over x1 ∈ [a, b] we find the the Ostrowski inequality (3)
obtained by E.C. Popa in [8].

In the next part of this section we will obtain inequalities of Os-
trowski type in p-norm. First of all we will consider the particular
cases p = 2,∞, respectively 1.

Theorem 9. Let the function f : [a, b] → R be continuous on [a, b]
and differentiable on (a, b) with 0 < a < b. Then for all x ∈ [a, b] the
following inequality holds∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤
(b− a)

1
2

3
∥f − lf ′∥2 ·

[
Φ(a, α, x)

1
2 + Φ(b, α, x)

1
2

]
,

where α /∈ [a, b], l(t) = t− α, t ∈ [a, b] and

Φ(s, α, x) = ln

(
x− α

s− α

)3

+

(
s− α

x− α

)3

− 1, s ∈ [a, b].

Proof. The function F defined in (7) is continuous and differentiable

on

(
1

b− α
,

1

a− α

)
, and for all x1, x2 ∈

[
1

b− α
,

1

a− α

]
we have

F (x1)−F (x2)=

∫ x1

x2

F ′(t)dt=

∫ x1

x2

[
f

(
1

t
+α

)
− 1

t
f ′
(
1

t
+α

)]
dt(9)

=−
∫ 1

x1
+α

1
x2

+α

[f(u)− (u− α)f ′(u)]
1

(u− α)2
du.
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Denote x1 =
1

x− α
and x2 =

1

t− α
. Then for all x, t ∈ [a, b] from (9)

we get

(t− α)f(x)− (x− α)f(t) =(10)

(x− α)(t− α)

∫ t

x

[f(u)− (u− α)f ′(u)]
1

(u− α)2
du.

Integrating on t and dividing by x− α, we obtain

(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt =

∫ b

a

(t− α)

(∫ t

x

[f(u)− (u− α)f ′(u)]
1

(u− α)2
du

)
dt

and therefore

(11)

∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤∫ b

a

∣∣∣∣∫ t

x

∣∣∣∣[f(u)− (u− α)f ′(u)]
t− α

(u− α)2

∣∣∣∣ du∣∣∣∣ dt =∫ x

a

∣∣∣∣∫ x

t

∣∣∣∣[f(u)− (u− α)f ′(u)]
t− α

(u− α)2

∣∣∣∣ du∣∣∣∣ dt+∫ b

x

∣∣∣∣∫ t

x

∣∣∣∣[f(u)− (u− α)f ′(u)]
t− α

(u− α)2

∣∣∣∣ du∣∣∣∣ dt.
Applying Hölder’s inequality we obtained∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤[∫ x

a

(∫ x

t

(f(u)−(u−α)f ′(u))
2
du

)
dt

] 1
2
[∫ x

a

(∫ x

t

(t−α)2

(u−α)4
du

)
dt

] 1
2

+

[∫ b

x

(∫ t

x

(f(u)−(u−α)f ′(u))
2
du

)
dt

] 1
2
[∫ b

x

(∫ t

x

(t−α)2

(u−α)4
du

)
dt

] 1
2

≤

[∫ b

a

(∫ b

a

(f(u)− (u− α)f ′(u))
2
du

)
dt

] 1
2

·

{[∫ x

a

(∫ x

t

(t− α)2

(u− α)4
du

)
dt

] 1
2

+

[∫ b

x

(∫ t

x

(t− α)2

(u− α)4
du

)
dt

] 1
2

}
=
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(b− a)
1
2∥f − lf ′∥2 ·

{[∫ x

a

(∫ x

t

(t− α)2

(u− α)4
du

)
dt

] 1
2

+

[∫ b

x

(∫ t

x

(t− α)2

(u− α)4
du

)
dt

] 1
2

}
=

(b− a)
1
2

3
∥f−lf ′∥2·

[
Φ(a)

1
2 + Φ(b)

1
2

]
.

Theorem 10. Let the function f : [a, b] → R be continuous on [a, b]
and differentiable on (a, b) with 0 < a < b. Then for all x ∈ [a, b] the
following inequality holds

(12)

∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤ ∥f − lf ′∥∞ ·Ψ(a, b, α, x), for α < a,

−∥f − lf ′∥∞ ·Ψ(a, b, α, x), for α > b,

where α /∈ [a, b], l(t) = t− α, t ∈ [a, b] and

Ψ(a, b, α, x) =
1

2(x− α)

[
(b− x)2 + (x− a)2

]
.

Proof. From relation (11) we obtained∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤
sup
a≤u≤b

|f(u)−(u−α)f ′(u)|
[∫ x

a

(∫ x

t

|t−α|
(u−α)2

du

)
dt+

∫ b

x

(∫ t

x

|t−α|
(u−α)2

du

)
dt

]
.

From the above relation the inequality (12) is proved.

Remark 11. The inequality (12) coincides with the Ostrowski inequal-
ity (3) obtained by E.C. Popa in [9]. The proof of the inequality (3)
presented in this section was done in a different manner than in [9].

Theorem 12. Let the function f : [a, b] → R be continuous on [a, b]
and differentiable on (a, b) with 0 < a < b. Then for all x ∈ [a, b] the
following inequality holds
(13)∣∣∣∣(b−a)

(
a+b

2
−α

)
f(x)

x−α
−
∫ b

a

f(t)dt

∣∣∣∣≤(b− a)∥f − lf ′∥1Ω(a, b, α, x),
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where α /∈ [a, b], l(t) = t− α, t ∈ [a, b] and

Ω(a, b, α, x) =


1

a− α
+

b− α

(x− α)2
, for α < a,

α− a

(α− x)2
+

1

α− b
, for α > b.

Proof. From relation (11) we obtained∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤∫ x

a

(∫ x

t

|f(u)− (u− α)f ′(u)| max
t≤u≤x, a≤t≤x

|t− α|
(u− α)2

du

)
dt

+

∫ b

x

(∫ t

x

|f(u)− (u− α)f ′(u)| max
x≤u≤t, x≤t≤b

|t− α|
(u− α)2

du

)
dt.

From the above relation the inequality (13) is proved.

Theorem 13. Let the function f : [a, b] → R be continuous on [a, b]

and differentiable on (a, b) with 0 < a < b. Then for
1

p
+

1

q
= 1, with

1 < p, q < ∞, p, q ̸= 2 and all x ∈ [a, b] the following inequality holds

(14)

∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤
(b− a)

1
p∥f − lf ′∥p

[
Θ(a, x, α)

1
q +Θ(b, x, α)

1
q

]
, for α < a,

−(b− a)
1
p∥f − lf ′∥p

[
Θ(a, x, α)

1
q +Θ(b, x, α)

1
q

]
, for α > b,

where α /∈ [a, b], l(t) = t− α, t ∈ [a, b] and

Θ(s, x, α) =
1

1− 2q

{
(x− α)2−q

q + 1
+

(x− α)2−q

q − 2

− (x− α)1−2q(s− α)q+1

q + 1
− (s− α)2−q

q − 2

}
, s ∈ [a, b].

Proof.
Applying Hölder’s inequality in (11), we obtained∣∣∣∣(b− a)

(
a+ b

2
− α

)
f(x)

x− α
−

∫ b

a

f(t)dt

∣∣∣∣ ≤



12 ANA MARIA ACU, ALINA BABOŞ, FLORIN SOFONEA[∫ x

a

(∫ x

t

|f(u)−(u−α)f ′(u)|p du
)
dt

] 1
p
[∫ x

a

(∫ x

t

|t−α|q

(u−α)2q
du

)
dt

] 1
q

+

[∫ b

x

(∫ t

x

|f(u)−(u−α)f ′(u)|p du
)
dt

] 1
p
[∫ b

x

(∫ t

x

|t−α|q

(u−α)2q
du

)
dt

] 1
q

≤

[∫ b

a

(∫ b

a

|f(u)−(u−α)f ′(u)|p du
)
dt

] 1
p

η(a, b, α, x) =

(b− a)
1
p∥f − lf ′∥pη(a, b, α, x),

where

η(a, b, α, x)=

[∫ x

a

(∫ x

t

|t−α|q

(u−α)2q
du

)
dt

] 1
q

+

[∫ b

x

(∫ t

x

|t−α|q

(u−α)2q
du

)
dt

] 1
q

.

Calculating the integrals from the above relation, the inequality (14)
is proved.

3. The weighted case

In this section we consider the weighted case of Ostrowski inequality.

Theorem 14. Let the function f : [a, b] → R be continuous on [a, b]
and differentiable on (a, b) with 0 < a < b, and let w : [a, b] → R be a

nonnegative integrable function. Then for
1

p
+

1

q
= 1, with 1 ≤ p, q ≤

∞, and all x ∈ [a, b] the following inequality holds
(15)∣∣∣∣ f(x)x−α

∫ b

a

(t−α)w(t)dt−
∫ b

a

f(t)w(t)dt

∣∣∣∣≤(b−a)
1
p∥f−lf ′∥pΛ(a, b, α, x),

where α /∈ [a, b], l(t) = t− α, t ∈ [a, b] and

Λ(a, b, α, x)=

[∫ x

a

(∫ x

t

|t−α|qw(t)q

(u−α)2q
du

)
dt

] 1
q

+

[∫ b

x

(∫ t

x

|t−α|qw(t)q

(u−α)2q
du

)
dt

] 1
q

.

Proof. Multiplying (10) by
w(t)

x− α
and integrating on t, we get

f(x)

x− α

∫ b

a

(t− α)w(t)dt−
∫ b

a

w(t)f(t)dt =∫ b

a

w(t)(t− α)

(∫ t

x

[f(u)− (u− α)f ′(u)] · 1

(u− α)2
du

)
dt,
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and as in the proof of Theorem 13 we have∣∣∣∣ f(x)x− α

∫ b

a

(t− α)w(t)dt−
∫ b

a

f(t)w(t)dt

∣∣∣∣ ≤[∫ x

a

(∫ x

t

|f(u)−(u−α)f ′(u)|p du
)
dt

] 1
p
[∫ x

a

(∫ x

t

|t−α|qw(t)q

(u−α)2q
du

)
dt

] 1
q

+

[∫ b

x

(∫ t

x

|f(u)−(u−α)f ′(u)|p du
)
dt

] 1
p
[∫ b

x

(∫ t

x

|t−α|qw(t)q

(u−α)2q
du

)
dt

] 1
q

which gives (15).

4. The estimate of the remainder in quadrature formula

In this section, in the same way with the reasoning used in [3] and [9]
we will give new estimations of the remainder term in the quadrature
formula constructed by E.C. Popa in [9].

We assume in the following that 0 < a < b and α /∈ [a, b]. Consider
the division of the interval [a, b] given by

∆ : a = x0 < x1 < · · · < xn−1 < xn = b.

Let ξi be a sequence of intermediate points ξi ∈ [xi, xi+1], i = 0, n− 1
and denote hi = xi+1−xi. In [9] was defined the following quadrature
formula ∫ b

a

f(t)dt = S∆(f, ξi) +R∆(f, ξi), where

S∆(f, ξi) =
n−1∑
i=0

f(ξi)

ξi − α

(
xi+1 + xi

2
− α

)
hi.

The following estimation for remainder term R∆(f, ξi) was given in
[9].

Theorem 15. [9] Assume that f : [a, b] → R is continuous on [a, b]
and differentiable on (a, b). Then we have

|R∆(f, ξi)| ≤
1

2h
∥f − lf ′∥∞ ·

n−1∑
i=0

h2
i ,

where h = min {|a− α|, |b− α|} and l(t) = t− α, t ∈ [a, b].

In the next part of this section new estimations of the remainder
term R∆(f, ξi) will be given.
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Theorem 16. Assume that f : [a, b] → R is continuous on [a, b] and
differentiable on (a, b). Then we have

(16) |R∆(f, ξi)| ≤
2

3
K(a, b, α) · ∥f − lf ′∥2

n−1∑
i=0

h
1
2
i ,

where K(a, b, α) =

[
ln

(
b− α

a− α

)3

+

(
b− α

a− α

)3

− 1

] 1
2

and l(t) = t−α,

t ∈ [a, b].

Proof. Applying the Theorem 9 on the interval [xi, xi+1] for the in-
termediate points ξi, to obtain

(17)

∣∣∣∣ f(ξi)ξi − α

(
xi+1 + xi

2
− α

)
hi −

∫ xi+1

xi

f(t)dt

∣∣∣∣ ≤
h

1
2
i

3
∥f − lf ′∥2

[
Φ(xi, α, ξi)

1
2 + Φ(xi+1, α, ξi)

1
2

]
,

where

Φ(xi, α, ξi)=ln

(
ξi−α

xi−α

)3

+

(
xi−α

ξi−α

)3

−1≤ ln

(
b−α

a−α

)3

+

(
b−α

a−α

)3

−1,

Φ(xi+1, α, ξi)=ln

(
ξi−α

xi+1−α

)3

+

(
xi+1−α

ξi−α

)3

−1≤ ln

(
b−α

a−α

)3

+

(
b−α

a−α

)3

−1.

The relation (17) can be written∣∣∣∣ f(ξi)ξi − α

(
xi+1 + xi

2
− α

)
hi −

∫ xi+1

xi

f(t)dt

∣∣∣∣ ≤ 2

3
h

1
2
i ∥f − lf ′∥2K(a, b, α).

Summing over i from 0 to n− 1 we deduce the desired estimate (16).

Theorem 17. Assume that f : [a, b] → R is continuous on [a, b] and
differentiable on (a, b). Then we have

(18) |R∆(f, ξi)| ≤ Ω̃(a, b, α)∥f − lf ′∥1 ·
n−1∑
i=0

hi,

where l(t)= t−α, t∈ [a, b], and Ω̃(a, b, α)=


a+b−2α

(a−α)2
, forα<a,

2α−a−b

(α−b)2
, forα>b.
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Proof. Applying the Theorem 12 on the interval [xi, xi+1] for the
intermediate points ξi, to obtain
(19)∣∣∣∣ f(ξi)ξi−α

(
xi+1+xi

2
−α

)
hi−

∫ xi+1

xi

f(t)dt

∣∣∣∣≤hi∥f−lf ′∥1Ω(xi, xi+1, α, ξi),

where

Ω(xi, xi+1, α, ξi) =


1

xi − α
+

xi+1 − α

(ξi − α)2
, for α < a,

α− xi

(α− ξi)2
+

1

α− xi+1

, for α > b.

Since Ω(xi, xi+1, α, ξi) ≤ Ω̃(a, b, α) the relation (19) can be written∣∣∣∣ f(ξi)ξi − α

(
xi+1 + xi

2
− α

)
hi −

∫ xi+1

xi

f(t)dt

∣∣∣∣ ≤ hi∥f − lf ′∥1 · Ω̃(a, b, α).

Summing over i from 0 to n− 1 we deduce the desired estimate (18).
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[5] A. Ostrowski, Über die asolutabweichung einer differencienbaren func-
tionen von ihren integral mittelwert, Comment. Math. Hel, 10, 1938,
226–227.
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[7] J. Pečarić, I. Perić, A. Vukelić, Estimations of the difference of two inte-
gral means via Euler-type identities, Mathematical Inequalities & Appli-
cations, 7 3 (2004), 365–378.

[8] D. Pompeiu, Sur une proposition analogue au théorème des accroisse-
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