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SLIGHTLY CONTINUOUS FUZZY MULTIFUNCTIONS IN MINIMAL
STRUCTURES

MIHAI BRESCAN

Abstract. In this paper we introduce the class of slightly m-continuous fuzzy
multifunctions, which is a generalization of the concept called a slightly m-
continuous multifunction introduced by Valeriu Popa and Takashi Noiri in the
general topology ([7]). At the same time we introduce the concept of fuzzy
generalized multifunction and we investigate the properties.

1. PRELIMINARIES

Let Y be an arbitrary non-empty set and the unit interval J = [O, 1] c R. A fuzzy

set in Y is an application4:Y — [0,1]. Denote by F(Y) the class of fuzzy sets

in Y. The set Y, known as the Y space, will be identified with the constant
function 1 and the empty set @ will be identified with the constant function O.

Let | an index set and {4, }iel a class of fuzzy sets in Y. The union and the

intersection of this class, denoted UA, and as _ml/li are defined by
le

iel

(iu A, Xy) = sup /4, (y) respectively (‘q A, Xy) = i_nlf A, (y), (V)y eY. If Lue
iel (S le

el

F(Y), the inclusion denoted asA < ¢ (orA > ) is defined by /1(y) < ,u(y) and
the equality denoted as A = u is defined by A(y)= u(y), (V)yeY .
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The complement of Ae F(Y), denoted asA®, is defined by A°=1-21,

2(y)=1-A(y), (V)yeY.

In this paper a very important role will be played by the notion called quasi-
coincidence (g-coincidence) introduced by Pu Pao-Ming and Liu Ying-Ming
([9]): the sets A, e F(Y) are said to be quasi-coincident (or g-coincident) if

there exists yeY so that /”t(y)+ ,u(y)>1 and this is denoted as AqQu;
otherwise, we obtain l(y)+ ,u(y)s 1, which is denoted as /Ia,u ([9D. If 4 and
i are Q-coincident inyeY, then l(y);tO, ,u(y);tO and consequently
(2 u)y)#0 (9.

It is known that A < if and only if 4 and 1- u are not g-coincidents,

denoted by ﬂ,a(l— ,u) ([9D. A fuzzy topology on Y (according to Chang, [3])
is a class 7 < F(Y) which satisfies the following conditions (or axioms):
(T)0,1er;

! 1<i<n

(T,)if 6, ez,i=1,n, then( )5, €, where[ |5, = min, ;
i=1 i=1

(T,)8, er,iel,then ulé‘i eT.

The couple (Y,r) is defined as a fuzzy topological space (according to Chang,
[3]) abbreviated f. t. s. Each element of the 7 class is a fuzzy set 7 -open and
the complement of a 7 -open fuzzy set is called a 7 -closed fuzzy set. A fuzzy
set which is simultaneously 7 -open and 7 -closed is called a 7 -clopen fuzzy
set (or clopen set).

The interior and the closure of set A € F(Y) are defined by (see [3]):

IntA =1 = u{5|5 <A,0¢e z'} resp. ClA=4= m{a‘/l <o,0°¢ T}.
Let (Y,z) beaf. t.s. and A e F(Y). The set A is called:

a) F semi-open if 4 < /?, ;

b) F regular closed (resp. F regular open) if 4 = /”t (resp. A = Z) (.
The complement of a F semi-open set is said to be F-semi-closed set. The
intersection of all F-semi-closed sets of Y containing A is called the F semi-

closure of A4 and is denoted by FsCI A or FsA.
The union of all F semi-open sets of Y contained inA is called the F semi-

interior of A and is denoted by Fsint A or Fsﬁi .
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2. MINIMAL STRUCTURES

In this section we remind the concept by minimal structure introduced in the
general topology by Valeriu Popa and Takashi Noiri, as well as any definitions
and lemmas established by these authors (see [5], [6], [7]).

Definition 1. Let X be a nonempty set and P(X) the power set of X. The
subfamily m, < P(X) is called a minimal structure (briefly m-structure) on X if

@em, and X e m,. The couple (X,m, ) is said to be a minimal space. Each
member of m, is said to be m, -open and the complement of a m, -open is
said to be m, -closed.

Definition 2. Let the minimal space (X,m, ) and A a subset of X. The m, -
closure of A and the m, -interior of A are defined as follows:

(1) m, ~CIA=n{G|[AcG,X \Gem,|,

@) m, —IntA=UVN c AV em,|.

Lemma 1. Let the minimal space (X,m, ) and A, B the subsets of X. The
following properties hold:

(1) my —CI(X\A)= X \(m, —IntA), m, —Int(X \ A)= X \(m, —CIA);
(2)If (X \A)em, , then m, —CIA= A and if Aem,, then m, —IntA= A;
3)m, —-Clg=0, m, —-CIX =X, my —Intd=@ and m, —IntX = X ;

(4)If Ac B, then my —CIAc m, —CIBand m, —IntAc m, —IntB;

(5) Acm, —CIA and m, — IntAc A;

(6) my —Cl(m, —CIA)=m, —CIA and m, — Int(m, — IntA)=m, — IntA.

Lemma 2. Let (X,m,) be a minimal space and A a subset of X. Then
xem, \CIA ifand only if U n A=0 for every U e m, withxeU .

Definition 3. A minimal structure m, on a nonempty set X is said to have the
property (B) if the union of any family of subsets belonging to m, belongs to
m, .
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Lemma 3. For a minimal structure m, on a nonempty set X, the following are
equivalent:

(1) my has the property (B);

@) If my —IntV =V ,thenV emy;

3)If my —CIF =F ,then X \F em,.

Lemma 4. Let X be a nonempty set, m, a minimal structure on X satisfying
(B) and A a subset of X. Then the following properties hold:

(1) Aemy ifand only if my, —IntA=A;

(2) Ais my -closed if and only if my, —CIA=A;

(3) my —IntAe m, and m, —CIA is m, -closed.

3. SLIGHTLY M-CONTINUOUS FUZZY MULTIFUNCTIONS

In 1985 Papageorgiu ([8]) introduced the notion of a fuzzy multifunction and
defined the fuzzy upper inverse and fuzzy lower inverse. In 1991 N. N.
Mukherjee and S. Malakar ([4]) have redefined the fuzzy lower inverse of a
fuzzy multifunction in terms of the notion of quasi-coincidence of Pu and Liu

([9D.

Definition 4 ([8]). Let (X,t) be a topological space in the classical sense and
(Y,z') be a fuzzy topological space. An application F : X — F(Y) is called a
fuzzy multifunction.

Remark 1. Obviously, for each x e X, F(X) is a fuzzy set in Y, that F(X)e
F(Y).

Definition 5 ([4]). For a fuzzy multifunction F : X — F(Y), the upper inverse
F*(4) and the lower inverse F (1) of a fuzzy set 1€ F(Y) are defined as
follows:

F'(2)={xe X|F(x)< A}c X and F~(2)={xe X|F(x)ad}c X .

Lemma 5 ([4]). For a fuzzy multifunction F:X — F(Y), we have
F'(1-2)=X\F (1) and F (1-21)=X\F*(4), for any fuzzy set Ae
F(Y).
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In this section we introduce the class of slightly m-continuous fuzzy
multifunction through

Definition 6. Let the minimal space (X,m, ) and (Y,z) a f. t. s. A fuzzy
multifunction F : X — F(Y) is said to be:

a) fuzzy upper slightly m-continuous at a point X € X if for each fuzzy clopen
set A € F(Y) containing F(X) (i.e. F(X) < A), there exists U € my containing X
such that F(U)< 1;

b) fuzzy lower slightly m-continuous at a point x € X if for each fuzzy clopen
set 1 € F(Y) with F(X)q,u , there exists U e m, containing X such that F(u )q,u

foreach ueU ;
c0 fuzzy upper (resp. fuzzy lower) slightly m-continuous if it has the property
at each point x e X .

We introduce now

Definition 7. Let (X,mx) a minimal space and (Y,T) a fuzzy topological
space. A fuzzy multifunction F :(X,mx)—> F(Y) is said to be a fuzzy
generalized multifunction.

We have the following theorems of characterization: Theorem 1, Theorem 2
and Corollaries 1 and 2.

Theorem 1. For a generalized multifunction F : (X ,my )—) F(Y) the following
are equivalent:

(1) F is fuzzy upper slightly m-continuous;

2) F +(,u) =my — Int(F +(,u)) for each u fuzzy clopen set in (Y,r);

3)F _(,u) =m, — CI(F _(,u)) for each u fuzzy clopen in (Y,z').

Proof. (1)=(2); If u is any fuzzy clopen set in (Y,z') and X e F+(,u), then
F(X)S 4 and by the hypothesis, there exists U em, withxeU such
that F(U)< z. Thus xeU < F*(u), next xem, —Int(F*(x)) and we have
Fr(u)<m, - Int(F*(,u)). By Lemma 1, we obtain F*(x)=m, — Int(F*(,u)).
(2)=(3): If u is any fuzzy clopen set in (Y,T) then 1— u is fuzzy clopen set
in (Y , z'). By (2), lemma 5 and Lemma 1, we have



66 M.BRESCAN

X\F ()= F* (1= p)=m, —Int(F*(1- z))= X \(m, \CI(F~(1))).. Then we
obtain F~(u)=m, —CI(F’(,u)).

(3)=(2): This follows from Lemma 5.

(2)=(1). Let xeXand u be any fuzzy clopen set in (Y,r) with
F(X)< u.Then xeF*(u)=m, — Int(F*(,u)) and there exists U e my with
xeU such that xeU < F*(,u), next f(U)S 4 and hence F is fuzzy upper
slightly m-continuous.

Theorem 2. For a fuzzy generalized multifunction F :(X,mX )—) F(Y) the

following are equivalent:
(1) F is fuzzy lower slightly m-continuous;

(2) F"(,u): m, — Int(F"(y)) for each u fuzzy clopen in (Y,T);
(3) F*(u)=m, —CI(F+(;1)) for each u fuzzy clopen in (Y,7).

Proof. (1)=(2): Let u a fuzzy clopen set in (Y,r) and xe F*(,u). Then
F(X)q,u and by the hypothesis there exists U e my with xeU such that
F(u)gu for each ueU. Then we have U <F (u) and by Lemma I,
F(u)=m, —Int(F~(u)).

(2)=@3): If u is fuzzy clopen in (Y,r), then 1— u is fuzzy clopen in (Y,z').
It is known that X \ F ()= F~(1- x) (see Lemma 5) and by (2) we have

X \F* ()= F~ (1= pz)=m, = Int(F~ (1= )= X \(m, ~CI(F* (w))

and hence we obtain F*(z)=m, \CI(F +(,u)).

(3)=(1): Let xe X and u any fuzzy clopen set in (Y,T) such that F(X)qy.
Then x e F‘(y)and hencex ¢ X \ F_(,u)z F+(1—,u). By the hypothesis (3),
we have X ¢ my —CI(F+(1 —,u)) and by Lemma 2, there exists U e m, with

xeU such that U F*(1-u)=0 andU < F~(u). Therefore F(u)qu for
each u e U and hence F is fuzzy lower slightly m-continuous.

Let (X,m, ) a minimal space, where m, has property(B), (Y,7) is a fuzzy
topological space and F :(X,m X )—)F(Y) is any fuzzy generalized
multifunction. Then the following corollary holds:

Corollary 1. For a fuzzy generalized multifunction the following are
equivalent:

(1) F is fuzzy upper slightly m-continuous;
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(2) F*(,u) is m, -open in X for each u fuzzy clopen in (Y,r);
3) F*(,u) is m, -closed in X for each x fuzzy clopen in (Y,r).

We introduce here the notion called a fuzzy extremely disconnected space
(briefly F. E. D., after [7]).

Definition 8. A fuzzy topological space (Y,r) is said to be a fuzzy extremely

disconnected if the closure (in the sense of Chang) of each z -open set is 7 -
open set.

If (Y,7) is a extremely disconnected, we obtain the following theorems of
characterization for a fuzzy generalized multifunction, Theorems 3 and 4.

Theorem 3. For a fuzzy generalized multifunction F : (X ,my )—> F(Y), where
(Y,r) is F. E. D. the following are equivalent:

(1) F is fuzzy upper slightly m-continuous;

(2) my — CI(F*(,u))g F*(Cl,u) forevery set e

3) F*(Into) < my — Int(F* (o)) for every set o € F(Y), where 6° e 7.

Proof. (1)=(2): Let ue€F(Y), uer, hence Clu is clopen set. Obviously
F (z)< F(Clu) and by Theorem 1 (3), F~(Clu)=m, —CI(F~(Clx)). By
Lemma 1 we have m, —CI(F*(,u))g m,y, —CI(F*(CI,u)): F~(Cly), hence

m, ~CI(F~ (1)) F~(Clu).

(2)=(3): Let o €F(Y) with 6° €7 and u=1-0o. Obviously x ez and by
lemma 1, we
have X \ (my \ Int(F*(¢)))=m, —CI(X \F*(o))=m, —CI(F (1-0))c

c F(Cl(1-0))=F (1-Into)= X \F*(Into) (see and Lemma 5). Therefore
F*(Inte) < my - Int(F* (0)).

3)=(1): Let xe X and pe F(Y), clopen fuzzy set with F(X)S,u. By
hypothesis (3) we have x € F*(u)=F "(Intu) c m, — Int(F+(,u)). Then, there
exists U e my such that xeU c F+(u), hence F(U)S u, that is F is fuzzy
upper slightly m-continuous.

Theorem 4. For a fuzzy generalized multifunction F :(X ,my )—)F(Y), where
(Y,7) is F. E. D. the following are equivalent:
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(1) F is fuzzy lower slightly m-continuous;
(2) my — CI(F+(,u))g F*(Clu) for every set per;
(3) F (Inte)c m, - |nt(F_(0)) for every set o €F(Y), with o° e 7.

Proof. The proof is similar to that of Theorem 3 and Theorem 2.

Definition 9. Let (X,m,) a minimal space and (Y,z) a f. t. s. A fuzzy
generalized multifunction F :(X,m, )—F(Y) is said to be:

a) upper weakly m-continuous if for each point x € X and each fuzzy set
5 et with F(x)< &, there exists U € m, such that F(U)< 5

b) lower weakly m-continuous if for each point x e X and each fuzzy set
§er such F(x)qs, there exists U e m, with xeU such that F(u)qs for
eachueU.

Now we investigate the relationships between upper/lower slightly m-
continuous fuzzy multifunctions and the notions of Definition 9.

Theorem 5. If a fuzzy generalized multifunction F :(X ,my )—)F(Y) 1S upper
weakly m-continuous, then is upper slightly m-continuous.

Proof. Let X e X and & €F(Y), clopen set with F(X)S 0 . By hypothesis, there

exists U e my with X eU such that F(U ) <& =5, therefore F is upper slightly
Mm-continuous.

Theorem 6. If a fuzzy generalized multifunction F :(X,m)< )—)F(Y) is lower
weakly m-continuous, then F is lower slightly m-continuous.

Proof. Let x e X and J € F(Y), clopen set such F(X)q5 . By hypothesis, there

exists U em, with xeU such that F(u)q5 for each ueU, therefore F is

lower slightly
M-continuous.

Let (X ,t) a topological space in the classical sense, (Y,z') a fuzzy topological
space and F : (X ,t) — F(Y) a fuzzy multifunction.

Definition 10 ([4]). The fuzzy multifunction F is said to be:
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a) upper weakly continuous if for each point X € X and each fuzzy set o e
with F(x)< &, there exists U et with x e U such that F(x)< & ;

b) lower weakly continuous if for each point X € X and each fuzzy set o e
such that F(x)q5, there exists U et withx eU such that F(u)qs for each
ueU.

Let (X ,t) be a topological space and (Y, z') a fuzzy topological space.

Theorem 7. If the fuzzy multifunction F: (X ,my )—)F(Y) is upper weakly
continuous, then F~* (u) et for every fuzzy clopen set u € F(Y).

Proof. It follows easy from Corollary 1 and Theorem 5.

Theorem 8. If the fuzzy multifunction F :(X ,t) —>F(Y) is lower weakly
continuous, then F~ (,u) et for every fuzzy clopen set u € F(Y).

Proof. It follows easy from Corollary 2 and Theorem 6.
Through analogy with Definition 5.5 ([7]) we introduce here

Definition 11. Let (X,m, ) a minimal space and Ac X . The m, -frontier of
A, denoted by m, - FrA, 1s defined by m, -
FrA=m, \CIAnm, \CI(X \ A)=m, \CI(m, \ IntA).

Then, is true

Theorem 9. Let (X ,My ) a minimal space, (Y,r) a fuzzy topological space and
F :(X,mX )—)F(Y) a fuzzy generalized multifunction. The set of all points

X e X at which the fuzzy generalized multifunction F is not upper/lower
slightly m-continuous is identical with the union of m, -frontiers of the

upper/lower inverse images of clopen sets containing (resp. meeting) F(X).
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