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Abstract.  In this paper we introduce the class of slightly m-continuous fuzzy 
multifunctions, which is a generalization of the concept called a slightly m-
continuous multifunction introduced by Valeriu Popa and Takashi Noiri in the 
general topology ([7]). At the same time we introduce the concept of fuzzy 
generalized multifunction and we investigate the properties. 
 

1. PRELIMINARIES 
 

Let Y be an arbitrary non-empty set and the unit interval [ ] R⊂= 1,0J . A fuzzy 
set in Y is an application [ ]1,0: →Yλ . Denote by F(Y)  the class of fuzzy sets 
in Y. The set Y, known as the Y space, will be identified with the constant 
function 1 and the empty set Ø will be identified with the constant function 0. 
Let I an index set and { } Iii ∈λ  a class of fuzzy sets in Y. The union and the 
intersection of this class, denoted iIi

λ
∈
∪  and as iIi

λ
∈
∩  are defined by 

( )( ) ( )yy i
Ii

iIi
λλ

∈∈
=∪ sup  respectively ( )( ) ( )yy iIiiIi

λλ
∈∈

=∩ inf , ( ) Yy∈∀ . If ∈μλ,  

F(Y), the inclusion denoted as μλ ≤  (or μλ ≥ ) is defined by ( ) ( )yy μλ ≤  and 
the equality denoted as μλ =  is defined by ( ) ( )yy μλ = , ( ) Yy∈∀ .  
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The complement of  ∈λ  F(Y), denoted as cλ , is defined by λλ −= 1c , 
( ) ( )yyc λλ −= 1 , ( ) Yy∈∀ . 

In this paper a very important role will be played by the notion called  quasi-
coincidence (q-coincidence) introduced by Pu Pao-Ming and Liu Ying-Ming 
([9]): the sets ∈μλ,  F(Y) are said to be quasi-coincident (or q-coincident) if 
there exists Yy∈  so that ( ) ( ) 1>+ yy μλ  and this is denoted as μλ q ; 
otherwise, we obtain ( ) ( ) 1≤+ yy μλ , which is denoted as μλ q  ([9]). If λ  and 
μ  are q-coincident in Yy∈ , then ( ) 0≠yλ , ( ) 0≠yμ  and consequently 
( )( ) 0≠∩ yμλ  ([9]). 
It is known that μλ ≤  if and only if λ  and μ−1  are not q-coincidents, 
denoted by ( )μλ −1q  ([9]). A fuzzy topology on Y  (according to Chang, [3]) 
is a class ⊆τ  F(Y) which satisfies the following conditions (or axioms): 
( 1T ) τ∈10, ; 

( 2T ) if ,,1, nii =∈τδ  then∩
n

i
i

1=

∈τδ , where i

n

i
nii δδ∩

1
1
min

=
≤≤

= ; 

( 3T ) Iii ∈∈ ,τδ , then τδ ∈∪
∈ iIi

. 

The couple ( )τ,Y  is defined as a fuzzy topological space (according to Chang, 
[3]) abbreviated f. t. s. Each element of the τ  class is a fuzzy set τ -open and 
the complement of a τ -open fuzzy set is called a τ -closed fuzzy set. A fuzzy 
set which is simultaneously τ -open and τ -closed is called a τ -clopen fuzzy 
set (or clopen set). 
The interior and the closure of set ∈λ  F(Y) are defined by (see [3]): 

{ }τδλδδλλ ∈≤∪== ,
D

Int  resp. { }τσσλσλλ ∈≤∩== cCl , . 

Let ( )τ,Y  be a f. t. s.  and ∈λ  F(Y). The set λ  is called: 

a) F semi-open if 
D
λλ ≤ ; 

b) F regular closed (resp. F regular open) if 
D
λλ =  (resp.

D

λλ = ) ([1]). 
The complement of a F semi-open set is said to be F-semi-closed set. The 
intersection of all F-semi-closed sets of Y containing λ  is called the F semi-
closure of λ  and is denoted by FsClλ or Fsλ . 
The union of all F semi-open sets of Y contained inλ  is called the F semi-

interior of λ  and is denoted by FsIntλ or Fs
D
λ . 
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2. MINIMAL STRUCTURES 

 
In this section we remind the concept by minimal structure introduced in the 
general topology by Valeriu Popa and Takashi Noiri, as well as any definitions 
and lemmas established by these authors (see [5], [6], [7]). 
 
Definition 1. Let X be a nonempty set and P(X) the power set of X. The 
subfamily ⊆Xm  P(X) is called a minimal structure (briefly m-structure) on X if 
Ø Xm∈  and XmX ∈ . The couple ( )XmX ,  is said to be a minimal space. Each 
member of Xm  is said to be Xm -open and the complement of a Xm -open is 
said to be Xm -closed. 
 
Definition 2.  Let the minimal space ( )XmX ,  and A a subset of X. The Xm -
closure of A and the Xm -interior of A are defined as follows: 
(1) { }XX mGXGAGClAm ∈⊆∩=− \,  , 

(2) { }XX mVAVVIntAm ∈⊆∪=− , . 
 
Lemma 1. Let the minimal space ( )XmX ,  and A, B the subsets of X. The 
following properties hold: 
(1) ( ) ( )IntAmXAXClm XX −=− \\ , ( ) ( )ClAmXAXIntm XX −=− \\ ; 
(2) If ( ) XmAX ∈\ , then AClAmX =−  and if XmA∈ , then AIntAmX =− ; 
(3) ClmX − Ø=Ø, XClXmX =− , Φ− IntmX =Φ  and XIntXmX =− ; 
(4) If BA ⊆ , then ClBmClAm XX −⊆− and IntBmIntAm XX −⊆− ; 
(5) ClAmA X −⊆  and AIntAmX ⊆− ; 
(6) ( ) ClAmClAmClm XXX −=−−  and ( ) IntAmIntAmIntm XXX −=−− . 
 
Lemma 2. Let ( )XmX ,  be a  minimal space  and A a subset of X. Then 

ClAmx X \∈  if and only if =∩ AU Ø for every XmU ∈  with Ux∈ . 
 
Definition 3. A minimal structure Xm  on a nonempty set X is said to have the 
property ( )B  if the union of any family of subsets belonging to Xm  belongs to 

Xm . 
 



M.BRESCAN 64

Lemma 3. For a minimal structure Xm  on a nonempty set X, the following are 
equivalent: 
(1) Xm  has the property ( )B ; 
(2) If  VIntVmX =− , then XmV ∈ ; 
(3) If FClFmX =− , then XmFX ∈\ . 
 
Lemma 4. Let X be a nonempty set, Xm  a minimal structure on X satisfying 
( )B  and A a subset of X. Then the following properties hold: 
(1) XmA∈  if and only if AIntAmX =− ; 
(2) A is Xm -closed if and only if AClAmX =− ; 
(3) XX mIntAm ∈−  and ClAmX −  is Xm -closed. 
 
 

3. SLIGHTLY M-CONTINUOUS FUZZY MULTIFUNCTIONS 
 

In 1985 Papageorgiu ([8]) introduced the notion of a fuzzy multifunction and 
defined the fuzzy upper inverse and fuzzy lower inverse. In 1991 N. N. 
Mukherjee  and S. Malakar  ([4]) have redefined the fuzzy lower inverse of a 
fuzzy multifunction in terms of the notion of quasi-coincidence of Pu and Liu 
([9]). 
 
Definition 4 ([8]). Let ( )tX ,  be a topological space in the classical sense and 
( )τ,Y  be a fuzzy topological space. An application →XF :  F(Y) is called a 
fuzzy multifunction. 
 
Remark 1. Obviously, for each ,Xx∈  ( )xF  is a fuzzy set in Y, that ( )∈xF  
F(Y). 
 
Definition 5 ([4]). For a fuzzy multifunction →XF :  F(Y), the upper inverse 

( )λ+F  and the lower inverse ( )λ−F  of a fuzzy set ∈λ  F(Y) are defined as 
follows: 

( ) ( ){ } XxFXxF ⊂≤∈=+ λλ  and ( ) ( ){ } XqxFXxF ⊂∈=− λλ . 
 
Lemma 5 ([4]). For a fuzzy multifunction →XF :  F(Y), we have 

( ) ( )λλ −+ =− FXF \1  and ( ) ( )λλ +− =− FXF \1 , for any fuzzy set ∈λ  
F(Y). 
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In this section we introduce the class of slightly m-continuous fuzzy 
multifunction through 
 
Definition 6. Let the minimal space ( )XmX ,  and ( )τ,Y  a  f. t. s. A fuzzy 
multifunction →XF :  F(Y) is said to be: 
a) fuzzy upper slightly m-continuous at a point Xx∈  if for each fuzzy clopen 
set ∈λ  F(Y) containing ( )xF  (i.e. ( ) λ≤xF ), there exists XmU ∈  containing x 
such that ( ) λ≤UF ; 
b) fuzzy lower slightly m-continuous at a point Xx∈  if for each fuzzy clopen 
set ∈μ  F(Y) with ( ) μqxF , there exists Xm∈U  containing x such that ( ) μquF  
for each Uu∈ ; 
c0 fuzzy upper (resp. fuzzy lower) slightly m-continuous if it has the property 
at each point Xx∈ . 
 
We introduce now  
 
Definition 7. Let ( )XmX ,  a minimal space and ( )τ,Y  a fuzzy topological 
space. A fuzzy multifunction ( )→XmXF ,:  F(Y) is said to be a fuzzy 
generalized multifunction. 
 
We have the following theorems of characterization: Theorem 1, Theorem 2 
and Corollaries 1 and 2. 
 
Theorem 1. For a generalized multifunction ( )→XmXF ,:  F(Y) the following 
are equivalent: 
(1) F is fuzzy upper slightly m-continuous; 
(2) ( ) ( )( )μμ ++ −= FIntmF X  for each μ  fuzzy clopen set in ( )τ,Y ; 
(3) ( ) ( )( )μμ −− −= FClmF X  for each μ  fuzzy clopen in ( )τ,Y . 
 
Proof. (1)⇒ (2); If μ  is any fuzzy clopen set in ( )τ,Y  and ( )μ+∈ Fx , then 
( ) μ≤xF  and by the hypothesis, there exists XmU ∈  with Ux∈  such 

that ( ) μ≤UF . Thus ( )μ+≤∈ FUx , next ( )( )μ+−∈ FIntmx X  and we have 
( ) ( )( )μμ ++ −≤ FIntmF X . By Lemma 1, we obtain ( ) ( )( )μμ ++ −= FIntmF X . 

(2)⇒ (3): If μ   is any fuzzy clopen set in ( )τ,Y  then μ−1  is fuzzy clopen set 
in ( )τ,Y . By (2), lemma 5 and Lemma 1, we have 
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( ) ( ) ( )( ) ( )( )( )μμμμ −++− =−−=−= FClmXFIntmFFX XX \\\ 11 ,. Then we 
obtain ( ) ( )( )μμ −− −= FClmF X . 
(3)⇒ (2): This follows from Lemma 5. 
(2)⇒ (1). Let Xx∈ and μ  be any fuzzy clopen set in ( )τ,Y  with 
( ) μ≤xF .Then ( ) ( )( )μμ ++ −=∈ FIntmFx X  and there exists XmU ∈  with 

Ux∈  such that ( )μ+≤∈ FUx , next ( ) μ≤Uf  and hence F is fuzzy upper 
slightly m-continuous. 
 
Theorem 2. For a fuzzy generalized multifunction ( )→XmXF ,:  F(Y) the 
following are equivalent: 
(1) F is fuzzy lower slightly m-continuous; 
(2) ( ) ( )( )μμ −− −= FIntmF X  for each μ  fuzzy clopen in ( )τ,Y ; 
(3) ( ) ( )( )μμ ++ −= FClmF X  for each μ  fuzzy clopen in ( )τ,Y . 
 
Proof. (1)⇒ (2): Let μ  a fuzzy clopen set in ( )τ,Y  and ( )μ−∈ Fx . Then 
( ) μqxF  and by the hypothesis there exists XmU ∈  with Ux∈  such that 
( ) μquF  for each Uu∈ . Then we have ( )μ−≤ FU  and by Lemma 1, 
( ) ( )( )μμ −− −= FIntmF X . 

(2)⇒ (3): If  μ  is fuzzy clopen in ( )τ,Y , then μ−1  is fuzzy clopen in ( )τ,Y . 
It is known that ( ) ( )μμ −= −+ 1FFX \  (see Lemma 5) and by (2) we have  

( ) ( ) ( )( ) ( )( )( )μμμμ +−−+ −=−−=−= FClmXFIntmFFX XX \\ 11  
and hence we obtain ( ) ( )( )μμ ++ = FClmF X \ . 
(3)⇒ (1): Let Xx∈  and μ  any fuzzy clopen set in ( )τ,Y  such that ( ) μqxF . 
Then ( )μ−∈ Fx and hence ( ) ( )μμ −=∉ +− 1FFXx \ . By the hypothesis (3), 
we have ( )( )μ−−∉ + 1FClmx X  and by Lemma 2, there exists XmU ∈  with 

Ux∈  such that ( ) =−∩ + μ1FU Ø and ( )μ−⊆ FU . Therefore ( ) μquF  for 
each Uu∈  and hence F is fuzzy lower slightly m-continuous. 
 
Let ( )XmX ,  a minimal space, where Xm has property ( )B , ( )τ,Y  is a fuzzy 
topological space and ( )→XmXF ,: F(Y) is any fuzzy generalized 
multifunction. Then the following corollary holds:  
Corollary 1. For a  fuzzy generalized multifunction the following are 
equivalent: 
(1) F is fuzzy upper slightly m-continuous; 
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(2) ( )μ−F  is Xm -open in X for each μ  fuzzy clopen in ( )τ,Y ; 
(3) ( )μ+F  is Xm -closed in X for each μ  fuzzy clopen in ( )τ,Y . 
 
We introduce here the notion called a fuzzy extremely disconnected space 
(briefly F. E. D., after [7]). 
 
Definition 8. A fuzzy topological space ( )τ,Y  is said to be a fuzzy extremely 
disconnected if the closure (in the sense of Chang) of each τ -open set is τ -
open set. 
 
If  ( )τ,Y  is a extremely disconnected, we obtain the following theorems of 
characterization for a fuzzy generalized multifunction, Theorems 3 and 4.  
 
Theorem 3. For a fuzzy generalized multifunction ( )→XmXF ,:  F(Y), where 
( )τ,Y  is F. E. D. the following are equivalent: 
(1) F is fuzzy upper slightly m-continuous; 
(2) ( )( ) ( )μμ ClFFClmX

−− ⊆−  for every set τμ ∈ ; 
(3) ( ) ( )( )σσ ++ −⊆ FIntmIntF X  for every set ∈σ  F(Y), where τσ ∈c . 
 
Proof. (1)⇒ (2): Let ∈μ F(Y), τμ ∈ , hence μCl  is clopen set. Obviously 

( ) ( )μμ ClFF −− ⊆  and by Theorem 1 (3), ( ) ( )( )μμ ClFClmClF X
−− −= . By 

Lemma 1 we have ( )( ) ( )( ) ( )μμμ ClFClFClmFClm XX
−−− =−⊆− , hence 

 ( )( ) ( )μμ ClFFClmX
−− ⊆− . 

(2)⇒ (3): Let ∈σ F(Y) with τσ ∈c  and σμ −= 1 . Obviously τμ ∈  and by 
lemma 1, we 
have ( )( )( ) ( )( ) ( )( )⊆−−=−= −++ σσσ 1FClmFXClmFIntmX XXX \\\   

( )( ) ( ) ( )σσσ IntFXIntFClF +−− =−=−⊆ \11  (see and Lemma 5). Therefore  
( ) ( )( )σσ ++ −⊆ FIntmIntF X . 

(3)⇒ (1): Let Xx∈  and ∈μ  F(Y), clopen fuzzy set with ( ) μ≤xF . By 
hypothesis (3) we have ( ) ( ) ( )( )μμμ +++ −⊆=∈ FIntmIntFFx X . Then, there 
exists XmU ∈  such that ( )μ+⊆∈ FUx , hence ( ) μ≤UF , that is F is fuzzy 
upper slightly m-continuous. 
 
Theorem 4. For a fuzzy generalized multifunction ( )→XmXF ,: F(Y), where 
( )τ,Y  is F. E. D. the following are equivalent: 
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(1) F is fuzzy lower slightly m-continuous; 
(2) ( )( ) ( )μμ ClFFClmX

++ ⊆−  for every set τμ ∈ ; 
(3) ( ) ( )( )σσ −− −⊆ FIntmIntF X  for every set ∈σ F(Y), with τσ ∈c . 
 
Proof. The proof is similar to that of Theorem 3 and Theorem 2. 
 
Definition 9. Let ( )XmX ,  a minimal space and ( )τ,Y  a f. t. s. A fuzzy 
generalized multifunction ( )→XmXF ,: F(Y) is said to be: 
a) upper weakly m-continuous if for each point Xx∈  and each fuzzy set 

τδ ∈  with ( ) δ≤xF , there exists XmU ∈  such that ( ) δ≤UF ; 
b) lower weakly m-continuous if for each point Xx∈  and each fuzzy set 

τδ ∈  such ( ) δqxF , there exists XmU ∈ with Ux∈  such that ( ) δquF  for 
each Uu∈ . 
 
 Now we investigate the relationships between upper/lower slightly m-
continuous fuzzy multifunctions and the notions of Definition 9. 
 
Theorem 5. If a fuzzy generalized multifunction ( )→XmXF ,: F(Y) is upper 
weakly m-continuous, then is upper slightly m-continuous. 
 
Proof. Let Xx∈  and ∈δ F(Y), clopen set with ( ) δ≤xF . By hypothesis, there 
exists XmU ∈  with Ux∈  such that ( ) δδ =≤UF , therefore F is upper slightly 
m-continuous. 
 
Theorem 6. If a fuzzy generalized multifunction ( )→XmXF ,: F(Y) is lower 
weakly m-continuous, then F is lower slightly m-continuous. 
 
Proof. Let Xx∈  and ∈δ  F(Y), clopen set such ( ) δqxF . By hypothesis, there 
exists XmU ∈  with Ux∈  such that ( ) δquF  for each Uu∈ , therefore F is 
lower slightly 
m-continuous. 
 
Let ( )tX ,  a topological space in the classical sense, ( )τ,Y  a fuzzy topological 
space and ( )→tXF ,: F(Y) a fuzzy multifunction. 
 
Definition 10 ([4]). The fuzzy multifunction F is said to be: 
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a) upper weakly continuous if for each point Xx∈  and each fuzzy set τδ ∈  
with ( ) δ≤xF , there exists tU ∈  with Ux∈  such that ( ) δ≤xF ; 
b) lower weakly continuous if for each point Xx∈ and each fuzzy set τδ ∈  
such that ( ) δqxF , there exists tU ∈  with Ux∈  such that ( ) δquF  for each 

Uu∈ . 
 
 Let ( )tX ,  be a topological space and ( )τ,Y  a fuzzy topological space. 
 
Theorem 7. If the fuzzy multifunction ( )→XmXF ,: F(Y) is upper weakly 
continuous, then ( ) tF ∈+ μ  for every fuzzy clopen set ∈μ F(Y). 
 
Proof. It follows easy from Corollary 1 and Theorem 5. 
 
Theorem 8. If the fuzzy multifunction ( )→tXF ,: F(Y) is lower weakly 
continuous, then ( ) tF ∈− μ  for every fuzzy clopen set ∈μ F(Y). 
 
Proof. It follows easy from Corollary 2 and Theorem 6. 
 
Through analogy with Definition 5.5 ([7]) we introduce here 
 
Definition 11. Let ( )XmX ,  a minimal space and XA ⊂ . The Xm -frontier of 
A, denoted by Xm - FrA, is defined by Xm - 
FrA ( ) ( )IntAmClmAXClmClAm XXXX \\\\\ =∩= .  
 
Then, is true 
 
Theorem 9. Let ( )XmX ,  a minimal space, ( )τ,Y  a fuzzy topological space and 

( )→XmXF ,: F(Y) a fuzzy generalized multifunction. The set of all points 
Xx∈ at which the fuzzy generalized multifunction F is not upper/lower 

slightly m-continuous is identical with the union of Xm -frontiers of the 
upper/lower inverse images of clopen sets containing (resp. meeting) ( )xF . 
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