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A DEFORMATION OF A QUARTIC CARTAN METRIC

OTILIA LUNGU

Abstract. In this paper we consider a Cartan space C" = (M, K(x, p))with the

metric K(X, p) = \/aijkh (X)pi P Pk P and a deformation using

a)(X, p) =D, (X)pi .We call it a Randers- Quartic Cartan space and we are

going to study some of its properties.

1. PRELIMINARIES

Let M be a real n-dimensional differential manifold and (T*M T M)
its cotangent bundle. If (U,Xi) is a local chart on M, then (Xi, pi) is the

induced system of coordinates on " L).

A Cartan metric on M is a real positive function K:T'M —R N
satisfying the following properties:
i) K is differentiable on T'M —{0} and continuous on the null section of the
projection 72'*;
i1) K is positively homogeneous of order one with respect to p;:
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(1.1) K(x,Ap)=AK(x, p), 1 >0;
iii) V(x, p)e T'M —{0} , g" (x, p) is positive and nondegenerate, where
i 1 8°K”?
(1.2) g (x,p)== .
(p) 2 0p;iop;

The pair C" =(M,K) is called a Cartan space and g"(x, p) is called
the fundamental tensor of the Cartan space.
Let g;; be the covariant tensor of g v 9ij9 h 5ih .The Christoffel

symbols of ¢ L (X, p) are given by

(1.3) 7k =%g'“[aagxi‘ + S aagx‘hk J
We denote

(1.4) 7/?k :7}k Pi

and

(1.5) 7?0:7}1( pipk-

The canonical nonlinear connection of the Cartan space C" =(M,K) is
given by the coefficients
o_1 o 09
(1.6) Nij = 7jj —Eﬂ/hoa-

If we consider the canonical metrical connection CF(N):(H }k, ]k) of the

Cartan space, the local components of CF(N) have the expressions:

Hi 1gis(5gsj+5gsk_5gjk]

L) DA U &
(17) 1 a sk 8 jS a jk
Cl = gy C =2 g, [ D 09|
2 op;  Opx 0P
Where
o 0 0
1.8 —:—+N R
(9 &< axk " opg
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2. QUARTIC CARTAN SPACE

Let C" = (|\/| ,K) be a Cartan space with the metric
2.1 K(x, p)=4/a™(x)p, p; Py Py -

where a'¥" (X) are the components of a symetric tensor field of (4,0)-type.

We call this space a quartic Cartan space and we denote it by QC".
For an easier calculation we also denote:

a""(x)p, = Ka™ (x, p);
(2.2) ke (X)pk Pp = K*al (X> p);
a™(x)p; py Py = K*a' (x, p).

The angular metrical tensor of QC" space is

(2.3) hi =3(a% —a'al),
and the fundamental tensor is
(2.4) g’ =3a —2a'a’.

. . . . . i\
Supposing that (a” )1s regular, there exists the inverse matrix (aij ): (a" ) . So
we get
(2.5) 3 =g;a’,aa™ =ak aa¥ =a)

G\
and the components gj; = (g ”) :

1 2

wo_ 109"

The components of the v-torsion tensor C >3
Pk

are

(2.7) clk :—%(a”" —alak—aka' —aka! +2aiaja").
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3. RANDERS QUARTIC CARTAN SPACE

It is well known that a Randers metric is a deformation of a Riemannian

metric a(x,y)= \ & (x)y'y! with a I-form g(x,y)=b;(x)y'. In the same way

now we are considering a deformation of a quartic Cartan metric

K(x, p)=4/a™(x)p; p; py Py with (x, p)=b'(x)p;.

Definition 3.1. Let QC" =(M,K(x, p)) be a quartic Cartan space with the
metric K(x,p)= ‘{/aijkh (x)p; P; Py Py - The space RQC" = (M,F(x,p)), where
F(x,p)=K(x, p)+(x, p) is called Randers Quartic Cartan space.

Proposition 3.1. The fundamental tensor of RQC" is
(3.1) G =3 —(38—1)aiaj +a'b! +alb' +b'b!

where ¢ = E
K

Theorem 3.1. Let QC"=(M,K) a Quartic Cartan space and g" his
fundamental  tensor. The  fundamental tensor of the space
RQC" =(M,F =K + o) is

(3.2) g! :E(g”—aiaj)+(ai+biXaj+bj).

Theorem 3.2 The components of the v-torsion tensor C of RQC"are
given by
Qilk _ _2£Cijk _ Ly b*K - wa"
K 2 K?

ik iqk ) ) ] jk _qdqk ) ] ) ?
T a’+b‘—£aJ T a'+b'—£a'
K K K K

where C are the components of the v-torsion tensor of QC" space .

(3.3)
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. q1i
Proof: We have C' = _1aog” and from (3.2) we get
2 opy
. . o ij i i
ot :-%{S—g(g” —a'a‘)+g(gg —Sa al —Za a'j
p p p P
(3.4) | k | k k k
I i . ] i i
Jrai(aJ +b’)+ai(a' +b')}
Pk Py
By a direct calculation we obtain
i ik ik
(3.5) oa _;a —aa ’
Opy K
ij ik ijok
(3.6) oa _,a -aa
Py K
and
o 0 (w) b*K-wa"
o o _0(m) tkat
P Op \K K

Replacing (3.5), (3.6) and (3.7) in (3.4) we get immediately the conclusion.
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