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INDEPENDENCE POLYNOMIALS OF SOME GRAPHS
WITH EXTREMAL FIBONACCI INDEX

EUGEN MANDRESCU AND ION MIRICA

Abstract. An independent set in a graph G is a set of pairwise non-
adjacent vertices, and the independence number a(G) is the cardinality
of a maximum stable set in GG. The independence polynomial of G is

I[(G;2) = 80+ 517 + 520° + ... + 5,2%, a = a(G),

where sy is the number of independent sets of size k in G (I. Gutman
and F. Harary, 1983). The Fibonacci index F'ib(G) of a graph G is
the number of all its independent set, i.e., F'ib(G) = I (G;1). Tight
lower and upper bounds for Fibonacci index are known for general
graphs, connected or not, and the corresponding extremal graphs are
characterized [6], [15].

In this paper, we give explicit formulae for independence polynomi-
als of these extremal graphs, which we further use to analyze some of
their properties (unimodality, log-concavity).

1. INTRODUCTION

Throughout this paper G = (V, E) is a finite, undirected, loopless
and without multiple edges graph, whose vertex set is V' = V(G) and
edge set is F = E(G). G[X] is the subgraph of G induced by X C V,
while G — X means the subgraph G[V — X].
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(2010) Mathematics Subject Classification: 05C69, 05C31

127



128 EUGEN MANDRESCU AND ION MIRICA

We also denote by G — F' the partial subgraph of G obtained by
deleting the edges of F', for FF C E(G), and we write shortly G — e,
whenever F' = {e}. The neighborhood of v € V is the set Ng(v) =
{w:w eV and vw € E}, and Ng[v] = Ng(v) U {v}; if there is no
ambiguity on G, we use N(v) and N [v], respectively.

The disjoint union of the graphs G, G is the graph G = G U Gy
having V(G) and E (G) equal to the disjoint union of V(Gy), V(Gs),
and the disjoint union of F(G1), E(G3), respectively. In particular, nG
equals the disjoint union of n > 2 copies of the graph G. The Zykov
sum of two disjoint graphs G'1, G5 is the graph denoted by G;+ G5 and
having V(G) = V(G1) UV (Gs2) as a vertex set and E(Gy) U E(Gy) U
{vivg 1 vy € V(G1),v2 € V(G2)} as an edge set.

By an independent (or stable) set in G we mean a set of pairwise
non-adjacent vertices. A stable set of maximum size will be referred
to as a mazimum stable set of G, and a(G) is the size of a maximum
stable set in G.

If s equals the number of stable sets of size k in a graph G, then
the polynomial

I(G;x) = 50+ 817 + 892° + ... + 5,2%, a = a(G),

is called the independence polynomial of G, (Gutman and Harary,
[8]), or the independent set polynomial of G (Hoede and Li, [10]). The
reader is referred to [12] for a survey on these graph polynomials.

Proposition 1.1. [8] The following equalities are true:

(i) I(G1 U Go;x) = [(Gy; ) - (G )5

(11) I(Gl + Gg; [L’) = I(Gl; QT) + [(Gz; (L’) — 1,‘

(iii) I(G;z) = I(G—v; x)+xel (G—Nv]; x) holds for eachv € V(G).

A polynomial ag+ayz+ax?®+ ...+ a,x", whose coefficients are real,
is called:

e unimodal if there is some k € {0,1,...,n}, called mode, such
that

ap < ... S Q-1 S A = Apg1 = ... = Ay

e log-concave if a? > a; 1 - a;11,1 € {1,2,...,n — 1}.
For instance, the independence polynomial
o [(Ky+ 3Ky x) =1+ 63z + 1472% + 34323 is log-concave and
has only one real root;
o [(Ky3+3Ky;x) =1+ 64z + 1472% + 3432® is unimodal, but
non-log-concave, because 1472 — 64 - 343 = —343 < 0;
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o [(Kiar+3K7;x) =1+ 148z + 1472 4 3432? is non-unimodal.
The unimodality of independence polynomials was studied in a num-
ber of papers, like [1], [2], [9], [13], [18].
It is known that each log-concave polynomial of positive coefficients
is also unimodal.

Theorem 1.2. (Newton Inequality) If P = ag + a1z + ... + a,z" is

a polynomial with nonnegative coefficients, and all its roots are real,

then

E+1 n—k+1
k- n—k

Hence P 1s log-concave and unimodal with at most two modes.

(ak)QZak_loakHo JA1<k<n-—1.

The independence polynomial can have non-real roots and this is
true also for trees, e.g., I(K13;7) = 1+ 4x + 32> + z*. Brown et al.
showed that the independence polynomial of every graph has at least
one real root.

Theorem 1.3. [4] For any graph G, a root of the independence poly-
nomial of G of smallest modulus is real.

The product of two polynomials, one log-concave and the other
unimodal, is not always log-concave, for instance, if G = K,y + 3K5
and H = KllO + 3K7, then

I(Gyz)-I(H;z) =
= (14 61z + 1472% + 34323) (1 + 1312 + 14722 + 34323)
=1+ 192z + 828522 + 289102° + 87465x* + 1008422 + 11764925,

which is not log-concave, because 1008422 — 87465 - 117649 < 0. How-
ever, the following result, due to Keilson and Gerber, gives a sufficient
condition for two polynomials to have a unimodal product.

Theorem 1.4. [11] If P is log-concave and Q) is unimodal, then P -Q
1s unimodal, while the product of two log-concave polynomials is log-
concave.

The corona of the graphs G and H is the graph G o H obtained
from G and |V (G)| copies of H, such that each vertex of G is joined to
all vertices of a copy of H. The connection between the independence
polynomials of G, H and G o H is given by the following result, due
to [. Gutman.

Theorem 1.5. [9] I(Go H;z) = (I(H;x))" - I(G; ﬁ), where n is
the order of G.
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For example, if G = K,,, then a(G) = n and G o K, = nK,,; has
I(GoKyx) =1+ (p+1)-2x)", whose roots are all real.

The Fibonacci index of a graph G is the number of all its indepen-
dent sets [16]. In other words, the Fibonacci index of G is equal to
I(G;1) = s9+ s1 + S2 + ... + So. This parameter was defined inde-
pendently by Merrifield and Simmons [14] in the chemistry literature,
where it has been extensively studied, especially in chemical graph
theory.

For instance, we have:

o [ (Ky;z) =1+ nx, hence Fib(K,) =
o [ (Ky;z) = (1+2)", hence Fib(K,)

n +

[n/2]
o [(Pyx)= >, (”ﬂi*k) 2% and Fib(P,) = fnio (recall that

the sequence of Fibonacci numbers f, is fo = 0, f; = 1 and
fo = foo1+ fa_g for n > 1).
In this paper we give explicit formulae for independence polynomials
of graphs whose Fibonacci index is extremal.

2. RESULTS

In extremal graph theory, lower and upper bounds for F'ib(G) inside
the classes of general graphs, connected graphs, and trees are well
known. The lower bound for the Fibonacci index is known for general
graphs.

Let us denote C'S,,, = aK; + K,_,, for 1 < a < n — 1. Clearly,

a(CS,q) = a.
o B

FIGURE 1. G = CS74.

Pedersen and Vestergaard characterize graphs with minimum Fi-
bonacci index as follows.

Theorem 2.1. [15] If G is a graph of order n and o (G) = «, then
Fib(G) > 2% 4+ n — «a, with equality if and only if G is isomorphic to
CSha-

Using Proposition 1.1(i7) we deduce the following.



INDEPENDENCE POLYNOMIAL AND FIBONACCI INDEX 131

Theorem 2.2. The independence polynomial of C'S,, o satisfies:
i) I(CSpa;z)=14+2)"+(n—a)x,
hence Fib(CSy o) = 2% +n — a;
(i) 1 (CSp.a;x) is unimodal for
()1<a<6anda<n,or (2)6<a<n<(3);
(ili) I (CSp,a;x) is log-concave for

(1) ae{l,2} and3<mn, or (2)3<a<n< 3;(5__21))'

Proof. (i) Since, in fact, we have C'S, , = aK; + K,_,, Proposition
1.1(4i) implies

I(CSpp;x)=1(aKy;2)+1(Kyp;z)—1=14+2)"+n—-—a)x=

=1+nr+ (g)ggz—l— (g)mg—l— I S

which clearly implies Fib(C'S, o) = I (CSpa;l) =24+ n —a.
(i1) and (i) Clearly, for a € {1,2} = I(CS, ;) has only real
roots, hence I (C'S,, 4; x) is unimodal and log-concave.
e Case a =3. Then I (CS,3;2) =1+ nx + 3z* + 2, which is
(a) unimodal for n > a+ 1 = 4; (b) log-concave for 4 < n < 9.
e Case « =4. Then I (CS, 4;2) =1+ nx + 622 + 42 4+ 2* and
this is
(a) unimodal for n > a+ 1 = 5; (b) log-concave for 5 <n < 9.
e Case o =5. Then I (CS,5;2) = 1+nx+1022+1023+5x*+2°,
which is
(a) unimodal for n > a + 1 = 6; (b) log-concave for 6 < n < 10.
e Case a« =6. Then I (CS,6;2) = 1+nx+ 152+ 202+ 152* +
62® + 28, which is
(a) unimodal for n > a+1=7and n <15 = (g), ie., 7<n <15
(b) log-concave for 7 < n < 11.
In general, for a > 6, it follows that:

o [ (CS,q;2) is unimodal for a +1 <n < (62!)7
o [ (CS, 4; ) is log-concave whenever

T<a+l<nn?> (‘;‘)(3‘) . (;‘) >ne (‘;)

which leadto 7<a+1<n< 3;2;“:21)).
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For instance, the polynomial

e [(CSy7;x) = (14 z) 43z = 1+ 10z 4 2122 + 352% + 352* +
212° + 725 + 27 is log-concave;

o [(CSy96;7) = 1+122+1522+2023+ 1521 4+-62°+2° is unimodal,
but is not log-concave, because 15% — 12 - 20 = 225 — 240 =
—15 < 0;

o [(CSyp;x)=1+22x+ 2122 + 3523 + 35z* + 212° 4+ 728 + 27
is not unimodal.

The Turdn graph T'(n, k) is a graph formed by partitioning a set of n
vertices into k subsets, with sizes as equal as possible, and connecting
two vertices by an edge whenever they belong to different subsets.
The graph T'(n, k) will have ¢ = n mod k subsets of size [n/k], and
k — q subsets of size |n/k]. In other words, T'(n, k) is a complete
k-partite graph, ie., T(n,k) = Kpn/k),[n/k),...|n/k],|n/k], and clearly,
a(T(n,k)) = [n/k]. According to Turan’s Theorem, the Turan graph
has the maximum possible number of edges among all (k + 1)-clique-
free graphs.

Theorem 2.3. The independence polynomial of the Turdn graph
T(n,k) satisfies:

(i) I(T(n,k):z) = (nmodk) e (1+2)™* + (k- (nmodk)) e
(1+ )" — (k= 1), hence
Fib(T(n, k)) = (nmod k) @ 2["/*1 4 (k — (nmod k)) e 2I"* — (k —1);

(i) I (T'(n,k);x) is log-concave, hence unimodal, for every positive
integers n and k < n;
(iii) if k > n/2, then I (T'(n,k);x) has only real roots.

Proof. (i) Using Proposition 1.1(ii), we get that
L(T(n, k). @) = T (Kfnjk) /i lnfb) In/k)3 ) =
= (nmod k) e (14 z)™* 4+
+ (k= (nmodk)) e (1+2)"* — (k—1),
which implies
Fib(T(n, k) = (nmod k) e 2I"* ¢ (k — (nmod k)) e 2I"/* — (k — 1)
(i1) Since the polynomials
P, = (nmodk) e (1+z)"* and P, = (k — (nmodk)) e (1 + z)"/*

satisfy 0 < deg (P;) — deg (P,) < 1, it is easy to see that P = P, + P,
has only real roots, and because P has only positive coefficients, it
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follows that P is log-concave by Newton’s Theorem 1.2. Consequently,
I(T(n,k);z) = P — (k—1) is log-concave, and unimodal as well,
because its free coefficient is equal to 1.

(i1i) If k > n/2, then I (T'(n,k);x) is a polynomial of degree at
most two, since a (I (T'(n, k);z)) < 2. Consequently, by Theorem 1.3,
I (T(n,k);z) has real roots. O

Remark 2.4. Notice that I (T(n,k);x) may have only real roots for
k<n/2 eg., I(T(9,4);2) = (1+2)>+3(1+2)°—3=0, has only
real roots. However, I (T(8,3);z) =2 (14 z)° + (1 +x)* — 2 has only
one real T00t.

Clearly, the complement of the Turdn graph T'(n, «), that we denote
by TC(n,a) = T(n, «), is the disjoint union of v balanced cliques, and
a(TC(n,a)) = a.

Theorem 2.5. [6] Let G be a graph of order n with independence
number . Then Fib(G) < Fib(TC(n,«a)), with equality if and only
if G is isomorphic to TC(n, «).

Theorem 2.6. The independence polynomial of the complement of
Turdn graph TC(n,a) satisfies:

() 1 (TC(n,a);z) =
= (14 [n/a] o.2) "™ o (1 4 |n/a] )"0

(i) I (T'C(n,«a);x) has only real roots for every n and o < n; hence
I (TC(n,«a);x) is always log-concave and unimodal.

Proof. (i) Using Proposition 1.1(7), we get that
I(TC(n,a);x) = I (Kinjal.[n/al.lnfal.ln/a] T) =
(nmod ) a—(nmod a)
= [I (Kpnja1; )] o [I (Kinja);)]
_ (1 + [TL/OZ—I ° x)(nmoda) ° (1 + [n/OéJ ° x)a—(nmoda) ’

as claimed.
(i) Clearly, I (T'C'(n, «);z) has all its roots real. Newton’s Theorem
1.2 implies that [ (T'C(n,a);x) is also log-concave and unimodal. [J

Theorem 2.6(7) immediately implies the following.

Corollary 2.7. [6] The Fibonacci index of the complement of the
Turdn graph TC(n,«) is given by the formula

Fib(TC(n,a)) = (1+ [n/a]) """ o (14 [n/a])* "m0
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The connected complement of Turdn graph with n vertices and in-
dependence number a where 1 < a < n — 1, denoted by TCC (n, «),
is constructed from T'C'(n, ) with a — 1 additional edges, as follows:
take a vertex v of one clique of size [n/a], and link v, by an edge, to
one vertex belonging to each of the remaining cliques. See Figure 2
for an example.

=

FIGURE 2. G = T(8,3) and its connected complement
H=TCC(S,3).

Theorem 2.8. [6] If G is a connected graph of order n with indepen-
dence number o, then Fib (G) < Fib(TCC(n,«)), with equality if and
only if G is isomorphic to TCC(n,«) in case of (n,«) # (5,2), and G
is isomorphic either to TCC(5,2) or to Cs in case of (n,«) = (5,2).

Proposition 2.9. The independence polynomial of the connected com-
plement of Turdn graph TCC(n,«a) satisfies:
(i) if n = ta, for some integer t > 2, then

I(TCCn,a)z) =0+t —Da)e(1+t)*  +a(l+(t—1)2)* ",
and Fib(TCC(n,a)) =te (14+1)* " +17L;
(ii) otherwise
I(TCC(n,a);x) =1+ (ki —1)x)e
o {(1+ k) (14 k) +a- (14 (ki — 1))’ 2 (1+ (k2 — 1) 2)},
and Fib (TCC(n,a)) =k (14 k)" " o (14 ko) + k" 0 kS,
where k1 = [n/a], ke = |n/a),p=nmoda, g =a —p.

Proof. If n = ta, then all the « cliques of TC(n, «) are of size t, and
using Proposition 1.1(%ii), we get

I(TCC(n,a);z) =I1(TCC(n,a) —v;x) +x e [ (TCC(n,a) — N[v|;2) =
=1+ (t-Dz)e(l+tz)"  +ze(l+(t—1)a)"",
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which clearly gives Fib(TCC(n,a)) =t e (1+t)* " 41,
Otherwise, let

k1= [n/a-‘akQZ Ln/aj,p:nmoda,q:oz—p,

and let v be the vertex joined to all the cliques of TCC(n, ).

Taking into account that the both graphs TCC(n,a) — v and
TCC(n,a) — N [v] are disjoint union of cliques, Proposition 1.1 (%ii)
leads to the following

I(TCC(n,a);z) =1+ (ky—1)z) e (14 ki)’ " o (14 kox)? +
tre(l+(ki—1)z) o1+ (kr—1)2) =
= (14 (ky = 1) @) {(1 + k)" " (1 + koz)? +
tre (14 (k — 1)) % (1+ (ks — 1) 2)%,

which immediately implies that
Fib(TCC(n,0)) =k o (14 k)" " o (14 ky)! + k' o kL. O

Using Theorem 2.8, Proposition 2.9, and the fact that for every tree
T it is true that a (T) > |V (T)| /2, we infer the following.
For instance, the polynomial

o [ (TCC(8,4);z) = 1+ 8z + 212? + 232% + 92* has non-real
roots;

o [(TCC(9,3);z) =1+ 9x + 25z + 222° has all the roots real;

o [ (TCC(14,4);x) = 1+14x+702%+15123+1202* has non-real
roots;

e [(TCC(11,3); ) = 1+ 11z +38z%*+4223 has all the roots real.

Corollary 2.10. [6] Let T be a tree of order n with independence
number . Then Fib(T) < 3n—a-122e=n+l 4 on=a=l"with equality if
and only if T is isomorphic with TCC (n, «).

3. CONCLUSIONS AND OPEN PROBLEMS

In this paper we found the independence polynomials of several
graphs, whose Fibonacci index is extremal. For some of them we
proved that are unimodal, log-concave, or that they have only real
roots. A couple of examples above show that the independence poly-
nomial of the connected complement of Turdn graph TCC(n,«) may
have non-real roots, but they are still log-concave. Checking many
other cases, we are led to the following.
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Conjecture 3.1. The independence polynomial of TCC(n, ) is log-
concave, for everyn and o < n.
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