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Abstract. The purpose of this paper is to investigate some proper-
ties of fuzzy ideals and fuzzy bi-ideals in I'-semigroups and to introduce
the notion of fuzzy quasi ideals in I'-semigroups. Here, we also char-
acterize regular and intra-regular I'-semigroup in terms of fuzzy quasi
ideals and fuzzy bi-ideals.

1. INTRODUCTION

A semigroup is an algebraic structure consisting of a non-empty set
S together with an associative binary operation [13]. The formal study
of semigroups began in the early 20th century. Semigroups are impor-
tant in many areas of mathematics, for example, coding and language
theory, automata theory, combinatorics and mathematical analysis.
Sen and Saha in [23], defined I'-semigroups as a generalization of
semigroups. ['-semigroups have been analyzed by a lot of mathemati-
cians, for instance by Chattopadhyay [1, 2], Dutta and Adhikari [6, 7],
Hila [10, 11], Chinram [3, 4], Saha [16], Sen et al. [21, 22, 24], Seth [25].
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After the introduction of fuzzy sets by Zadeh [28], reconsideration
of the concept of classical mathematics began. On the other hand, be-
cause of the importance of group theory in mathematics, as well as its
many areas of application, the notion of fuzzy subgroups was defined
by Rosenfeld [15] and its structure was investigated. Das character-
ized fuzzy subgroups by their level subgroups in [5].

Hong, Jun and Meng [12] considered the fuzzification of interior
ideals in semigroups. Sardar and Majumder [17, 19] characterized in-
terior ideals(along with B. Davvaz [20]), ideals, prime (along with D.
Mandal [18]) and semiprime ideals, ideal extensions(along with T.K.
Dutta [8, 9]) of a I'-semigroup in terms of fuzzy subsets. This pa-
per is a sequel to our study [8, 9, 17, 18, 19, 20] of fuzzification of
['-semigroups. In this paper we have investigated some properties of
fuzzy ideals, fuzzy bi-ideals and fuzzy (1,2)-ideals and characterized
a ['-semigroup which is left (right) simple, left (right) duo, left (right)
regular, intra-regular, regular in terms of fuzzy ideals and fuzzy bi-
ideals.

The concept of quasi-ideals in semigroups was introduced in 1956
by O. Steinfeld [26]. The class of quasi-ideals in semigroups is a gen-
eralization of one sided ideals in semigroups. It is well known that
the intersection of a left ideal and a right ideal of a semigroup S is a
quasi ideal of S and every quasi ideal of S can be obtained in this way.
Nobuaki Kuroki [14] characterized completely regular semigroup and
semigroup in terms of fuzzy semiprime quasi ideals. He also studied
the properties of fuzzy bi-ideals in semigroups. We have introduced
the concept of fuzzy quasi ideals in I'-semigroups and studied some
of its important properties in this paper. Lastly we have obtained a
characterization theorem for regular I" semigroups in terms of fuzzy
quasi ideals.

2. PRELIMINARIES

In this section we discuss some elementary definitions that we will
use in the sequel.

Let S ={z,y,z,...} and I' = {a, 8,7, ...} be two non-empty sets.
Then S is called a I'-semigroup [23] if there exists a mapping S xI"x S
— S (images to be denoted by aab) satisfying

(i) zyy € S,
(ii) (zBy)yvz = 2B(yy2),

forall z,y,z € S and 8,7 €T
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REMARK 1. The I'-semigroup introduced by Sen and Saha [23] may be
called one sided I'-semigroup. Later Dutta and Adhikari [6] introduced
both sided I'-semigroup where the operation I' x S x I' to I was also
taken into consideration. They defined operator semigroups for such
[-semigroups.

A non-empty subset [ of a I'-semigroup S is said to be a
subsemigroup[27] of S'if IT'/ C I. A subsemigroup [ of a ['-semigroup
S is called a bi-ideal [27] of S if IT'ST'I C I. A subsemigroup I of a
I'-semigroup S is called a (1,2)-ideal of S if II'ST'IT'I C I.

Let S be a I'-semigroup. A non-empty subset ) of S is called
quasi ideal [3] of S if STQ N QTS C Q. Let @ be a quasi ideal of
a I'-semigroup S. Then QI'Q) C ST'Q N QIS C Q. Hence @ is a
subsemigroup of S.

EXAMPLE 1. Let I' = {5,7}. For any z,y € N and v € I', define
xyy = x -7y -y where - is the usual multiplication on N. Then N is a
['-semigroup.

EXAMPLE 2. Let S = [0,1] and ' = {1 | n is a positive integer}.
Then S is a I'-semigroup under the usual multiplication. Next, let
K =[0,1]. We have that K is a non-empty subset of S and ayb € K
for all a,b € K and v € I'. Then K is a sub I'-semigroup of S.

EXAMPLE 3. [4] Let S be a semigroup and I' = {1}. Let us define
a mapping S x I' x § — I' by alb = ab Va,b € S. Then S is a I'-
semigroup. Let B be a bi-ideal of the semigroup S. Thus BSB C B.
Since I' = {1}, BI'STB = BSB C B. Hence B is a bi-ideal of the
[-semigroup S.

EXAMPLE 4. [3] Let S be a semigroup and I' be any non-empty set.
Let us define a mapping S xI' xS — I' by ayb = abVa,b € S, Vv €T.
Then S is a I'-semigroup. Let () be a quasi ideal of the semigroup S.
Then SQNQS C Q. Again we see that STQNQL'S = SQNQS C Q.
Hence @ is a quasi ideal of the I'-semigroup S.

Throughout the paper, unless otherwise stated, S will denote a
one-sided I'-semigroup.

A left (right) ideal [23] of a I'-semigroup S is a non-empty subset [
of S such that ST C I (IT'S C I). If I is both a left and a right ideal
of a I'-semigroup 5, then we say that I is an ideal of S.
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Let S and T be two I'-semigroups. A mapping f : .S — T is called
a homomorphism if

flxyy) = f(x)yf(y) for all z,y € S and vy € T'.

Though this is defined for both sided I'-semigroup in [6], the same
definition can be adopted for one-sided I'-semigroup of Sen and Saha
23].

A fuzzy subset in S is a function p: S — [0, 1] [28].

Let p and o be two fuzzy subsets of a set S. Then we define:

(i) (pNo)(zx) =min{u(z),o(x)} Vr € S.

(i7) (pnUo)(z) = max{u(x),o(x)} Vo € S.

Let 1 and o be two fuzzy subsets of a ['-semigroup S. Then the
composition of pu and o is defined as

sup (min ,o(2)} ifx e STS
<uoa><m>:{wsj {uly), o)} if & €

The following definitions have been given in [27] in the more general
case of intuitionistic fuzzy sets.

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
subsemigroup of S if p(xyy) > min{u(z), u(y)} Vr,y € S, vy € T.

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
left ideal of S if p(xyy) > u(y) Ve,y € S, vy € .

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
right ideal of S if p(zvyy) > p(x) Vo,y € S, Vy € T.

A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of S.

A fuzzy subsemigroup pu of a I'-semigroup S is called a fuzzy bi-ideal
of S'if p(xfsyy) > min{u(x), u(y)} Vo, s,y € S, V5,v € T.

A fuzzy subsemigroup pu of a I'-semigroup S is called a fuzzy (1,2)-
ideal of S if p(rxawpB(yyz)) > min{u(z), u(y), u(2)} Vo,w,y,z € S,
Va, 8,v €.

0, otherwise

In a I'-semigroup S following are equivalent: (i) p is a fuzzy
left(right) ideal of S, (i) x o C p(po x C p), where y is the charac-
teristic function of S ([17]).

3. Fuzzy SUBSEMIGROUP AND FuUzzy BI-IDEAL

The following theorem shows that the notions of fuzzy subsemigroup
and fuzzy bi-ideal generalize the notions of subsemigroup and bi-ideal
of a I'-semigroup respectively.
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Theorem 3.1. Let I be a non-empty subset of a I'-semigroup S and x,
be the characteristic function of I. Then I is a subsemigroup(bi-ideal)
of S if and only if x, is a fuzzy subsemigroup(resp. fuzzy bi-ideal) of
S.

Proof. Let I be a subsemigroup of S. Let z,y € S and v € I'. Then
xyy € 1if z,y € I. It follows that x,(zyy) = 1 = x,(z) = x,(y) =
min{y, (), x,(y)}. Let either x ¢ I or y ¢ I. Then, Case (i) : If
xyy ¢ I, then x,(xyy) = 0 = min{x, (z), x,(y)}. Case (ii) : If zyy €
I, then x,(xyy) = 1 > 0 = min{x,(z), x,(y)}. Thus x, is a fuzzy
subsemigroup of S.

Conversely, let x, be a fuzzy subsemigroup of S. Let =,y € I, then
X, (z) = x,(y) = 1. Thus x, (zyy) = min{x,(z),x,(y)} =1 Vy €.
Hence xyy € I Vy € I'. So I is a subsemigroup of S. Similarly we can
prove the other case also. 0

The following theorem gives the characterizations of fuzzy subsemi-
group and fuzzy bi-ideal of a ['-semigroup via their upper level sets.

Theorem 3.2. Let S be a I'-semigroup and p be a non-empty fuzzy
subset of S. Then p is a fuzzy subsemigroup (fuzzy bi-ideal) of S if and
only if py is a subsemigroup (resp. bi-ideal) of S for all t € Im(u),
where i = {x € S : p(z) > t}.

Proof. Let p be a fuzzy subsemigroup of S. Let ¢t € I'm(pu), then there
exist some z € S such that u(z) =t and so z € p. Thus p; # ¢. Let
x,y € pg. Then p(x) >t and u(y) > t whence min{pu(z), u(y)} > t.
Now for v € T', p(zyy) > min{pu(z), u(y)}. Hence zyy € py ¥y € T,
1.e., L'y € py. Consequently, p; is a subsemigroup of S.

Conversely, suppose p;’s are subsemigroups of .S, for all t € Im(u).
Let z,y € S and v € T". Let pu(z) = t; and p(y) = to. Without any loss
of generality suppose t; > t5. Then x,y € py,. Then by hypothesis
Yy € py,. Hence p(zyy) > to = min{u(z), u(y)}. Consequently, p is
a fuzzy subsemigroup of S. Hence the proof. Similarly we can prove
the other case also. U

Proposition 3.3. Let p and X be two fuzzy subsemigroups (fuzzy bi-
ideals) of a I'-semigroup S. Then pu N X is also a fuzzy subsemigroup
(resp. fuzzy bi-ideal) of S provided p N\ is non-empty.

Proof. Let p and X be two fuzzy subsemigroups of a I'-
semigroup S. Let z,y € S and v € T. Then (u N A)(zyy) =
min{u(zyy), Azyy)} = minfmin{u(z), p(y)}, min{A(z), A(y)}] =
min[min{z(z), u(y), A(z), A(y)}] = min[min{u(x), A(z)}, min{u(y), A(y)}] =
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min{(x N A)(z), (LN A)(y)}. Hence N A is a fuzzy subsemigroup of
S. Similarly we can prove the result for fuzzy bi-ideal. ([l

Proposition 3.4. Let f : R — S be a homomorphism of I'-
SEMIGroups.

(i) If X is a fuzzy subsemigroup(fuzzy bi-ideal) of S, then f~1()\)
is also a fuzzy subsemigroup(resp.  fuzzy bi-ideal) of R (where
FY N (rys) := A(f(rvys)) for allr,s € R and v € T), provided f~'()\)
18 non-empty.

(i3) If f is a surjective homomorphism and p is a fuzzy
subsemigroup(fuzzy bi-ideal) of R then, f(u) is also a fuzzy
subsemigroup(resp.  fuzzy bi-ideal) of S (where (f(u))(x'vy) =

sup u(z) forallz',y € S and v € T).
flz)=a'vy'

Proof. (1) Let A be a fuzzy subsemigroup of S. Let r,s € R and v € T.
Then (£7(\))(r75)
= ) = M) > minAGE) A6 =
min{(f~1(A\)(r), (f7'(N\))(s)}. Hence (f~'()\)) is a fuzzy subsemi-
group of R.
(i4) Let p be a fuzzy subsemigroup of R. Since (f(u))(z') =
sup u(x) for ' € S, so f(p) is non-empty.
f()=2'
Let 2,y € S and v € TI. Then (f(p)(zy) =
sup  p(z) > sup  p(zyy) > sup min{u(r), p(y)} =

f(E)=a'w/ f(z) = x f(z) = 1"
fly)=y fy) =y
min {f(SI)lP ,u(w),f(sglglu(y)} = min{(f(1))(z"), (f(1))(y)}. Conse-

quently, f(u) is a fuzzy subsemigroup of S. Similarly we can prove the
result for fuzzy bi-ideal. O

Proposition 3.5. Suppose 0 is an endomorphism of a I'-semigroup
S and p is a fuzzy subsemigroup (fuzzy bi-ideal) of S. Then ulf] is
also a fuzzy subsemigroup (resp. fuzzy bi-ideal) of S, where plf](x) :=
w(0(x)), Vo € S.

Proof. Let z,y € S and v € I'. Then plf](xyy) = p(0(zyy)) =

€
1(0(z)70(y)) = min{p(0(x)), u(6(y))} = min{u[6)(x), u[6)(y)}. Thus
w[0] is a fuzzy subsemigroup of S. Similarly we can prove the other

case also. O
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Proposition 3.6. If p is a fuzzy subsemigroup (fuzzy bi-ideal) of a
[-semigroup S, then so is u* for every real number o > 0, where pu®

is defined by p*(x) = (u(x))® for all z € S.

Proof. Let z,y € S, v € TI'. Without any loss of generality,
suppose ju(z) > p(y). Then p*(z) > p*(y) and p(zyy) =
min{u(z), u(y)} = p(y). Then p*(zvyy) = (u(zyy)* = (u(y))* =
p*(y) = min{p*(x), u*(y)}. Consequently, pu* is a fuzzy subsemigroup
of S. Similarly we can prove the other case also. 0

The following two theorems are characterizations of fuzzy subsemi-
groups and fuzzy bi-ideals of a I'-semigroup using the composition of
fuzzy sets.

Theorem 3.7. A non-empty fuzzy subset p of a I'-semigroup S is a
fuzzy subsemigroup of S if and only if o pu C p.
Proof. Suppose po pu C p. Then for z,y € S and v € I' we obtain
w(xyy) > (po p)(zyy) > min{u(x), u(y)}. So p is a fuzzy subsemi-
group of S.

Conversely, suppose p is a fuzzy subsemigroup of S and x € S.
Suppose there exist y,z € S and vy € T" such that x = yyz then (uo
p)(x) # 0. By hypothesis, 1i(yyz) = min{u(y), u(2)}. Hence pu(yyz) >
sup min{u(y), u(2)} = (pop)(x). Again if there do not exist y, z € S
and v € I' such that x = yyz then (pop)(z) = 0 < p(z). Consequently,
i o i C p. This completes the proof. O

Theorem 3.8. In a I'-semigroup S for a non-empty fuzzy subset
of S the following are equivalent: (i) p is a fuzzy bi-ideal of S, (i)
popu CpandpoxouCu, where x is the characteristic function of
S.

Proof. Suppose (i) holds, i.e., p is a fuzzy bi-ideal of S. Then pu
is a fuzzy subsemigroup of S. So by Theorem 3.7, popu C u. Let
a € S. Suppose there exist x,y,p,q € S and 3,7 € T such that
a = zyy and x = pfBq. Since p is a fuzzy bi-ideal of S, we obtain

u(pBavy) = min{u(p), u(y)}. Then (uo x o p)(a) = sup [min{(p o

a=zvyy

X)(@), mu(y)} = aszligy[min{xil;gqmin{u(p%X(q)}}w(y)] =
Sup [min{xszlipq min{u(p), 1}}, u(y)] = S

fmin () 1))} < uoBavy) = ployy) = pla). So we have
(o xomu) € p Otherwise (o x o pu)(a) = 0 < p(a). Thus

(oxopu) Cp.
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Conversely, let us assume that (i) holds. Since popu C pu, so
i is a fuzzy subsemigroup of S. Let x,y,z € S and £,y € T' and
a = zfyyz. Since poxou C p , we have u(xfyyz) = pla) >
(noxopa) = sup [min {(uo x)(xfy),u(z)}] = min {(uo

a=xzPyvyz

X)(p); u(2)}(let p = zBy)=min [pszligymin {n(@), x(y)}, u(z)] >min

min {p(z), 1}, u(z)]=min {u(x),n(z)}. Hence p is a fuzzy bi-ideal
of S. This completes the proof. O

4. Fuzzy IDEALS AND Fuzzy BI-IDEALS

Definition 4.1. A T'-semigroup S is called left (right) duo if every
left(resp. right) ideal of S is a two sided ideal of S. A I'-semigroup S
is called duo if it is left and right duo.

Definition 4.2. A T'-semigroup S is called fuzzy left (right) duo if
every fuzzy left(resp. right) ideal of S is a fuzzy ideal of S. A I'-
semigroup S is called fuzzy duo if it is fuzzy left and fuzzy right duo.

Definition 4.3. [27] A I'-semigroup S is called left (right) regular
if, for each a € S, there exist x € S and o, € I such that a =
xaafa(resp. a = afaqz).

Definition 4.4. [6] A I'-semigroup S is called regular if, for each
a € S, there exist x € S and «a, 8 € I' such that a = aaxfa.

Theorem 4.5. In a reqular left duo (right duo, duo) T'-semigroup S
the following are equivalent: (i) p is a fuzzy right ideal (resp. fuzzy
left ideal, fuzzy ideal) of S, (i) p is a fuzzy bi-ideal of S.

Proof. Let p be a fuzzy right ideal of S and let x,y,z € S, o, 5 € T.
Then p(rayfz) = p(za(y82)) > p(x) > min{pu(z), ju(2)}. Hence i is
a fuzzy bi-ideal of S. Similarly we can prove the other cases.
Conversely, let 14 be a fuzzy bi-ideal of S and x,y € S, v € I'. Then
xyy € S. Since S is regular and left duo in view of the fact that STz is
a left ideal we obtain, zyy € (zI'ST'z)I'S C xI'ST'z. This implies that
there exist elements z € S, o, 8 € I' such that xyy = xazfz. Then
w(xyy) = plrazpz) > min{u(x), w(z)} = p(x). Hence p is a fuzzy
right ideal of S. Similarly we can prove the other cases also. U

Theorem 4.6. In a regular left duo (right duo, duo) I'-semigroup S
the following are equivalent: (i) p is a fuzzy bi-ideal of S, (i1) p is a
fuzzy (1,2)-ideal of S.
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Proof. Let u be a fuzzy bi-ideal of S and z,w,y,z € S, a, 8,7 €

I Then p(rawpB(yvz)) = p((rawfy)yz) > min{u(rawpy), u(2)} >

min{min{u(z), u(y)}, u(z)} = min{u(z), u(y)
,1(2)}. Hence p is a fuzzy (1,2)-ideal of S.

Conversely, let S be a regular and left duo I'-semigroup and p be
a fuzzy (1,2)-ideal of S. Let z,w,y € S, a,d € I'. Since S is regular
and left duo, we have raw € (zI'STx)['S C zI'STx, which implies
that raw = zfsyx for some s € S and 5,7 € I'. Then p(rawdy) =
p((xBsyx)oy) = p(xfsy(xdy)) > min{u(z), p(x), u(y)} = min{u(z)
,1(y)}. Hence p is a fuzzy bi-ideal of S. O

Theorem 4.7. For a regular I'-semigroup S the following conditions
are equivalent: (i) S is left duo(right duo, duo), (i) S is fuzzy left duo
(fuzzy right duo, fuzzy duo).

Proof. Let us assume that S is left duo. Let p be any fuzzy left
ideal of S and a,b € S, v € I'. Then, since the left ideal ST'a is
a two-sided ideal ideal of S, and since S is regular, we have ayb €
(aI'STa)'b C (STa)I'S C STa. This implies that there exist elements
x €5, a € I' such that ayb = zaa. Then, since y is a fuzzy left ideal of
S, pu(xaa) > p(a) and so p(ayb) > p(a). Hence p is a fuzzy two-sided
ideal of S. Hence we deduce that S is fuzzy left duo. Hence (i) implies
(). Similar for other cases.

Conversely, let us assume that S is a fuzzy left duo. Let A be any left
ideal of S. Then it follows from Theorem 3.1[17], that the characteristic
function x, of A is a fuzzy left ideal of S. Thus by assumption it is a
fuzzy ideal of S. Since A is non-empty, it follows from Theorem 3.1[17],
that A is an ideal of S. Therefore we obtain that S is left duo, this
completes the proof. Similarly we can prove the other cases. O

Theorem 4.8. For a regular I'-semigroup S the following conditions
are equivalent: (1) every bi-ideal of S is a right ideal (left ideal, two-
sided ideal) of S, (i) every fuzzy bi-ideal of S is a fuzzy right ideal (
resp. fuzzy left ideal, fuzzy two-sided ideal) of S.

Proof. Let us assume that every bi-ideal of S is a right ideal. Let p
be a fuzzy bi-ideal of S and a,b € S, € I'. Then al'STa is a bi-ideal
of S. Then by hypothesis al'ST'a is a right ideal of S. Again since S
is regular, ayb € (aI'STa)I'S C al'ST'a. This implies that there exist
elements z € S and «, 8 € I" such that ayb = aaxBa. Then, since p is a
fuzzy bi-ideal of S, we have p(ayb) = p(aaxfa) > min{pu(a), p(a)} =
w(a). Hence p is a fuzzy right ideal of S.
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Conversely, let us assume that every fuzzy bi-ideal is a fuzzy right
ideal. Let A be any bi-ideal of S. Then it follows from Theorem 3.1,
that the characteristic function x, of A is a fuzzy bi-ideal of S and
consequently by hypothesis it is a fuzzy right ideal of S. Then, since A
is non-empty, it follows from Theorem 3.1[17], that A is a right ideal
of S. Similarly we can prove all other cases. OJ

Definition 4.9. [27] A I'-semigroup S is called left-zero (right zero)
if xyy = x(xyy =y) Vo,y € S,¥y €T

Definition 4.10. [27] An element e in a [-semigroup S is called idem-
potent if eye = e for some v € T'.

Proposition 4.11. For a left-zero(right zero) I'-semigroup S every
fuzzy left ( resp. fuzzy right) ideal is a constant function.

Proof. Let S be a left zero I'-semigroup and p a fuzzy left ideal of S. Let
x,y € S. Then zyy = x and yyr = y Vy € I'. Then p(z) = p(axyy) >
1(y). Again p(y) = p(yyz) = p(x). So p(z) = p(y) Yo,y € S. Hence
every fuzzy left ideal is a constant function. Similarly we can prove
the other case also. U

Theorem 4.12. For a reqular I'-semigroup S the following conditions
are equivalent: (1) the set of all idempotent elements of S forms a left
zero(resp. Tight zero) subsemigroup of S, (it) for every fuzzy left(resp.
fuzzy right) ideal p of S, u(e) = wu(f) for all idempotent elements
e,fes.

Proof. Let E5 denote the set of all idempotent elements of S. Suppose
Ejg is a left zero subsemigroup of S. Let e, f € Eg and u be a fuzzy left
ideal of S. Since, S is left zero, then ey f = e and fye = f Vy € ['. Now,
we have p(e) = u(eyf) = p(f) = p(fye) = p(e). Hence ple) = p(f).
Conversely, let every fuzzy left ideal p of S satisfies the equality in
(77). Since S is regular, for a € S, there exists x € S and o, € T
such that @ = aczfa = aax = (aax)f(aazx). So aax € Es. So Eg
is non-empty. Let e, f € Fg,7 € I'. Then from Theorem 3.1[17], the
characteristic function y, , of the left ideal L[f] of S generated by f,
is a fuzzy left ideal of S. Then by hypothesis x, () = x, () =1
and so e € L[f] = ST'f. Then for some x € S, o, € " we obtain
e =zxaf =xafff = eff. Hence Eg is left zero. Now ey f = e(since
Eg is left zero) = ede(for some 6 € I') = (eyf)d(eyf). Consequently,
evf € Eg. Hence Eg is a left zero subsemigroup of S. Similarly, we
can prove the other case also. O
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In view of the above theorem we obtain the following corollary.

Corollary 4.13. For an idempotent I'-semigroup S the following con-
ditions are equivalent: (i) S is left zero(resp. right zero), (i7) for every
fuzzy left (resp. fuzzy right) ideal pu of S, u(e) = p(f), for alle, f € S.

Definition 4.14. [27] A T'-semigroup S is called intra-regular if, for
each a € S, there exist z,y € S and a,3,7 € I' such that a =

xaafayy.

Theorem 4.15. For a I'-semigroup S the following conditions are
equivalent: (i) S is intra-regular, (ii) for every fuzzy ideal p of S,
w(a) = p(aBa) Ya € S and for some €T,

Proof. Let us assume that (¢) holds. Let p be a fuzzy ideal of S and
a be any element of S. Then there exist z,y € S and «,3,7y € T
such that a = zaafayy. Since p is a fuzzy ideal of S, we have u(a) =
p(raafayy) > p(raaBa) > p(apa) > min{u(a), u(a)} = p(a). So
j(a) = p(aBa).

Conversely, let us assume that (i) holds. Then it follows from
Theorem 3.1[17], that the characteristic function x,,, of the ideal
J[apBa) of S generated by afa, is a fuzzy ideal of S. Since afa € J[aBal,
we have X, .. (a) = X,.5,(@Ba) = 1. This implies that a € J[afa].
This proves that S is intra-regular. OJ

Theorem 4.16. For a I'-semigroup S the following conditions are
equivalent: (i) S is left reqular (resp. right regular), (ii) for every
fuzzy left ideal (resp. fuzzy right ideal) p of S, u(a) = p(aya) Ya € S
and for some v € T.

Proof. Let us assume that S is left regular. Let p be any fuzzy left
ideal of S and a € S. Then there exist z € S and a,y € I" such that
a = zaaya and so p(a) = p(raaya) > playa) > min{u(a), u(a)} =
p(a). Consequently p(a) = pu(avya).

Conversely, let us assume that for every fuzzy left ideal u of §
the equality in (7¢) holds. Let a € S. Then it follows from Theorem
3.1[17], that characteristic function x,, . of the left ideal L]aya] of
S generated by ava, is a fuzzy left ideal of S. Since aya € Llavyal,
we have x,, . (a) =X, ,(aya) = 1. This implies that a € L[aya] =
{aya} U ST'al'a. This proves that S is left regular. Similarly we can
prove the result for fuzzy right ideals. O

Proposition 4.17. Suppose S is both reqular and intra reqular T'-

semigroup. Then (i) popy D pnNptg. (id) (a0 pie) N (pgops) D praNpia
where [y, po are fuzzy bi-ideals of S.
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Proof. Let a € S. Then there exist z,y,2 € S and
Y1,7273, 74,75 € L' such that a = anazype = aneypanryae =
a2 (Y30710752) Y20 = (an1@y2yv3a)v4(av5271772a).
Since pq,p2 are both fuzzy bi-ideals of S, we deduce that
i (ayizyeyysa) > pi(a) and po(ayszyizysa) > pe(a). Then
(b1 © p2)(a) = sup min{u(p), p2(q)} : pg € Sy € 1] =

a=p2q
min{u (an272y730), pe(arszrizra)l - > min{u(a), pa(a)} =
(1 N p2)(a). Hence g o g D gy N pe. Similarly we can show that
f2 © fi1 D g N pg. Therefore (pg o o) N (g2 © 1) D gy N pg. This
completes the proof. O

Definition 4.18. A I'-semigroup S is said to be left (right) simple if
S has no proper left (resp. right) ideals. If a I'-semigroup S has no
proper ideals, then we say that S is simple.

Definition 4.19. A I'-semigroup S is said to be fuzzy left (fuzzy right)
simple if every fuzzy left (resp. fuzzy right) ideal of S is a constant
function. A T'-semigroup S is said to be fuzzy simple if every fuzzy
ideal of S is a constant function.

Theorem 4.20. For a I'-semigroup S the following conditions are
equivalent: (i) S is left simple (resp. right simple, simple), (it) S is
fuzzy left simple (resp. fuzzy right simple, fuzzy simple).

Proof. Let us assume that S is left simple. Let p be any fuzzy left
ideal of S and a,b € S. Then there exist =,y € S and «, € I' such
that b = zaa and a = yBb and so we obtain u(a) = p(ypb) > w(b) =
w(xaa) > p(a). Consequently, u(a) = u(b). Hence p is a constant
function. Consequently, S is fuzzy left simple.

Conversely, let us assume that S is fuzzy left simple and let A be
any left ideal of S. Then by Theorem 3.1[17], x, is a fuzzy left ideal of
S and hence a constant function. Since A is non-empty, the constant
is 1. So every element of S is in A and so S is left simple. Similarly
we can prove the other cases. O

Theorem 4.21. Let S be a left (right) simple I'-semigroup then every
fuzzy bi-ideal of S is a fuzzy right ideal (resp. fuzzy left ideal) of S.

Proof. Let S be a left simple I'-semigroup. Let p be any fuzzy bi-ideal
of S and a,b € S. Then there exist x € S, v € ' such that b = xya and
ulaad) = plaaxya) > min{u(a), u(a)} = p(a) Ya € T'. Hence p is a
fuzzy right ideal of S. Similarly we can prove the other case also. [J
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5. Fuzzy Quast IDEALS

Definition 5.1. A non-empty fuzzy subset p of a I'-semigroup S is
called a fuzzy quasi ideal of S if (1o x) N (x o u) C p, where x is the
characteristic function of S.

Proposition 5.2. Any fuzzy one sided ideal of a I'-semigroup S is a
fuzzy quasi ideal of S and any fuzzy quasi ideal of S is a fuzzy bi-ideal
of S.

Proof. Let p be any fuzzy left ideal of S. Then y o u C . Therefore
(mox)N(xow) € xopu C u. Therefore p is fuzzy quasi ideal of S.
Again let u be a fuzzy quasi ideal of S. Then (pox) N (xopu) C u.
Now ppoxopu C poyxand poyxopu C xyopu. Therefore poyxyopu C
(o x)N(xop) C u. Consequently, u is fuzzy bi-ideal of S. O

Proposition 5.3. Any fuzzy quasi ideal of a I'-semigroup S can be
expressed as intersection of a fuzzy right ideal and a fuzzy left ideal
of § and conversely intersection of a fuzzy right ideal and a fuzzy left
wdeal 1s fuzzy quasi ideal.

Proof. Let p be a fuzzy quasi ideal of a I'-semigroup S. Then (xou)Upu
is a fuzzy left ideal and pU(poy) is a fuzzy right ideal of S. Clearly pu C
pU(pox) and p C (xou)Upu. Therefore pp C (uU(pox))N((xop)Up) =
(LN (o)) U(pNu)U((pox)N(xom))U((rox)Np) € pUpUpUp = pu.
Therefore = (pU (o x)) N ((x o) Up).

Let ¢ and o be a fuzzy right ideal and a fuzzy left ideal of the I'-
semigroup S respectively. Let x be the characteristic function of S.
Since p and o are fuzzy right ideal and fuzzy left ideal of S, pox C
and x oo C o(cf. Theorem 4.2[17]).

Now, ((uno)ox)N(xe(uno)) € (pox)N(xeo) € pNo. Thus
pNois a fuzzy quasi ideal of S. This completes the proof. OJ

In view of Proposition 5.3 and Theorem 4.7[17] we have the following
corollary.

Corollary 5.4. Let p and o be a fuzzy right ideal and a fuzzy left
ideal of a regular I'-semigroup S, respectively. Then po o is a fuzzy
quasi ideal of S.

In view of Proposition 5.2 and Corollary 5.4 we obtain the following
proposition.

Proposition 5.5. Let i1 be a fuzzy right ideal and o be a fuzzy left
ideal of a regular I'-semigroup S. Then po o is a fuzzy bi-ideal of S.
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Theorem 5.6. Let () be a non-empty subset of a I'-semigroup S. Then
Q is a quasi ideal of S if and only if x,(the characteristic function of
Q) is a fuzzy quasi ideal of S.

Proof. Let @ be a quasi ideal of S and y be the characteristic function
of S. Let a be any element of S. If a € @, then ((x,ox)N(xox,))(a) <
1 =x,(a)

If a ¢ @, then since @ is a quasi ideal of S, i.e., QI'S N STQ C Q,
a ¢ QI'S N STQ C Q. Then three cases may arise. Case — (i) :
a ¢ QU'S, a € STQ, Case — (ii) : a € QI'S, a ¢ STQ, and
Case — (iii) : a ¢ QU'S, a ¢ STQ. Case — (i) : Let a ¢ QI'S,
a € STQ. If a = vy, then ¢ Q. Then ((x, o x) N (x o Xx,))(a) =
min{ sup [min{x, (), x(y)}, sup [min{x(u),x,(v)}] = 0 = x,(a).

a=xvy a=ubv
Therefore (x, o x) N (x © Xx,) € X, Case — (i) : It is similar as
Case — (i). Case — (i17) : a ¢ QI'S, a ¢ ST'Q. If a = xvyy, then
r ¢ Q and if a = udv, then v ¢ Q. Now ((x, o x) N (x o x,))(a) =
min{ sup [min{x, (), x(y)}, sup [min{x(u), x,(v)}]= 0= x,(a). So

a=zyy a=udv
(Xo ©X) N (x©°X,) € X, Hence x,, is a fuzzy quasi ideal of S.
Conversely, let us suppose that x, be a fuzzy quasi ideal of S.
Let a € QI'S N ST'Q. Then there exist elements s,t € S, b,c € Q
and «,8 € T such that a = bas = tfc. Then (x, o x)(a) =

sup [min{x, (), x(y)}] > min{x, (), x(s)} = min{1,1} = 1. Simi-

a=zPy

larly, we have (x o x,)(a) = 1. Since (x, o x) N (x °Xx,) € Xo- S0,
Xo(a) = ((Xq © x) N (x © X)) (a) = min{(x, ° x)(a), (x o x,)(a)} =
min{1,1} = 1. Thus a € @ and so QI'S N STQ C Q. Therefore, Q is
a quasi ideal of S. O

Theorem 5.7. Let p be a non-empty fuzzy subset of a I'-semigroup S.
Then p is a fuzzy quasi ideal of S if and only if py = {x € S : u(x) >t}
is a quasi ideal of S for every t € Im(u).

Proof. Let pu be a fuzzy quasi ideal of S. Let ¢t € Im(u), then
is nonempty. Let a € ST N ,I'S. Then there exist elements
re S, be pu and o € T such that a = bar. Then (uo x)(a) =

sup [min{u(x), x(v)} > min{wu(d), x(r)} > min{t, 1} = t. Similarly,

a=zfy

we have (x o u)(a) > ¢. Then ((x o p) N (o x))(a) = min{(x o
)(a), (1w o x)(a)} > t. By hypothesis (x o u) N (nox) C . Hence
w(a) > ((xou)N(pox))(a) > t. Thus a € p;. Hence ST N I'S C gy
Consequently p; is a quasi ideal of S.
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Conversely, let u; be a quasi ideal of S Vt € Im(pu). Then py is
nonempty and so p is nonempty. If possible, let ((pox)N(xon)) € u.
Then there exists p € S such that u(p) < ((zox) N (xow))(p). Let to
be a real number such that

(1) p(p) <tz < ((pox)N(xomu)(p)

If there not exist z,y € S, v € T" such that p = xyy then ((o x) N
(xou))(p) = 0 which means u(p) < 0, which is not possible. So, there
exist x,y € S, v € ' such that p = zyy. Now suppose for any x,v € 5,
with p = zyy, p = udv for some y,u € S for some v, € I', z ¢ u,, and
v & . Then pu(x) <ty and p(v) < ty for all x,v € S with p = xyy

and p = uév, z,u € S, v, € I'. This implies that sup pu(z) <ty and
p=z7y

sup p(v) < to. Therefore min{ sup pu(z), Sup pv)} < to, ie., ((no
p=udv p=zvyY p=udv

X) N (xow))(p) <ty this contradicts (1). So there exist z,v € S with
p = xyy, p = udv for some v, € I, for some y,u € S such that
x € g, and v € py,. Hence xyy € p,I'S and uév € STy, whence
p € i, 'S N STuy,. But by (1), p & py,. This contradicts that g, is
a quasi ideal of S, for all ¢ € I'm(p). Hence ((wox) N (xow)) C p.
Consequently, u is a fuzzy quasi ideal of S. O

Proposition 5.8. Let f : R — S be a homomorphism of I'-
semigroups. If X is a fuzzy left (resp. right) ideal of S, then
F00 0 1) € fHN) (resp. f7HA) o f7H ) € fTHN), x s
the characteristic function of S (where f~Y(N\)(rys) := M(f(rvs)) for
allm,s € R and vy € T), provided f~'()\) is non-empty.

Proof. f~Y(\) is a fuzzy left ideal of R(cf. Theorem 3.6[17]). Let
x € R. Then if there exists a,b € R and o € I such that © = aab

we obtain (f~'(x) o f7(A))(x) = sup [min{f~"(x)(u), [ (A)(0)}] =

sup fmin{x((0). A(F(0)}] = ;»:{gjﬁm{l, !

AN ()} < fFH )(uyv)(fo all u,v € R, for all v € I' with x = uyv) =
YA\ (x). Hence f~(x)o f~1(X) € f~Y()\). Similarly we can prove
the other case also. U

In view of the above proposition we obtain the following proposition:

Proposition 5.9. Let f : R — S be a homomorphism of I'-
semigroups. If X is a fuzzy quasi ideal of S, then f~1(\) is a fuzzy
quasi ideal R, provided f~1()\) is non-empty.
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Proof. Let A be a fuzzy quasi ideal of S and A = p N v, where pu
is a fuzzy right ideal and v is a fuzzy left ideal of S(cf. Proposi-

tion 5.3). Let a € S. Then f~!(\ )( ) = A f(a) = (Lnv)(fla) =
mnfi(1), (70} = mind o ) = (0 o
f~Y(v))(a). Consequently, f~1(\) = f~'(u) N f~(v). By Proposition
3.6[17], f~(u) is a fuzzy right ideal and “H(v) is a fuzzy left ideal of
R. Hence f~!()) is a fuzzy quasi ideal of R. O

Proposition 5.10. Let f : S — R be a surjective homomorphism
of T'-semigroups. If X is a fuzzy left (resp. right) ideal of S, then
fOx) o f(N) C f(N) (resp. f(N) o f(x) C f(N), x is the characteristic
function of S (where (f(X))(r) := sup A(s) for s € 9).

fls)=r

Proof. Suppose A is a fuzzy left ideal of S. Then f(\) is a fuzzy left
A

ideal of R[17]. For r € R, (f(\))(r) = f?SErA( s), 50 f() is non-empty.
Then for p € R, (f(x) o f(A)(p) = piligv[min{f( X)(w), f(N)(v)}] =
piﬁ)v[mm{f(i?)i uX(Ul)a fA) @)} = sup min{1, f(3)

()} < sup [min{1, f(A)(uyv)}] = sup [min {1, F(A)(p)}] = F(M)(p).
Honce F(X) 0 F(A) € f(\). Similarly we can prove the other cas

Proposition 5.11. Let f : R — S be a surjective homomorphism of
[-semigroups. If X is a fuzzy quasi ideal of R, then f(X) is a fuzzy
quasi ideal of S.

Proof. Let A be a fuzzy quasi ideal of R. Then by Proposition
53, A = p Ny, for some fuzzy right ideal p and fuzzy left ideal
v of R. Hence by Proposition 3.6[17], f(u) is a fuzzy right ideal
and f(v) is a fuzzy left ideal of S. Let s € S. Then f(\)(s) =
sup A(r) (for some r € R) = sup (pNv)(r) = sup min{u(r),v(r)}

f(T):S f(T):S f(r)=s

= min{ sup p(r), sup v(r)} = min{f(u)(s), f(¥)(s)} = (f(p) N
fr)=s  f)=s

f(v))(s). Consequently, f(A) = f(u) N f(v). So, f(A) is the inter-
section of a fuzzy right ideal f(u) and a fuzzy left ideal f(v) of S.

Hence by Proposition 5.3, f(\) is a fuzzy quasi ideal S. O

Theorem 5.12. Let S be a I'-semigroup and p be a non-empty fuzzy
subset of S. Then 1 is a fuzzy quasi ideal of S if and only if

r = bas,x = tfc = pu(x) > min{u(d), u(c)},



ON FUZZY BI-IDEALS AND FUZZY QUASI IDEALS IN I'~SEMIGROUPS 151
where b,s,t,c€ S, a, €.

Proof. Let u be a fuzzy quasi ideal of S and x € S. Then (y o ) N

(wox) € p which implies p(x) > ((x o p) N (1 0 x))(x) = min{(x o
w)(x), (o x)(x)}. Since x = bas where b,s € S, a € I, we have (u o

(
() = sup [min{u(u), x(v)}] = min{u(b), x(s)} = min{u(b), 1} =

r=udv

X)
w(b). Similarly, for x = tSc where t,c € S, B € I', we have (xopu)(z) >
u(c). Hence pu(z) > min{p(b), u(c)}.

Conversely, let us suppose that z = bas, v = tfc = u(x) >
min{u(b), pu(c)}, where b,s,t,c € S, a, € I'. If there do not exist
y,z € S and v € I" such that = yyz, then ((x op) N (o x))(z) =
0 < p(z). Then (x op) N (o x) C p and the proof follows. Let there
exist y,m,n,z € S and 0,n € I' such that x = yfm and x = nnz,

Then (po x)(z) = sup [min{u(y), x(m)}] = sup [min{u(y),1}] =

r=yOm r=yOm

sup £1(y). Similarly (x o p)(z) = sup p(z). Then ((x o p) N (p o

z=yO0m T=nnz

x))(z) = min{(x o p)(x), (1o x)(x)} = min{ sup u(y), sup p(z)} =

r=yOm T=nnz

sup sup min{u(y), u(z)} < sup sup u(z) = p(zr). Consequently,

r=yOmr=nnz r=yOmr=nnz

(xou)N(pnox) < p. Hence p is a fuzzy quasi ideal of S. O

Theorem 5.13. Let S be a I'-semigroup and p be a non-empty fuzzy
subset of S. Then 1 is a fuzzy quast ideal of S if and only if

x = bas,r = tfc = p(x) > max{min{u(b), u(c)}, min{u(t), u(s)}},
where b, s, t,c € S, o, €.

Proof. Let u be a fuzzy quasi ideal of S. Let b,s,t,c € S, a, € T
be such that © = bas, © = tSc. Then by Theorem 5.12, p(z) >
min{u(b), u(c)}. Again if x = tfSc, © = bas, then by Theorem 5.12,
pi(z) > min{pu(t), u(s)}. Hence p(z) > max{min{su(b), u(c)}, min
{u(t). ()} ).

By using similar argument as in Theorem 5.12 we obtain the con-
verse. 0

Lemma 5.14. (1) Let A and B be two subsets of a set S. Then (i)
A C B if and only if x, € X, (i) X4 NV Xy = Xanp, wWhere X, X,
denote the characteristic functions of A and B respectively.

(2) Let A and B be two subsets of a I'-semigroup S. Then x ,0x, =
Xarp, Where x,,x, denote the characteristic functions of A and B
respectively.
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Proof. (1)(7) : The proof follows by routine verification.

(i1) : Let a € S. Suppose that a € AN B. Then a € A and
a € B, which implies x,(a) = x,(a) = 1. Then (x, N x,)(a) =
min{y,(a),x,(a)} = 1 = x,.z(a). Again if, a ¢ AN B. Then
a ¢ Aora ¢ B, which implies x,(a) = 0 or x,(a) = 0. Then
(XA N XB)(a) = min{XA(a)7XB(a>} =0= XAﬁB(a)‘ Consequently
Xa X5 = Xanp-

(2) : Let a € S. Suppose that a € AT'B. Then a = z~yy for some x €
A, y€ BandyeTl. Then (x, o x,)(a) = sup min{x, (u), x,(v)} >

a=udv

min{x,, (), X, (y)} = min{l,1} = 1, and so (x, © x,)(a) = 1. Since
a € AI'B, x,;5(a) = 1. In the case, when a ¢ AI'B then we have,

(X, °Xxp)(a) =0=x,.5(a). Thus we obtain x, © X5 = Xurs- O

Now to conclude the paper we obtain below some characterizations
of regular and intra-regular I'-semigroups in terms of fuzzy quasi ideals
and fuzzy bi-ideals.

Theorem 5.15. In a I'-semigroup S the following are equivalent:

(1) S is regular,

(17) for every fuzzy right ideal p and every fuzzy left ideal X of S we
have o X = pN A,

(1ii) for every fuzzy right ideal p and every fuzzy left ideal X of S
we have

(@) pop=p, (b) \oA= X\, (¢) po X is the fuzzy quasi ideal of S,

(iv) every fuzzy quasi ideal 6 has the form 6 = § o x4 0§, where x4
1s the characteristic function of S.

Proof. (i) = (it) : (cf. Theorem 4.7)([17]).

(17) = (1) : (a) and (b) can be verified by routine calculation.

(¢) From Proposition 5.3, it is clear that the intersection of any fuzzy
right ideal and fuzzy left ideal of S is a fuzzy quasi-ideal of S. Hence
by (i7) the result follows.

(i73) = (iv) : Let (4i7) holds. Let ¢ be a fuzzy quasi ideal of S. Then
dox, and x 00 are fuzzy right and left ideals of S respectively. Then by
condition (b), (c) we obtain (dox,)o(x408) = do(x40X4)00 = dox,0d
is a fuzzy quasi ideal of S. Also we have

(2) Joxg00C(doxy)N(xs00)C6

Now § CoU(doxy) = (0U(doxg)) o (dU(d0ox,))(by condition
(#2)(a)) = (6 U (§ 0 xg)) 0 ) U((dU (00 x,))o (o Xizg = ((35 ° %

(6o 08U (8000 x:) U((80x;) 0 (X)) €

Xs))U((0oxs)U(doxy)) =0d0x(since od C 6,000 Cdoy, and
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dox, is a fuzzy right ideal of S). Similarly we obtain § C x,00. Then
dC (0oxg)N(xs00). Thus

0= (d0x5)N(xs00)
= ((60xs) 0 (0 0x5)) N ((xs ©0) o (xs ©0))(by condition (a), (b))
= ((0oxs00)oxs) N(xs0(d0xs00))
C 6o x,o0d(since § o x4 00 is fuzzy quasi ideal of 5)

(3)

By (2) and (3) we obtain § = d o x4 0.

(iv) = (i) : Let (iv) holds. Let x € S. Let us consider the quasi
ideal Q[z] = {x}U(2I'SNST'z) generated by x. Then the characteristic
function x,,,, of Q[z] is a fuzzy quasi ideal of S. Then x,,, = X, ©
Xs © Xop = Xoprsrop (¢f- Lemma 5.14(2)). Since x,,,,(z) = 1. Then
Xoprsrow (T) = 1. Consequently, z € Q[z]['STQ[z]. Then there exist
some y € S, a, B € I' such that x = xayfx. Hence S is regular. O

Theorem 5.16. A I'-semigroup S is reqular and intra-reqular if and
only if every quasi ideal of S is idempotent.

Proof. Let S be a I'-semigroup which is regular and intra-regular.
Let ) be a quasi ideal of S. Then QI'S N STQ C Q. There-
fore QI'QY C QTS N STQ C Q. Let a € (. Then there exists
x,u,v € Sand «, 3,7,9,0 € I"such that a = acxfa and a = uyadaov.
Therefore a = aazfa = aczfaczfa = aazf(uyadacv)axfa =
(acxfuya)d(acvazfa) € QI'Q. Since aaxfuya € QI'S N STQ €
Q,acvaxfa € QI'SNSTQ C Q, we deduce that a € QI'Q). Therefore
Q CQI'Q and so Q = QI'Q.

Conversely, let every quasi ideal of a ['-semigroup S be idempotent.
Let a € S. Now let us consider the quasi ideal Q[a] = {a}U(al'SNSTa)
generated by a of S. Then Qa] = Q[a]I'Q[a]. So a € Qla]I'Q[a] =
(al'a) U (al'(al'S N STa)) U ((aI'S N STa)l'a) U ((al'S N STa)I'(al'S N
STa)). Consequently, a = aaxfa and a = yyadacz for some z,y, z €
S and «a, 3,7,0,0 € I'. Therefore S is regular and intra-regular. [

Theorem 5.17. If S is a I' semigroup then the following are equiv-
alent: (i) every quasi ideal of S is idempotent, (ii) every fuzzy quasi
ideal of S is idempotent.

Proof. Let (i) hold. Let pu be a fuzzy quasi ideal of S. Then
pop C (mox)N(xop) € pu Now by Theorem 5.16, S is a
regular and intra-regular I'-semigroup. Then for a € S, a = aaxfa
and a = yyadacz for some z,y,z € S and «a,f,7,6,0 € T.



154 S.K.SARDAR, S. K.MAJUMDER, S.KAYAL

Therefore a = aazxfa = aaxfaczfa = acxf(yyadacz)axfa =
(acxfyya)d(aczaxfa). Now every fuzzy quasi ideal is fuzzy bi-ideal.
Therefore (p o p)(a) = (uo p)((acxByya)d(aczazfa))
> min{ p(aczByya), placzaxfa)}
min{min{u(a), p(a)}, min{u(a), u(a)}} = pla) for all a € S.
Therefore o 2 pu. Consequently = po p. Hence (i7) follows.

Let (4i) hold. Let @ be a quasi ideal of a I'-semigroup S. Then by
Theorem 5.6, x,, is a fuzzy quasi ideal of S. So by (ii), x, o X, =
Xo = Xorqg = Xo- Therefore Q = QT'Q. Hence (i) follows. O

v

Theorem 5.18. Let S be a I'-semigroup. Then followings are equiv-
alent: (1) S is reqular and intra reqular, (i) every fuzzy quasi ideal is
idempotent, (iii) every fuzzy bi ideal is idempotent.

Proof. (i) = (iii) : Let S be regular and intra-regular. Let
i be a fuzzy bi-ideal of S. Let a € S. Then a = aaxfa
and a = yvyadacz for some z,y,z € S and a,f,7,0,0 € T.
Then (p o p)(a) = (po p)(aazfa) = (u o p)(aczBaczfa) =
(1 o p)(acxf(yyadaocz)axfa) > min{u(aazfyya), ulaczaxfa)} >
min{min{u(a), u(a)}, min{u(a), p(a)}} > p(a) for all a € S. There-
fore pop 2O p.

Again (pop)(a) = sup min{u(z), u(y)} < sup p(zyy) = p(a) for

a=zvy a=xyy

all a € S. Therefore pp oy C . Consequently = po pu. Hence
(i17) follows. (7ii) = (i7) holds, since every fuzzy quasi ideal is a fuzzy
bi-ideal of S. Also by Theorems 5.16 and Theorem 5.17, (i) = (i). O

Conclusion: The concept of operator semigroups of a I'-semigroup
may play important role in furthering the study of the properties
of fuzzy subsemigroup, fuzzy bi-ideal and fuzzy quasi ideal of a I'-
semigroup.
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