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GENERAL RANDERS MECHANICAL SYSTEMS

OTILIA LUNGU AND VALER NIMINEŢ

Abstract. The general Randers spaces were introduced by R.
Miron [2]. These are some generalizations of Randers spaces denoted
GRn = (M,F + β), equipped with the Lorentz nonlinear connection.
In the present paper we define the General Randers Mechanical Sys-
tem as a triple (M,T, Fe), where T is the energy of the GRn space. We
obtain the expressions for the curvature and the torsion of GRn and we
give the formula for the local coefficients of the canonical connection.

1. Preliminaries on finsler spaces

Let M be a n-dimensional C∞ manifold. Denote by (TM, τ,M)

the tangent bundle of M . Let
∼
F n =

(
M,

∼
F (x, y)

)
be a Finsler space

where F : TM → R is its fundamental function and the Hessian given

by
∼
gij (x, y) = 1

2
∂2

∼
F

∂yi∂yj
called the fundamental tensor field of

∼
F n is

positive defined. The Cartan nonlinear connection
∼
N of the space

∼
F n

has the coefficients
∼
N i
j = 1

2
∂
∂yj

( ∼
γikh (x, y) ykyh

)
, where we denoted by

∼
γikh the Christoffel symbols of the metric tensor field

∼
gij. The Cartan

nonlinear connection determines the horizontal distribution which is
supplementary to the vertical distribution. The adapted basis to this

distribution is

( ∼
δ
δxi
, ∂
∂yi

)
with

∼
δ
δxi

= ∂
∂xi
−
∼
N i
j

∂
∂yj

and the dual adapted

basis is given by
(
dxi,

∼
δ yi
)

, with
∼
δ yi = dyi +

∼
N i
j dx

j.
————————————–
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The Cartan connection CΓ (N) =

( ∼
F i
jk,

∼
Ci
jk

)
is given by


∼
F i
jk = 1

2

∼
gis
(

∼
δ

∼
gsj
δxk

+
∼
δ

∼
gsk
δxj
−

∼
δ

∼
gjk
δxs

)
∼
Ci
jk = 1

2

∼
gis
(
∂

∼
gsj
∂yk

+ ∂
∼
gsk
∂yj
− ∂

∼
gjk
∂ys

)
.

2. General randers spaces

Let
∼
F n =

(
M,

∼
F (x, y)

)
be a Finsler space and β (x, y) = bi (x) yi an

1-forms field on TM , where bi (x) is a covector field on M or on an open
set of M . We shall consider the real function L : TM → R, L (x, y) =
∼
F (x, y) + β (x, y). The pair GRn = (M,L (x, y)) is called the General

Randers space. The tensor field gijof GRn is gij = 1
2
∂2L2

∂yi∂yj
. Let us

consider the nonlinear connection N whose local coefficients are N i
j =

∼
N i
j −F i

j , where
∼
N i
j is the Cartan nonlinear connection of the Finsler

space
∼
F nand F i

j = gik (x, y)Fkj (x), with Fkj (x) =
∂bj
∂xk
− ∂bk

∂xj
, the

electromagnetic tensor field of the electromagnetic potentials bi (x). N
is called the Lorentz nonlinear connection of the space GRn. The local

basis adapted to the Lorentz connection is
(

δ
δxi
, ∂
∂yi

)
, δ
δxi

=
∼
δ
δxi

+F j
i

∂
∂yj

.

It is well known that using the Lorentz nonlinear connection it can
be constructed an unique d-connection DΓ (N) =

(
Lijk, C

i
jk

)
, called

the canonical metrical d-connection of the General Randers space,
with the properties:

1.∇H
k gij = 0;

2.∇V
k gij = 0;

3.T ijk = 0;

4.Sijk = 0.

Its coefficients are given by the generalized Christoffel symbols: Lijk = 1
2
gis
(
δgsk
δxj

+
δgjs
δxk
− δgjk

δxs

)
Ci
jk = 1

2
gis
(
∂gsk
∂yj

+
∂gjs
∂yk
− ∂gjk

∂ys

)
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3. General randers mechanical systems

Definition 3.1. A General Randers Mechanical System (GRMS)
is a triple

∑
GR = (M,T, Fe), where:

i)M is an n-dimensional, real, differentiable manifold, called configu-
ration space;
ii) T = yi ∂L

2

∂yi
− L2 = L2 is the energy of the General Randers space

GRn;
iii)Fe (x, y) = Li (x, y) ∂

∂yi
are the external forces given as a vertical

vector field on TM and Li (x, y) = gijL
i (x, y), i = 1, n are the covari-

ant components of the Fe.

The nonlinear connection
M

N of the GRMS has the coefficients

M

N i
j = N i

j −
1

4

∂F i

∂yj
,

where N i
j are the local coefficients of the Lorentz nonlinear connection.

So,

M

N i
j =

∼
N i
j −
(
F i
j +

1

4

∂F i

∂yj

)
.

M

N is called the Lorentz nonlinear connection of the GRMS and de-
termines the horizontal distribution which is supplementary to the
natural vertical distribution on TM .

A local adapted basis to these distribution is

(
M
δ
δxi
, ∂
∂yi

)
, i = 1, n,

where

M

δ

δxi
=

∂

∂xi
−

M

N i
j

∂

∂yj
=

∼
δ

δxi
+

(
F i
j +

1

4

∂F j

∂yi

)
∂

∂yj
.

The dual adapted basis is

(
dxi,

M

δ yi
)

with

M

δ y
i = dyi +

M

N i
j dx

j =
∼
δ y

i −
(
F i
j +

1

4

∂F i

∂yj

)
dxj.
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We calculate the curvature
M

Ri
jk and the torsion

M

T ijk of the Lorentz

nonlinear connection
M

N of the GRMS:

M

T ijk =
∂

M

N i
j

∂yk
− ∂

M

N i
k

∂yj
=

∂ ∼
N i
j

∂yk
− ∂

∂yk

(
F i
j +

1

4

∂F i

∂yj

)−
−

∂ ∼
N i
k

∂yj
− ∂

∂yj

(
F i
k +

1

4

∂F i

∂yk

) = 0.

M

Ri
jk =

M
δ

M

N i
j

δxk
−

M
δ

M

N i
k

δxj
=

M
δ
δxk

[ ∼
N i
j −F i

j − 1
4
∂F i

∂yj

]
−

M
δ
δxj

[ ∼
N i
k−F i

k − 1
4
∂F i

∂yk

]
=

=
∼
δ
δxi

( ∼
N i
j −F i

j − 1
4
∂F i

∂yj

)
+
(
F i
j + 1

4
∂F j

∂yi

)
∂
∂yj

( ∼
N i
j −F i

j − 1
4
∂F i

∂yj

)
−

−
∼
δ
δxj

( ∼
N i
k−F i

k − 1
4
∂F i

∂yk

)
+
(
F i
k + 1

4
∂Fk

∂yi

)
∂
∂yk

( ∼
N i
k−F i

k − 1
4
∂F i

∂yk

)
=

=
∼
Ri
jk−

(∼
δ F i

j

δxi
−

∼
δ F i

k

δxj

)
− 1

4

( ∼
δ
δxi

∂F i

∂yj
−

∼
δ
δxj

∂F i

∂yk

)
+

(
F i
j

∂
∼
N i

j

∂yj
− F i

k
∂

∼
N i

k

∂yk

)
−

−
(
F i
j

∂F i
j

∂yj
− F i

k
∂F i

k

∂yk

)
+ 1

4

(
∂F j

∂yi
∂

∼
N i

j

∂yj
− ∂Fk

∂yi
∂

∼
N i

k

∂yk

)
− 1

4

(
∂F j

∂yi
∂

∼
F i
j

∂yj
− ∂Fk

∂yi
∂

∼
F i
k

∂yk

)
.

So, we can state the following theorem:

Theorem 3.1. The torsion
M

T ijk of the Lorentz nonlinear connection
M

N of the GRMS vanishes and the curvature tensor is given by

Ri
jk
M

= Ri
jk
∼−
(∼
δ F i

j

δxi
−

∼
δ F i

k

δxj

)
−1

4

( ∼
δ
δxi

∂F i

∂yj
−

∼
δ
δxj

∂F i

∂yk

)
+

+

(
F i
j

∂
∼
N i

j

∂yj
− F i

k
∂

∼
N i

k

∂yk

)
−
(
F i
j

∂F i
j

∂yj
− F i

k
∂F i

k

∂yk

)
+

+1
4

(
∂F j

∂yi
∂

∼
N i

j

∂yj
− ∂Fk

∂yi
∂

∼
N i

k

∂yk

)
−1

4

(
∂F j

∂yi
∂

∼
F i
j

∂yj
− ∂Fk

∂yi
∂

∼
F i
k

∂yk

)
We fix the Lorentz nonlinear connection of GRMS and we consider a

d-connection D
M

Γ

(
M

N

)
=

(
M

Lijk,
M

Ci
jk

)
which is uniquely determined

by the following axioms:
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1.
M

∇H
k gij = 0 ( D is h-metrical);

2.
M

∇V
k gij = 0( D is v-metrical);

3.
M

T ijk = 0 ( D is h-torsion free);

4.
M

Sijk = 0 ( D is v-torsion free), where

M

∇H
k gij =

M
δ gij
δxk
−

M

Lsik gsj −
M

Lsjk gis,
M

∇V
k gij =

∂gij
∂yk
−

M

Cs
ik gsj −

M

Cs
jk gis.

The local coefficients of D
M

Γ

(
M

N

)
=

(
M

Lijk,
M

Ci
jk

)
are expressed by

the generalized Christoffel symbols:
M

Lijk = 1
2
gis
(

M
δ gsj
δxk

+
M
δ gsk
δxj
−

M
δ gjk
δxs

)
M

Ci
jk = 1

2
gis
(
∂ gsj
∂yk

+ ∂ gsk
∂yj
− ∂ gjk

∂ys

)
.

Through a direct calculation and using the results from [2] we get the
explicit form of these coefficients in the following theorem:

Theorem 3.2. The coefficients
M

Lijk,
M

Ci
jk of D

M

Γ

(
M

N

)
=(

M

Lijk,
M

Ci
jk

)
are given by

M

Lijk = Lijk + Aijk,
M

Ci
jk = Ci

jk,

where CΓ (N) =
(
Lijk, C

i
jk

)
is the canonical metrical d-connection of

GRn, with

Lijk =
∼
F i
jk +

∼
Ci
js F

s
k +Bi

jk, C
i
jk =

∼
Ci
jk +Ei

jk

and

Aijk = 1
4
gis
(
Cskh

∂Fh

∂yj
+ Cjsh

∂Fh

∂yk
− Cjkh ∂F

h

∂ys

)
Bi
jk = 1

2
gir
( ∼
∇H
k gjr +

∼
∇H
j grk −

∼
∇H
r gjk

)
+ F s

kE
i
sj + F s

j C
i
sk − girF s

rCsjk

Ei
jk = −F

L
yi

F
bs

∼
Csjk + 1

2F 2 g
is
[(
Fbk − β ∂F

∂yi

)
F ∂2F
∂ys∂yj

+

+
(
Fbs − β ∂F

∂ys

)
F ∂2F
∂yj∂yk

+
(
Fbj − β ∂F

∂yj

)
F ∂2F
∂ys∂yk

]
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References
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