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GENERAL RANDERS MECHANICAL SYSTEMS

OTILIA LUNGU AND VALER NIMINET

Abstract. The general Randers spaces were introduced by R.
Miron [2]. These are some generalizations of Randers spaces denoted
GR" = (M, F + j3), equipped with the Lorentz nonlinear connection.
In the present paper we define the General Randers Mechanical Sys-
tem as a triple (M, T, F,), where T is the energy of the GR™ space. We
obtain the expressions for the curvature and the torsion of GR™ and we
give the formula for the local coefficients of the canonical connection.

1. PRELIMINARIES ON FINSLER SPACES

Let M be a n-dimensional C'*° manifold. Denote by (T'M, 1, M)
the tangent bundle of M. Let F™ = (M, F (, y)> be a Finsler space
where F': T'M — R is its fundamental function and the Hessian given
by gij (z,y) = %% called the fundamental tensor field of F™ Nis
positive defined. The Cartan nonlinear connection N of the space F™

has the coefficients N; = %aiyj (y,ih (x,y) ykyh) , where we denoted by

i, the Christoffel symbols of the metric tensor field g?j. The Cartan
nonlinear connection determines the horizontal distribution which is
supplementary to the vertical distribution. The adapted basis to this

distribution is ( 52“ a?;i) with 522‘ = 6‘; —N ; % and the dual adapted

basis is given by (dazi, Syi>, with § ' = dy' + N dx?.
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~

The Cartan connection CT (N) = (F;k, Cj’k) is given by

S 1 s (09w | ddw Ok
jk T 2 g ( dxk + dxd dxs

» _ 1 s dgsj dge _ Ok
Cjk =39 < Oy* + OyJ oys |-

2. GENERAL RANDERS SPACES

Let Fr = <M, F (x, y)) be a Finsler space and 3 (z,y) = b; (z) y* an

1-forms field on T'M, where b; () is a covector field on M or on an open
set of M. We shall consider the real function L : TM — R, L (z,y) =

~

F(z,y)+ B (z,y). The pair GR" = (M, L (z,y)) is called the General

Randers space. The tensor field g;jof GR" is g;; = %%. Let us

consider the nonlinear connection N whose local coefficients are N, ; =

N ]’ —F f, where N ]’ is the Cartan nonlinear connection of the Finsler
space F™and F; = g% (z,y) Fy; (z), with Fy; (z) = % — %, the
electromagnetic tensor field of the electromagnetic potentials b; (). N
is called the Lorentz nonlinear connection of the space GR". The local

basis adapted to the Lorentz connection is (%, %) , % = 6‘; —|-Fl.j%.

It is well known that using the Lorentz nonlinear connection it can
be constructed an unique d-connection DT (N) = (Li,,C%,), called
the canonical metrical d-connection of the General Randers space,

with the properties:

1-V£9m‘ =0;

2.V{ gij = 0;
3.1, = 0;
4.8 =

Its coefficients are given by the generalized Christoffel symbols:

T _
ij - I Sxk Sxs
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i 1 _is (Ogsk | 99is 99k
ik — 29 oyl + oy* Oys

gis 8gsk +59js 995k
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3. GENERAL RANDERS MECHANICAL SYSTEMS

Definition 3.1. A General Randers Mechanical System (GRMS)
is a triple > . = (M, T, F.), where:
i) M is an n-dimensional, real, differentiable manifold, called configu-
ration space;
ii) T = yi% — L? = L? is the energy of the General Randers space
GR™;
i) F, (z,y) = L' (x,y) 6‘; are the external forces given as a vertical
vector field on TM and L; (z,y) = gi;L* (x,y), i = 1,n are the covari-
ant components of the F,.

M
The nonlinear connection N of the GRMS has the coeflicients

M . 10F!

K3 1

AT

where N J’ are the local coefficients of the Lorentz nonlinear connection.
So,

Mi i i 10F

M
N is called the Lorentz nonlinear connection of the GRMS and de-
termines the horizontal distribution which is supplementary to the
natural vertical distribution on 7M.

M
A local adapted basis to these distribution is ( o 0 >, 1= 1,n,

Szt 3yi
where
M ~ ,
h) 0 M9 B . 10F7\ 0
oxt Ozt T oyl xt + ( it 4 8y1) oyJ

.M
The dual adapted basis is (dm’, ) yl> with

M oM . 19F .
1 7 7 ] T ? - J
Sy =dy' + Nidx) =45y (F]+48y].)dx.
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M M
We calculate the curvature R}, and the torsion T}, of the Lorentz

M
nonlinear connection N of the GRMS:

i ko_ _ pig 297
ik oyk Oy oyt oyk \" 7 + 4 Qyi

Mo 9NI 9Nj  |ONI 9 ( 1aFi> -

M MM MM M ~ ) M ~ )
i _ ONj  ONy 5 Ni_pi _LOoF | & | Ni_pi _ LOF | _
oxd k k 4 oyk

_ 3 (i i 10F i 10\ o (ni_ g 10FT)

T bt <NJ Pj] 48yj) + (P} + 48yi> Oy’ Nj ij 4 OyJ

5 (N 10F i 1o\ o (i i 10F | _
57 <Nk Fy 4ayk) + <sz+4ayi) o \ VeI — 357 | =

~ SF SR\ 1( 3 er  F or ONI L aN
_ i i _ E) 1 § OF* _ § OF 12 i 90k |
- Rk ( Szt Sxd ) 4 <633i OyJ Sxd 8yk> + Fj OyI k oyk

_(pi%E _ pioR L1 [ api0N)  arronNi ) 1 [ api9F)  grk 0 R
. L) +

1
j Dy 1| oy oy dyt Oyk 4| oyt oyl dy* dyk

So, we can state the following theorem:
M

Theorem 3.1. The torsion T}, of the Lorentz nonlinear connection
M
N of the GRMS wvanishes and the curvature tensor is given by
iM_ pi~_ (6F  SF\ 1 (5 or _ § oF 1
gk T Tk Sz dxd 4 \ §z* OyI dxd Oyk

O Nt 9N
7 J 7 k
+ | £} 5 Fy o7t

; OF) i OF}
_ 19 i 9
<F1J Ayl Fk oyk ) +

oFi ON; gk ONj oFi OF; gk OF]

41 1
4\ oy Oyl Oyt Oyk 4 | oyt oyl dyt dy*k

We fix the Lorentz nonlinear %)nn]e\zftion of GRMS and we consider a
M [ M : :
d-connection DT' ( N | = <L;k, C’J’k) which is uniquely determined

by the following axioms:
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M
L. VH gij = 0 ( D is h-metrical);
2. Vk gi; = 0( D is v-metrical);

3. T’k =0 ( D is h-torsion free);
M
4. S, =0 ( D is v-torsion free), where

J(VSI M 9 M
. gz S _ gz S
Vk gzg - J sz gsy ij Gis vk gzg - ] C ik 98] Cjk Gis-

M (M Mo M
The local coefficients of D T’ N) = ( S C’;k> are expressed by

the generalized Christoffel symbols:

N =

M 1(»51 1\64

T 18 9sj (5 9sk 9ik
ij =329 < Sxk + éxd dxs )
M
i 1 s agsy + 0 gsk _ agjk
Jjk T 2 g oy oys ) -

Through a direct calculation and using the results from [2] we get the

explicit form of these coefficients in the following theorem:
MM

M
Theorem 3.2. The coefficients L]k, oof DF(N) =

Mo M
(L}k, C]Zk> are given by

M M

i T i i i
L' _ij+Ajk’ Cjk_ ko

where CT (N) = (L;k, ) 18 the canonical metrical d-connection of
GR"™, with
=T +C’ i+ By, Cl = O +E3,
and
i h h
A%y = %1 < skh gu7 8y] NG, sh% F Cjkh%)
B;]g = % o ( k 9jr + v grk — vq{—l gjk) + stE;j + E78 ;k - WFSCSJk

E]Zk - _%yfb sjk +2F29 [(Fbk - 68_F‘> Fajsaza""
0%F 02K
+ (b, — B2 Foditer + (Fo; — 825 ) Polh]
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