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FIXED POINT THEOREMS IN FUZZY METRIC
SPACES THROUGH WEAK COMPATIBILITY

SEEMA MEHRA AND RENU CHUGH

Abstract. We prove a common fixed point theorem for six self-
maps on a complete fuzzy metric space that generate some compat-
ible and weakly compatible pairs of maps. Our result extends and
unifies corresponding fixed point theorems of Sessa [9], Jungck [5], [6],
Singh and Chauhan [10], that were proved for commuting and weakly
commuting self maps of metric spaces or of probabilistic metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Zadeh’s [11] introduction of the notion of fuzzy set laid the founda-
tion of fuzzy mathematics. Erceg [2], Kramosil and Michalek [7] have
introduced the concept of fuzzy metric spaces in different ways. George
and Veeramani [3] modified the concept of fuzzy metric space intro-
duced by Kramosil and Michalek [7] and defined a Hausdorff topology
on this fuzzy metric spaces and gave a relation M (x,y,t) = [T d(@.y)
in which every metric induces a fuzzy metric. Sessa [9] defined a gen-
eralization of commutativity, which is called weak commutativity.

Jungck [5] gave the concept of compatibility, that is more gen-
eral than commutativity and weak commutativity in metric space and
proved common fixed point theorems. Singh and Chauhan [10] intro-
duced the concept of compatibility in fuzzy metric space and proved
some common fixed point theorems in fuzzy metric spaces in the sense
of George and Veeramani [3].
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Jungck and Rhoades [6] introduced the notion of coincidentally com-
muting (or weakly compatible) mappings and obtained fixed point
theorems for set-valued mappings. The purpose of this paper is to
prove a common fixed point theorem for compatible, weakly compati-
ble maps in a fuzzy metric space which extends, generalizes, improves
and unifies corresponding results of Sessa [9], Jungck [5], [6], Singh
and Chauhan [10] for commuting and weakly commuting mappings
on metric spaces and probabilistic metric spaces.

Now, we give some definitions and lemmas.

Definition 1.1. A binary operation * : [0, 1] x [0,1]—]0, 1] is a con-
tinuous t-norm if * satisfies the following conditions:

(1) [(a)]

(2) * is associative and commutative,

(3) * is continuous,

(4) ax1=a for all a € [0,1],

(5) axb < cxdwhenever a < cand b<d, (a,b,c,d € [0,1]).

Examples:

(1) 1)

(2) axb=ab

(3) a* b= min{a, b}.
Definition 1.2. [8] The triplet (X, M,x) is called a fuzzy metric
space if X is an arbitrary set, * is a continuous t-norm and M is a
fuzzy set on X? x [0,00) satisfying the following conditions: for all
x,y,z € X and t,s > 0.

(1) [(1)]

(2) M(z,y,t) =0,

(3) M(z,y,t) =1 if and only if z =y,

(4) M(z,y,t) = M(y, 1),

(5) M(x,y,t)« M(y,z,s) = M(x,z,t+ ),

(6) M(z,y,-):[0,00) — [0, 1] is left continuous,
(7) im M(x,y,t) = 1.

Remark 1.2. For all z,y € X the function M(x,y,-) is non-
decreasing and M (z,y,t) > 0 for all z,y € X and ¢t > 0.

Example 1.1. Let (X,d) be a metric space, and let a * b = ab or
a* b= min{a, b}.

Let M(x,y,t) = forall z,y € X and t > 0. Then (X, M, *)

t+d(x,y)
is a fuzzy metric space, and this fuzzy metric M induced by d is called
the standard fuzzy metric [6].
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Definition 1.3. Let (X, M, *) be fuzzy metric space:
A sequence {z,} in X is said to be convergent to a point z € X
(denoted by lim z,, = z), if lim M(x,,z,t) =1, for all ¢ > 0.

n—o0 n—oQ

Definition 1.4. Two self mappings A and B of a fuzzy metric space
(X, M, %) are said to be compatible if lim M(ABx,, BAz,,t) =1 for

n—o0

all t > 0, whenever {z,} is a sequence in X such that lim Az, =
n—oo

lim Bz, = z for some z € X.
n—oo

Definition 1.5. Two self maps of a fuzzy metric space (X, M, ) are
said to be weakly compatible if ABx = BAxz when Ax = Bx for some
reX.
It is easy to see that if self mappings A and B of a fuzzy metric space
(X, M, %) are compatible then these are weakly compatible.

The following examples shows that the converse of above statement
does not hold.
Example 1.2. Let (X, M, %) be a fuzzy metric space, where X = [0, 2]
with the usual distance d(z,y) = |x — y|, and let the t-norm defined
by a * b = min{a,b}. Consider the fuzzy metric M induced on X by
d, namely M (x,y,t) = T—_
Define self maps A, B : X — X as follows:

1o =

ppod2 ifr=1
CEE if 2 e0,2] {1}

\)

if xel0,1]
it ze(1,2

N8

respectively

Clearly, Az = Bz iff x € {1,2}, that implies ABx = BAz. Hence A
and B are weak compatible.

On the other hand, A and B are not compatible since for the se-
1

quence defined by x,, =2 — ——,n > 1, we have
(2n)
lim Az, = lim Bz, =1,
n—oo n—0o0
but
. _ 4 1 bt
lim M(ABz,, BAx,,t) = lim M(2,- — 1) = #1,
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Remark 1.3. If lim M(x,,x,t) = lim M(y,,y,t) =1, then

n—oo — 00

lim M(zp,yn,t) = M(x,y,t)
n—oo

Lemma 1.1. [11] Let {z,} be a sequence in a fuzzy metric space
(X, M, %) with continuous t-norm and t xt > t. If there ezists a
constant k € (0,1) such that

M(xna Tn+1, kt) > M(:L‘n—la Lns t)

forallt >0 and n=1,2,..., then {x,} is a Cauchy sequence in X.
Lemma 1.2. [9] Let (X, M, ) be a fuzzy metric space. If there exists
a constant k € (0,1) such that

M(z,y, kt) > M(z,y,t)

forall z,y € X and t > 0, then x = y.
Lemma 1.3. Let U,V be compatible self-maps of a fuzzy met-
ric space (X, M,%). Assume that lim Uz, = lim Vz, = y and

n—o0 n—oo

lim UVx, = Uy for some sequence {x,} in X and some y € X.

n—oo

Then lim VUzx, = Uy
n—oo

Proof. Let ¢t > 0. Since U,V are compatible self-maps,
lim M(UVx,,VUz,,t) =1

n—o0

On the other hand
lim M(UVx,,Uy,t) = 1.

n—oo

By (3) and (4) of Definition 1.2,
1>M(VUz,, Uy, t)>MUVz,, VUx,, t kM (UVx,,Uy,t) for all n>1,
hence lim M (VUx,,Uy,t) = 1.

n—0o0
2. MAIN RESULTS

Theorem 2.1. Let A, B,S,T,P and Q be self maps on a complete
fuzzy metric space (X, M,*) with t xt >t for all t > 0, satisfying:

a)
(2.1) P(X) C ST(X),Q(X) Cc AB(X);
b) There exists a constant k € (0,1) such that
(2.2) M*(Pz,Qy, kt) : [M(ABx, Pz, kt) * M(STy, Qy, kt)]

> [pM(ABz, Px,t) + qM(ABz, STy, t)| - M(ABzx, Qy, 2kt)

forall x,y € X and t > 0 where 0 < p,q <1 such that p+q=1;
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¢)

(2.3) AB = BA,ST =TS, PB = BP,QT = TQ:

d) FEither AB or P is continuous;

e) The pair (P, AB) is compatible and the pair (Q,ST) is weakly
compatible.  Then A, B,S,T, P and @) have a unique common fixed
point.

Proof. Let ¢t > 0 and z( be an arbitrary point of X. By (2.1.1), there
exist x1,x9 € X such that Pxg = STx; = yg and Qxy = ABxy = y;.
Inductively, we can construct sequences {z,} and {y,} in X such
that Pxg, = STZon11 = Yo and Qxonyy = ABxoyio = Yoy for
n=012...

Step 1. By taking x = x9, and y = x9,,1 in (2.1.2), we have
M2(P$2n, Q$2n+1, kt)[M(ABl’gn, Pl’gn, kt) * M(STxQnJrl, Ql’2n+1, kt)]

> [pM (ABxyy,, Pray, t) + ¢M(ABxe, ST 2,11, 1)]
M(ABQ;%L, Qx2n+17 2kt)7

M?(Yan, Yons1, k). [M (Y2n-1, Yon, kt) % M (yon, Yans1, kt)]

> [PM (Yon, Yon—1,t) + qM (Yan—1, Yon, t)]| M (Yon—1,Yon+1, 2kt),
M (Yon: Yont1, kt).[M (Y2n—1, Yon, kt) * M (Y2n, Y2nt1, kt)]

> [(p+ @) M (Y2n, Yan—1, 1M (Yan—1,Yan 11, 2kt),
M (Y2n, Yon+1, k) [M (Y201, Yan+1, 2k1)]

> [M(y2n—1, Yon, )| M (Y2n-1,Y2n+1, 2k1),

Hence, we have

M (Yon, Yont1, kt) > M (yan_1, Yon, t)

Similarly, by taking z = xg, 2 and y = 9,41 in (2.1.2), we also have

M(y2n+17 Yon+2, kt) Z M(y2n+1> Yon, t)

In general, for all n even or odd, we have

M(ynv Yn+1, kt) 2 M(yn—h Yn, t)

for k € (0,1) and all ¢ > 0. Thus, by Lemma 1.1, {y,} is a Cauchy
sequence in X. Since (X, M, ) is complete, {y,} converges to a point
zin X.

Also its subsequences converge as follows: {Pzy,} — 2z, {ABxy,} — z,
{Qzoni1} — z and {STxopi1} — 2.
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Case I. Assume that AB is continuous. Since AB is continuous,
AB(AB)zy, — ABz and (AB)Pzy, — ABz. Since (P, AB) is com-
patible, P(AB)xy, — ABz (using Lemma 1.3).
Step 2. By taking x = ABxs, and y = x9,,; in (2.1.2), we have
M?*(P(AB)x2y, Quani1, kt) - [M(AB(AB)xa,, P(AB)xa,, kt)
* M(STw2n11, QT2n11, kt)]
> [pM(AB(AB)xop,, P(AB)za,,t)
+ qM(AB(AB)IQn, STl’Qn+1, t)]M(AB(AB)l'Qn, Qx2n+1, Qk't)
This implies that, as n — oo
M?(z, ABz,kt) - [M(ABz, ABz, kt) x M(z, z, kt)]
> [pM(ABz, ABz,t) + gM (z, ABz,t)|M(z, ABz, 2kt)
> [p+qgM(z, ABz,t)|M(z, ABz, kt),

> p+qM(z, ABz, kt)
> p+ gM(z, ABz, ki),

for k € (0,1) and all ¢ > 0. Thus, we have z = ABz.
Step 3. By taking x = z and y = x9,41 in (2.1.2) and letting n tend
to infinity, we obtain

M(z, Pz, kt) >

for k € (0,1) and all ¢ > 0.

Thus, we have 2 = Pz = ABz.

Step 4. By taking x = Bz,y = x9,,1 in (2.1.2) and letting n tend to
infinity, we have

M (z, Bz, kt) +qM(z, Bz,t),
+ qM (z, Bz, kt),
_P
1—gq
for k € (0,1) and all ¢ > 0. Thus, we have z = Bz. Since z = ABz,
we also have z = Az. Therefore, z = Az = Bz = Pz.

2p
2D

M(z, Bz, kt) > =1
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Step 5. Since P(X) C ST(X), there exists v € X such that z =
Pz = STwv.

By taking © = 3,,y = v in (2.1.2) and letting n tend to infinity, we
have

M3 (z,Qu, kt) > M(z, Qu, 2kt),

But M (z, Qu,2kt) > M(z, Qu, kt),
Hence

M?3(z,Qu, kt) > M(z,Qu,t), therefore M(z,Qu,t) > 1.
Thus, by lemma 1.2, we have z = Qv and so z = Qv = STv. Since

(@, ST) is weakly compatible, we have STQv = QSTwv. Thus, STz =

Qz.
Step 6. By taking z = w3,,y = z in (2.1.2) and using Step 5 and
letting n tend to infinity, we have

M(z,Qz,kt) > p+ qM(z,Qz, 1)

> p+qM(z,Qz, ki),
p
M kt) = —— = 1.
(Z’ QZ7 ) 1 _ q

Thus, we have z = @)z and therefore z = Az = Bz = Pz = Qz = STz.
Step 7. By taking z = z9,,y = Tz in (2.1.2) and letting n tend to
infinity, we have

M(z, Tz, kt) > p+qM(z,Tz,t)

> p+qM(z, Tz kt),
M(z, Tz, kt) = Py,
l—q

Thus, we have z = Tz. Since Tz = STz, we also have z = Sz.
Therefore, z = Az = Bz = Pz = Qz = Sz = Tz, that is, z is the
common fixed point of the six maps.
Case II. Assume that P is continuous. Since P is continuous,
PPxsy, — Pz and P(AB)xs, — Pz. Since (P, AB) is compatible,
(AB)Pzxy, — P:z.
Step 8. By taking x = Pxy,,y = x9,+1 in (2.1.2) and letting n tend
to infinity, we get

M(z, Pz, kt) > p+ qM(z, Pz,t)
p+qM(z, Pz, kt),

p

-9

>
>

M(z, Pz, kt) > =1.

—_
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Thus, we have z = Pz and using Steps 5-7, it follows that z = Pz =
Qz=52="T=x.

Step 9. Since Q(X) C AB(X), there exists v € X such that z =
@z = ABv.

By taking = u,y = x9,,1 in (2.1.2) and letting n tend to infinity, we
get

M(z,Qu, kt) > pM(z, Pu, kt) + q,
q
M kt) > —— =1.
(Z7 QU’7 ) — 1 _ p

Thus, we have z = Pu = ABu. Since (P, AB) is weakly compatible,
we have Pz = ABz and using Step 4, we also have z = Bz. Therefore
z2=Az=Bz=Sz=Tz= Pz = (Qz, that is, z is the common fixed
point of the six maps in this case also.
Step 10. For uniqueness, let w be a common fixed point of
A, B,S, T, P and Q. Taking = z,y = w in (2.1.2), we obtain

M (2w, kt) > p+ qM(zw,t)
> p+qM(z,w, kt),
M(z,w, kt) > P
1—gq
Thus, we have z = w. This completes the proof of the theorem.
If we take B = T = Ix ( the identity map on X) in the main
Theorem, we have the following:
Corollary 2.2 Let A, S, P and @ be self maps on a complete fuzzy
metric space (X, M, ) with txt >t for all t € [0, 1], satisfying:
(1) [(a)]
(2) P(X) € S(X), Q(X) € A(X);
(3) there exists a constant k € (0,1) such that

M?(Px, Qy, kt) - [M(Az, Pz, kt)  M(Sy, Qy, kt)]
> [pM(Az, Pz, t) + M (Az, Sy, t)] - M(Az, Qy, 2kt)

for all x;,y € X and t > 0 where 0 < p,q < 1 such that
ptag=1;
(4) either A or P is continuous;
(5) the pair (P, A) is compatible and (Q,S) is weakly compatible.
Then A, S, P and Q have a unique common fized point.
If we take A =S, P = and B =T = Ix in the main theorem, we
have the following:
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Corollary 2.3 Let (X, M,x*) be a complete fuzzy metric space with
txt >t forall t €[0,1] and let A and P be compatible maps on X
such that P(X) C A(X).

If A is continuous and there exists a constant k € (0,1) such that
M?(Px, Py, kt) - [M(Az, Px, kt) * M(Ay, Py, kt))]
> [pM(Az, Px,t) + M (Az, Ay, t)] - M(Az, Py, 2kt)

for all z,y € X and t > 0 where 0 < p,q < 1 such that p+q = 1,
then A and P have a unique fixed point.
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