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CALCULUS WITH WEAK UPPER GRADIENTS
BASED ON BANACH FUNCTION SPACES

MARCELINA MOCANU

Abstract. In this paper we extend some results regarding the prop-
erties of weak upper gradients, from the cases when B is an Orlicz
space or a Lorentz space to the general case of a Banach function
space. We provide methods to cut and paste B—weak upper gradients
and give extensions to the case of B—weak upper gradients for the
product rule and the chain rule. These results require no additional
assumptions on the Banach function space B. We also prove the ex-
istence of a norm minimizing B—weak upper gradient for a function
possessing at least one B—weak upper gradient that belongs to B,
under the assumption that B is reflexive or B has an absolutely con-
tinuous norm. If in addition the norm of B is strictly monotone, it
turns out that a norm minimizing B—weak upper gradient of a func-
tion is also minimal pointwise p—almost everywhere among all the
B—weak upper gradients of that function.

1. INTRODUCTION

In this paper (X, d, 1) is a metric measure space, where d is a metric
and p is outer regular Borel measure, that is assumed to be positive
and finite on balls. (B, ||-||g) is a Banach function space corresponding
to the measure space (X, ).

Keywords and phrases: metric measure space, Banach function
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The extension of the first-order calculus to the setting of metric
measure spaces with no a priori smooth structure is an active area
of research since 1996. An important step in the development of this
research area, motivated by the study on quasiconformal mappings de-
fined on metric spaces, was the introduction in 1999 of the Newtonian
spaces NP (X), 1 < p < oo by Shanmugalingam [20], [21]. Together
with Hajtasz-Sobolev spaces [7] and Cheeger type Sobolev spaces [4],
the Newtonian spaces extend Sobolev spaces of order one to metric
measure spaces. Roughly speaking, N'? (X) is the space of functions
u € LP (X) admitting at least one upper gradient g, € L (X).

Definition 1. Let u : X — R. A Borel function g : X — [0, +00] is
said to be an upper gradient of u in X if

(1.1) (7 (a)) — (v ()] < / gds

whenever v : [a,b] — X is a rectifiable curve.

An upper gradient of a function u : X — R is a substitute for the
length of the gradient of a real-valued function of class C! defined on
a Riemannian manifold. Since upper gradients are nor stable under
changes p—a.e. and under limits, the notion of upper gradient was
generalized to the notion of p—weak upper gradient, which is more
flexible. The notion of upper gradient was introduced by Heinonen
and Koskela in [8, 2.9] and the notion of p—weak upper gradient was
first defined by Koskela and MacManus [9].

In the definition of p—weak upper gradients the notion of
p—modulus of a curve family plays an essential role. Note that a
function v : X — R has a p—integrable upper gradient if and only if
it has a p—integrable p—weak upper gradient. If 2 C R" is a domain
and 1 < p < oo, then N7 () agrees with the Sobolev space WP (),
in the following sense: N (Q) is continuously embedded in W (£2)
and every function u € W1?(Q) has a representative belonging to
N2 (Q) [6, Theorem 7.13]. The length of the distributional gradient
of a function v € W (Q) is the least p—weak upper gradient of u [6,
Corollary 7.15].

Two independent generalizations of Newtonian spaces are the
Orlicz-Sobolev spaces introduced in 2004 by Aissaoui [1] and Tuominen
[23], on one hand, and the Sobolev-Lorentz spaces introduced in 2011
by Costea and Miranda [5], on the other hand. Orlicz-Sobolev spaces
and Sobolev-Lorentz spaces are special cases of Newtonian spaces
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based on Banach function spaces introduced in [18]. Given a Banach
function space B on X, the Newtonian space N'B (X) based on B
contains the functions u € B that possess at least one (B—weak) up-
per gradient belonging to B. Very recently, L. Maly began the study of
a more general case, that of Newtonian spaces based on quasi-Banach
function lattices [13].

In the study of Newtonian functions, the basic properties of their
(weak) upper gradients play a fundamental role. Therefore, we need
to extend some results regarding the properties of weak upper gra-
dients, from the cases when B is an Orlicz space or a Lorentz space
to the general case of Banach function spaces. We provide methods
to cut and paste B—weak upper gradients and give extensions to the
case of B—weak upper gradients for the product rule and the chain
rule. These results require no additional assumptions on the Banach
function space B. We also prove the existence of a norm minimizing
B —weak upper gradient for a function possessing at least one B—weak
upper gradient that belongs to B, under the assumption that B is re-
flexive or B has an absolutely continuous norm. If in addition the
norm of B is strictly monotone, it turns out that a norm minimiz-
ing B—weak upper gradient of a function is also minimal pointwise
p—almost everywhere among all the B—weak upper gradients of that
function.

2. PRELIMINARIES

The notion of Banach function space represents an axiomatic frame-
work for the study of several spaces of measurable functions, such as
Lebesgue spaces LP(X), 1 < p < oo, Orlicz spaces, Lorentz spaces,
Marcinkiewicz spaces [2]. Some Lebesgue spaces with variable expo-
nent LP() are Banach function spaces [12].

Let (X, Y, ) be a complete o—finite measure space and let M (X)
be the collections of all measurable functions f : X — [0, +o0].

Definition 2. [2] A function N : M (X) — [0, 00] is called a Banach
function norm if, for all f, g, fo (n > 1) in M (X), for all constants
a > 0 and for all measurable sets E C X, the following properties
hold:

(P1) N(f) = 0 & f = 0 p—ac; Naf) = aN(f); N(f + ) <
N(f)F N(g).

(P2) {0 < g < f p—a.c., then N(g) < N(f).

(P3) If0 < fo 1 f pi—a.c., then N(f,) + N(f).

(P4) If (E) < oo, then N(xg) < oo.
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(P5) If u(E) < oo, then [ f du < CgN(f), for some constant
E
Cg € (0,400) depending only on E and p.

The collection B of the p—measurable functions f : X — [—o0, +o0]
for which N(|f]) < oo is called a Banach function space on X. For
f € B define

£l = N D

Remark 1. By (P5), every function in B is locally integrable, hence
finite p—a.e. in X, since p is o—finite.

Remark 2. The Fatou property (P3) implies the lower semicontinuity

of the norm |-||g [2, Theorem 1.4, Theorem 1.7]: if the sequence f,, €

B (n > 1) satisfies the conditions f, — f p—a.e. and liminf || f,||5 <
n—oo

0. then f € B and | £ < liminf | £, 5.
n—oo

A fundamental fact is that (B, ||-||g) is a complete normed space,
see [2, Theorem 1.6].

The following special cases of Banach function spaces will be re-
peatedly invoked in this paper. B =LY (X)) represents an Orlicz space
endowed with the Luxemburg norm (or with the equivalent Orlicz
norm), see [19], [23]. B =L (X)), where 1 < p < oo and 1 < ¢ < o0,
represents a Lorentz space endowed with the norm ||-||, ) (alterna-
tively, with the equivalent norm ||-||, . if 1 < ¢ < p), see [5]. Note that
I[l,4 i & quasinorm in the general case.

We mean by a curve in the metric space (X, d) any continuous map-
ping v : I — X, where I C R is an interval. The image of v will be
denoted as |y| := v (I). A curve is said to be compact if it is defined
on a compact interval I = [a,b]. Any restriction of a curve v : [ — X
to a subinterval J of [ is called a subcurve of ~.

The length of a compact curve « : [a,b] — X is defined as [ (v) =

sup { S>d (v (tk), 7y (tk—1)) ¢, where the supremum is taken over all
k=1

partitions a =ty < t; < ... < t, = b. If the interval I is not compact,
then the length of a curve v : I — X is defined as the supremum of
lengths of all compact subcurves of .
We say that a curve 7 is rectifiable if [ (7) < co. A curve is said to
be locally rectifiable if each of its compact subcurves is rectifiable.
We will denote by I',.. the family of all rectifiable compact curves
in X.
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For any compact rectifiable curve 7 : [a,b] — X there is an as-
sociated length function s, : [a,b] — [0,1(~)] defined by s, (t) =
l <7|[a7ﬂ>. We may extend this definition to the case when v: I — X
is rectifiable and I is not necessarily compact, so that s, (t) =
sup [ (’y[ at]) For each compact rectifiable curve v : [a,b] — X
la,t]CT
there exists a unique curve 7 : [0, ()] — X such that v = 5 o s,,
called the arc length pammetemzatzon of v, which is also rectifiable
and is 1—Lipschitz. [6, Theorem 3.2]. This results holds also for
rectifiable noncompact curves [8, p. 8]. A compact rectifiable curve
v : |a,b] — X will be said to be parameterized by arc length if 7 = ~,
ie.a=0,b=10(y) and s, (t) =t for all t € [a,b].

Let v : I — X be a rectifiable curve and let p : |y| — [0, +0o0] be

a Borel measurable function. Then the line integral of p along ~ is
I(v)
defined by f pds = f p (7 (t))dt, where 7 is the arc length parame-

terization of .

If v: I — X is locally rectifiable, we set fpds = supfpds where
Yoy
the supremum is taken over all the rectlﬁable subcurves v of v. If v
is not locally rectifiable, no line integrals are defined.

Let T" be a family of curves in X. A nonnegative Borel function
p: X — [0,400] is called an admissible function for T" if

(2.1) /pds >1

b

for all locally rectifiable curves v € T'. Denote by F (I") the family of
all functions that are admissible for I.

Definition 3. [18, p. 255] The B—modulus of a family T of curves in
X s
Mg(I') = inf
B(L) uf lollg -

It is said that a property holds for B—almost every curve if it holds
for every curve except a family of curves of zero B—modulus.

Note that the B—modulus of the family of curves that are not rec-
tifiable is zero.

Remark 3. If B = L (X), 1 < p < oo, then the B—modulus Mg
and the p—modulus Mod, [21] are related by Mg (I') = (Mod, (I)M?.
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If B =LY (X) is an Orlicz space, then the B—modulus Mg coincides
with the V—modulus Mody [23], [1].

Remark 4. In the case B = LP9(X) the p,q—modulus of a curve
family was introduced in [5] by Mod,,(I') = inf ||p||ip,q(X), where

pEF(T)
l <p< oowand 1 < ¢ < oo. If1 < g < p we have two
choices: ||'lg = I'llLoa(x): i which case Mg (L) = (Mod, ()7
or g = Fliwax)y 1 < p < g < oo we have to take
s = Wlgoog: o the cases when |-y = |-lgpae we have

(Mody,g (T)!? < Mg (T') < =21 (Mod,, (T)'/” [5, p. 3]. Note that in
all cases Mg (I') and Mod,, (I') are simultaneously equal to zero.

The following basic properties of the B—modulus have been proved
in [18] as natural extensions of the corresponding properties known in
the case when B is an Orlicz space.

Lemma 1. [18, Proposition 1]
(a) The B—modulus is an outer measure on the collection of all
curves m X.
(b) Mg (') = 0 if and only if there is a non-negative Borel function
p € B so that [p ds = oo for all v € T. In particular, if p € B
v

is a non-negatwe Borel function, [p ds < oo for B—almost every

Y
v E Frec-

(c) If u(E) = 0, then Mg(L';) = 0 for i = 1,2, where I'y (T'y) is
the family of all rectifiable curves v with L' (v~ (E)) > 0 (respectively,
H'(h| N E) > 0).

(d) (Fuglede’s Lemma) If g; (i € N) and g are Borel functions in B
such that lim llgi — gllg = 0, then there is a subsequence (g;, )i such

that klim [ gi, — gl ds =0 for all B—almost every v € L'y..
—}OO,Y

Remark 5. If I'y and I's are curve families such that every curve
v € I'1 has a subcurve vy € 'y, then Mg(I'1) < Mg(I'y), since every
function admissible for Ty is also admissible for T's.

The definition of a B—weak upper gradient is obtained from that
of an upper gradient, by admitting some exceptions for the condi-
tion (1.1), namely this condition holds for B—almost every compact
rectifiable curve.
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Definition 4. Let u : X — R. A Borel function g : X — [0, +00] is
said to be a B—weak upper gradient of u in X if the inequality

IU(v(a))—u(v(b)NS/gds

5
holds for every B—almost every rectifiable curve v : [a,b] — X.

Taking account of Remark 3 it follows that the notion of B—weak
upper gradient is a generalization of the notions of W—weak upper gra-
dient [23, Definition 4.1] and p—weak upper gradient [21, Definition
2.3].

The concepts of upper gradient and B—weak upper gradient can
be extended to functions u : X — [—00,+oc]. In this case, it is said
that (1.1) holds if its right-hand side is infinite whenever its left-hand
side is infinite or is not well-defined. This extended concept of upper
gradient was used in [4], while the extended concept of B—weak upper
gradient for B = L9 (X) a Lorentz space was introduced and studied
in [5], under the name of p, g-upper gradient. Note that for a function
u : X — R a Borel function g : X — [0,4+00] is a B—weak upper
gradient with B = LP?(X) if and only if g is a p,g—weak upper
gradient of u, by Remark 4.

In the following we will deal only with B—weak upper gradients of
real-valued functions.

Let us mention some elementary properties of B—weak upper gra-
dients, that follow by the triangle inequality.

Remark 6. If g, is a B—weak upper gradient of up, : X — R,

k =1,.,n and A,k = 1,..,n are real constants, then > |\x| gx is

k=1
n

a B—weak upper gradient of > Apuy.

k=1
Remark 7. The set of the functions u : X — R having at least one
B—weak upper gradient is a lattice. If g is a B—weak upper gradient
of up, + X — R, k = 1,2, then g :== max (g1, 92) is a« B—weak upper
gradient of max (uy,us) and min (uy, usg). See [18, p.257].

We recall some basic properties of B—weak upper gradients.

Lemma 2. [18, Proposition 2] (a) For every B—weak upper gradient
g € B of a function u: X — R there is a decreasing sequence (g;)i>1
of upper gradients of u such that lim ||g; — g||g = 0.

1—00
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(b) If (gi)i>1 is a decreasing sequence of B—weak upper gradients of
u: X — R, then g := limg; is a B—weak upper gradient. of u
1— 00

(¢) If (u;)i>1 is a sequence of measurable functions with correspond-

ing B—weak upper gradients (g;)i>1 and if u := supuw; is finite p—a.e.,
i>1
then g := supg; s a B—weak upper gradient of u.
i>1

(d) Each function that is u—a.e. equal with a B—weak upper gra-
dient of a function u : X — R is also a B—weak upper gradient of
u.

(e) Assume that for eachi > 1, u; : X — R is a measurable function
with a B—weak upper gradient g; € B. Let EE C X be a set such that
Mg(I'g) = 0. If there exist a measurable function v : X — R and

a Borel function g : X — [0,400] such that limw;(z) = u(x) for all
1—00

x € X\ E and limg; = g in B, then g is a B—weak upper gradient of
1—r 00
u.

We denoted by I'g the family of curves v € I',... for which |y| N E #
.

Definition 5. Let u : X — R. The function u is said to be absolutely
continuous on a compact rectifiable curve v if uo7y : [0,1(y)] — R
15 absolutely continuous. The function u is said to be absolutely con-
tinuous on B—almost every curve if there exists a family 'y C ['yee
with Mg (I'g) = 0, such that u is absolutely continuous on each curve

Y € F7"ec \ F0-

We will denote by ACCy (X) the family of all functions u
X — R that are absolutely continuous on B—almost every curve. If
B =L7(X) with 1 <p < oo (B=LY(X) is an Orlicz space) we have
u € ACCg (X) if and only if u has the ACC,, property [21, Definition
2.2] (respectively, u € ACCy (X) [23, 4.1]).

Assume that v : X — R has a B—weak upper gradient ¢ € B
in X. The family I'y C T',.. of curves v for which f gds = 00 has

5

zero B—modulus, by Lemma 1 (b). Let I'y C I',. be the family of

curves having at least one subcurve v for which the inequality (1.1) is

not satisfied. By the definition of a B—weak upper gradient and by

Remark 5, T'; has zero B—modulus. Then Mg(T'oUT;) < Mg(Ty) +

Mg(I';) = 0. Using the absolute continuity of the integral [ gds, one
8!
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proves that u is absolutely continuous on each v € T'... \ (Fp UTY).
We obtain the following

Lemma 3. Ifu: X — R has a B—weak upper gradient g € B in X,
then uw € ACCg (X).

The following characterization of B—weak upper gradients extends
from the case B = L” (X)), 1 < p < oo to the general case (see Lemmas
3.1 and 3.3 from [14, Lemmas 3.1 and 3.3]).

Lemma 4. [17, Lemma 2| Let u : X — R and let g € B be a Borel
measurable nonnegative function. For each compact rectifiable curve ~y
parameterized by arc length define h(s) = u (v (s)), s € [0,1(7)].

a) Assume that for B—almost every curve v € Iy the function h
is absolutely continuous on [0,1(v)] and

(2.2) In ()| < g(v(s)) for almost every s € [0,1(7)].

Then g is a B—weak upper gradient of wu.
b) Conversely, if g is a B—weak upper gradient of u, then (2.2)
holds for B—almost every curve v € I'ye..

3. CUTTING AND PASTING WEAK UPPER GRADIENTS

The "cut and paste” results on weak upper gradients allow us to
build new weak upper gradients from old ones.

Lemma 5. Assume that u, : X — R, k € {1,2,3}, where u; €
ACCg (X) and uy has a B—weak upper gradient g, € B in X for
ke {2,3}. If F C X is a Borel set such that w|, = us|y and
u1|X\F = u3|X\F, then the function gi := gaxr + gsxx\r 5 a B—weak
upper gradient of uy in X.

Proof. We have u, € ACCy (X) for k € {2, 3}, since u;, has a B—weak
upper gradient that belongs to B. Denote by I'; the family of curves
on which wuy is not absolutely continuous, k& € {1,2,3}. Note that
Mg (I'y) =0 for k € {1,2,3}.
Let v € I'eey (I't Uy UT's) parameterized by arc length. For each
k € {1,2,3} there is a set By C [0,1(y)] with £'(E;) = 0 such
d

that the derivative $- (ug o) (s) is defined whenever s € [0,1(v)] \

l
E). Moreover, for k € {2,3} we may assume by Lemma 4 (b) that
[ (g 07) (5)] < g (7 (5)) for all s € [0,1(1)] \ Fi.
Let so € [0,1(7)] \ (F1UE;UE3). If sy is an interior point

of v~ H(F) N [0,1(7)] relative to [0,1(7)], then £ (ujo7y)(so) =
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i (u209) (s0), hence | (u107)(s0)] < g2(v(s0)) = g1 (7 (50))-
Similarly, if sy is an interior point of 1 (X \ F) N [0,1(y)] rel-
ative to [0,1(7)], then £ (ujov)(ss) = = (uzov)(sy), hence
|4 (w3 079) (so)| < g3(v(s0)) = g1 (v (s0)). Now consider the re-
maining case, when sy is a boundary point of both ! (F) N
0,1(7)] and 7' (X \ F) N [0,1(y)] relative to [0,i(y)]. The
existence of the derivatives £ (uzo7v)(so), k € {1,2,3} im-
d

plies L (u;07)(s9) = L(upov)(so) for k € {2,3}, hence

|5 (w1 09) (s0)| < min {ga (7 (s0)) g5 (7 (50))} < 91 (7 (0))-

We proved that |4 (uj09)(s)] < gi(v(s)) for all s €
[0, l (’)/)] \ (El U E2 U Eg) Note that Ll (E1 U E2 U Eg) = 0 and
Mg (I'y UTy UT3) = 0. By Lemma 4 (a) it follows that ¢; is a B—weak
upper gradient of u; in X. O

Corollary 1. Assume that g, h € B are two B—weak upper gradients
of a function u: X — R in X and that F C X is a Borel set. Then
p = gxr + hxx\r s a B—weak upper gradient of u in X.

Proof. Since u has a B—weak upper gradient that belongs to B, we
have u € ACCg (X), by Lemma 3. We apply Lemma 5 with u; =
Uy = Uz = U, go = g and g3 = h. O

Corollary 2. Assume that uw : X — R , ¢¢ € R and F C
{r e X :u(x)=co} is a Borel set. If u has a B—weak upper gra-
dient g € B in X, then gxx\r 15 also a B—weak upper gradient of u
mn X.

Proof. As in the above corollary, u € ACCg (X). We apply Lemma
5 with u; = uy = u, u3 = ¢, go = g and g3 = 0. It follows that
g1 = gxx\r is a B—weak upper gradient of u; = u in X. O

We also give a slight generalization of Corollary 2, as follows.

Corollary 3. Assume that F' C X is a Borel set and v : X — R 1is
constant p—a.e. on F. If u has a B—weak upper gradient g € B in
X, then gxx\r s also a B—weak upper gradient of u in X.

Proof. Denote by c¢q the constant value of u on F', except a set of zero
measure, namely F = {x € F : u(x) # ¢o}. By the Borel regularity
of the measure p, there exists a Borel set £/ C X such that £ C E’
and p(E') = p(F) = 0. Then F \ E’ is a Borel set and F \ E' C
{r € X :u(x)=c}. By Corollary 2, a B—weak upper gradient of u
in X is ¢i = gxx\puer- Let g1 = gxx\p. Since p(E') = 0, we have
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g1 = g1 p—a.e. in X therefore g; is also a B—weak upper gradient of
w in X, by Lemma 2 (d). O

Remark 8. Lemma 5 generalizes Lemma 4.11 from [23]. Corollary
1 was also proved as an independent result in [17] and generalizes
Lemma 4.10 from [23] and Lemma 4.7 from [5]. Corollary 2 generalizes
Corollary 4.12 from (23] and Corollary 3 generalizes Lemma 4.6 from

[5].

Comparing Corollary 3 in the case B = L? (X) with Lemma 4.3
from [21], it is natural to ask if we can remove the assumption g € B
from the statement of this corollary. The answer is positive and we
arrive at the following stronger form of Corollary 3.

Lemma 6. Assume that F C X is a Borel set and that the function
u € ACCg (X) is constant p—a.e. on F. If u has a B—weak upper

gradient g in X, then gxx\r 1s also a B—weak upper gradient of u in
X.

Proof. We use some techniques from the proof of Lemma 4.3 [21] and
the proof of Lemma 4.6 [5]. Denote by ¢y the constant value of u
on I, except a set of zero measure. As in the proof of Corollary 3,
denote £ = {z € F : u(x) # ¢} and let By the Borel regularity of the
measure ji, there exists a Borel set £’ C X be a Borel set such that
ECFE and u(E')=u(E)=0.

Denote by ', the family of all rectifiable compact curves that
intersect E’ on a set of positive linear measure. By Lemma 1 (c),
Mg (T'}) = 0.

Let Ty be the family of all rectifiable curves v : [a,b] — X on which
u is not absolutely continuous or on which the inequality

(3.1) e (3 (@) — u (3 (B))] < / gds

N
is not satisfied. By our assumptions u € ACCg (X) and g is a B—weak
upper gradient of u in X, Mg (I'y) = 0. Denote by I'; the family of
all curves having a subcurve in I'y. Then every nonnegative Borel
function which is admissible for I'y is also admissible for I'y, therefore
MB (F1> S MB (Fo) = O, ie. MB (Fl) =0.

Let v : [a,b] = X, v € Tee \ (FJLC/ U Fl). We shall analyze several
cases.

Case I. If y(a),y(b) € F \ E', then |u(y(a))—u(y (b)) =
lco — col < [ gxx\rds.

vy
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Case II. If v ([a,b]) C (X \ F) U E’, then |u(y(a)) —u(y (b)) <
fgds since v ¢ Ty and fgds = ngX\Fds, since v ¢ T'f,. We

obtaln lu (v (a)) —u(y( | < ngX\F ds.

Case III. Assume that ~ ([a, b]) is not included in (X \ F)UE’ and
that {7 (a),~ (b)} is not included in F'\ E’. Tt suffices to assume that
v(a) e (X\F)UE.

Consider the set K := (uo~)~" ({c}), that is nonempty by the
assumption that 7 ([a, b]) has at least one point in F'\ E’. Since u o~y
is continuous on [a,b] [6, Lemma 7.3, K is relatively closed in [a, b],
therefore K is compact in R. Then ag := inf K and by := sup K belong
to K.

Since u (v (ag)) = u (v (bo)) = co, we have by the triangle inequality

|u

u (v (a)) = u(y (0)] < luly (a)) w (v (a0))| + |u (v (bo)) —u (v ()]
Since v ¢ T, fu(y(a)) —u(v(a)) < [ gds and

7|[avao]
lu(y (b)) —u(y (b)) < [ gds. Since v(t) € (X\F)UE for
ivg 1)
t € [a,a0) U (by,b], we have [ gds = [ gxx\mue ds and

7lfaa] Vltaag]
| gds= [ gxix\murds. Moreover, since v ¢ 'L, each of the
Vivo.b) oo,
images of the restrictions 7|[a o) 20d 7|[b0 y intersects E' only on a set

of zero linear measure, therefore [ gxx\mupds= | gxx\rds
Vlfaa) 7lfaag]
and f IX(x\FuEds = f gX(x\F)ds.
Voo, b1 Voo, b1

We conclude that

ur@-ut®) < [ gordst [ ovnds

(a,a0) Vivg.

< /gXX\F ds,

Y

hence |u (7 (a)) = u (y (0))] < f gxx\r ds. =

Remark 9. Lemma 4.3 from [21] follows by the above lemma, when
B =I?(X), F is a closed set and g is an upper gradient of u.
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4. MINIMAL WEAK UPPER GRADIENT

For v : X — R denote by G, the family of all B—weak upper
gradients g € B of v in X.

Lemma 7. For every u : X — R the set G, is closed and convex in
B.

Proof. If G, is empty, there is nothing to prove. Assume that G, is
nonempty. By Remark 6, GG, is convex.

In order to prove that G, is closed, we will show that for each se-
quence (gj)j>1 in G,, that is convergent in B to some function g,
the limit ¢ is a B—weak upper gradient of u in X. By Fuglede’s
lemma (Lemma 1 (d)), there exists a subsequence (g;,),~, such that

klim [ 1g;, — gl ds = 0 for B—a.e. rectifiable curve . Using a renum-
— 00 ~

bering, we may assume that lim [|g; — g|ds = 0 for all v € I, \ To,
Jj—o0 ~

where Mg (I'y) = 0.
For each 7 > 1 we find I'; C I',. a family of compact curves, with
Mg (I'j) = 0, such that

u@) ~u)| < [ gds
i
for all compact curves v € I';e. \ I'; with endpoints = and y.
Let v € I'vee \ U I'j be a compact curve with endpoints x and y.
=0
Taking j — oo in the above inequality, we get |u (z) — u (y)| < [ gds.
o

Since Mg ( U Fj) = 0, this proves that g is a B—weak upper gradient
5=0
of uin X. N

Note that we proved in [17, Lemma 4] that G, is closed and convex
in B, but under the assumption v € B, using a version of Mazur’s
lemma [18, Theorem 1] that is not applicable here.

Proposition 1. Assume that B is reflexive. Then for every u : X —
R for which G, is nonempty, there exists g, € G, such that || g.|lg =

inf [|g5-
Jnf llglls

Proof. Let u : X — R be a function such that G, is nonempty. By
Lemma 7, GG, is closed and convex in B.
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As a consequence of James’ characterization of reflexivity of Ba-
nach spaces, it follows that each nonempty closed convex subset of a
reflexive Banach space has at least one element of smallest norm (see
[3, Proposition 4]). Since B is reflexive, the nonempty closed convex
subset G, of B has an element g, of smallest norm. OJ

Remark 10. If a Banach space is not reflexive, then there exists
at least one monempty closed convexr subset of the space that has no
element of smallest norm. As an Erratum, let us note that we have
to replace the assumption "B is strictly convex” by "B is reflexive” in
the statements of Lemma 5 and Theorem 1 from [17], as it was hinted
in [13].

Remark 11. An Orlicz space LY (X) is reflexive if and only if ¥ and
its complementary function are doubling (satisfy the Ao—condition).
Note that the complementary function of a Young function ¥ is dou-
bling if and only if U satisfies a Vo— condition.

The Lorentz space L7 (X) is reflexive when 1 < q < oo, provided
that the measure p is nonatomic, see Costea and Miranda [5, p. 3],
Bennet and Sharpley [2, Theorem IV.4.7 and Corollaries 1.4.3 and
IV.4.8].

The reflexivity of the Banach space B is a strong condition. For-
tunately, we may replace the condition of reflexivity by the condition
that B has absolutely continuous norm.

Definition 6. [2, Definition 1.3.1] A function f in a Banach function
space B is said to have absolutely continuous norm if im || fxg,|g =
n—oo

0 for every sequence (En)n21 of measurable functions satisfying the

condition p <1im supEn> = 0. If each function in B has absolutely

n—oo
continuous norm, then the space B itself is said to have absolutely

continuous norm.

Example 1. Every Lebesque space LP (X), 1 < p < oo has absolutely
continuous (AC) norm.

If the Young function W is doubling, then the Orlicz space LY (X)
has AC norm. Moreover, if ¥ is doubling, then for each f € LY (X)
and every € > 0 there is § () > 0 such that u(A) < 0 () implies
| fxallg < e. See[?, Lemma 3] for a proof.

If1<p<ooandl < q < oo, then the Lorentz space LP? (X) has
absolutely continuous norm, provided that the measure p is o—finite
(see [5, p.16], [2, Proposition 1.3.6], [2, Corollary IV.4.8]).
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Proposition 2. Assume that B has absolutely continuous norm. For
every u : X — R for which G, is nonempty, there exists g, € G, such

that g, = inf gl

Proof. Let u : X — R be a function such that G, is nonempty. By
Lemma 7, GG, is closed and convex in B.

We will use a technique of Hajlasz [6, Theorem 7.16]. Let m :=
1€rg llgllg. Consider a sequence of positive numbers (g;),, converging

to zero. Let (g;),~, be a sequence in G, such that ||g;||g < m + ¢; for
every i > 1. The sequence (g;),, will be modified in order to obtain
a decreasing sequence (p;),», with p; € p; and ||pi|lg < m + 2&; for
every i > 1. The sequence (p;),~, is defined inductively, as follows. Set
p1 = g1. Suppose that p, ..., pr have already been chosen such that
p1(x) > ... > pp(z) for x € X and ||pil|g < m+2¢; fori =1,..., k.
We will define py such that pr € Gy, pr () > pro1 (z) for every z € X
and ||pr41llg < m+2ex41. Consider By, = {x € X : grp1 () < pr ()}
Note that Fj is a Borel set, since g1, and p; are Borel functions. By
the Borel regularity of u, for each d; > 0 there exists a closed set
F, = F(0g) C Ej such that u(Ex \ Fy) < 0. We will choose a
convenient J; > 0 later. Define

Pk+1 = Jk+1XF, T PEXX\Fp-

By Corollary 1, py11 is a B—weak upper gradient of u in X. Obviously,
pr+1 € B, hence pri1 € G,,. For x € Fi, we have pry1 () = gry1 (2) <
pr (x), while z € X \ Fj, implies pgi1 () = pi (x). Then ppiq (z) <
pi () for every z € X.

Let hy, := gr1iX(X\Ep)UF, T PRX B\ F,- We see that z € X'\ B, C X'\
Fy implies pri1 () = p () < gra1 (x) = hy (z), and = € F), implies
P+ () = grg1 (x) < hy (), while © € Ej \ Fi implies pry1 () =
ginr (2) < pi (1) = b (x). Then pgyr < b on X, hence |prsa g <
|hk||g by the monotonicity of the norm of B.

By the triangle inequality and the monotonicity of the norm of B,

[hellg < Hgk—HX(X\Ek)UFk“B + HkaEk\FkHB <
(4.1) < Nlgenlls + [|osxmam g < m+exm + |lpexsar | 5 -
Since B has absolutely continuous, for each f € B and every ¢ > 0
there exists 6 = d (f,e) > 0 such that p(E) < ¢ implies ||fxe|g < €
[2, Lemma I. 3.4. |. We choose 0, = ¢ (pg, €x+1). Then HkaEk\FkHB <
€k+1. Using this inequality and (4.1), we get ||hx|lg < m~+2e,+1, hence
[prr1llp < m + 28441, qe.d.
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Since (p;);, is decreasing on X, there exists the pointwise limit p :=
hm 1p;. Since hm 1nf |l pillg < o0, it follows by the lower semicontinuity

of ‘the norm IE ||B (see Remark 2) that p € B and ||p||g < 11m 1nf | pillg-
But m < ||pillg < m + 2¢; for every ¢ > 1 and lime; = 0 implies

1—00
lim [[pi|[g = m. Then [|p[lg < m.

On the other hand, by Lemma 2 (b), p is a B—weak upper gradient
of uwin X, as a pointwise limit of a decreasing sequence of B—weak
upper gradients of u. Then p € G, and consequently ||p|g > m.

Now the claim follows for g, := p. O

Definition 7. Let (B, ||-||g) be a Banach function space. The norm
||| %s said to be strictly monotone if for every f,g € B with0 < g < f
p—almost everywhere. in X, ||g|lg = ||fllg tmplies g = f p—almost
everywhere.

Example 2. If the Young function ¥ : [0,00) — [0,00) is strictly
increasing and doubling, then the Luxemburg norm of the Orlicz space
LY (X) is strictly monotone (see [17, p. 127])

If1<p<ooandl < q< oo, then the Lorentz space LP?(X) has
strictly monotone norm (see [5, p.16], [11, Proposition 2.1])

Lemma 8. Assume that B has a strictly monotone norm. Let u :
X — R. If there exists g, € G, such that ||g.||g = ing llgllg, then
g€ u

gu() < g(x) for p— a.e. x € X, whenever g € G,,.

Note that the existence of g, € G, such that g,(z) < g(x) for p—
a.e. x € X implies || gu|lg = lent lallg-
g u

Proof. Assume that there exists g, € G,, such that ||g,|g = int lgllg-
9€Gu

Let g € G,. We have to prove that F':= {x € X : g,(z) > g(z)} is of
measure zero. F'is a Borel set, since g, and g are Borel measurable
functions. By Corollary 1, the function p = g,xx\r + gxr belongs to
Gy.

By the definition of g,, we have ||g.||z < ||pl|z- By the definition
of p, we have p (z) < gu(z) for every x € X, hence ||p|lz < ||gull 5. by
the monotonicity of the norm in a Banach function space. It follows
that [lp], = llgull

Since the norm ||-|| 5 is strictly monotone, from p < g, p—a.e. in X
and ||p|l g = l|gull 3 We get p = g, p—a.e. in X. Then (g — g,) xr =0
p—a.e. in X, but g — g, <0 on F, hence p (F) =0, q.e.d. O
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Remark 12. Assume that B is reflezive or B has absolutely contin-
uous norm. Assume also that B is strictly conver or B has strictly
monotone norm. Then there exists a unique (up to a set of zero mea-
sure) g, € Gy, such that ||g.||g = gient lgllg-

The existence of g, follows from Proposition 1 and Proposition 2.
If B has a strictly monotone norm, the uniqueness (up to a set of
zero measure) of g, is a straightforward consequence of Lemma 8.
Assume now that B is strictly convex, i.e. |f+g|| < 2 whenever
f,g € B are distinct norm one elements. Denote m := 1€rg llgllg- Let

9€Gu

g1, 92 € Gy such that ||g1|lg = llg2llg = m. If m = 0, then g¢; and
g are null p—a.e., hence g; = go p—a.e in X. Suppose that m > 0.
For every A € [0,1], [|[(1 =X) g1 + Age|lg < mand (1 —X)g1 + Ag2 €
Gy, hence [[(1 = X) g1 + Ago|l[g = m. In particular, for A = I we get
S+ 2ol = 2 Since [ Ly = [l = 1. o1 # 00 i B
then we deduce by the strict convexity of B that H% g1+ %gQHB < 2,
a contradiction. Then g; = ¢g» in B, hence ¢ = g2 p—a.e in X.

By Proposition 1, Proposition 2 and Lemma 8 we obtain

Theorem 1. Assume that B is reflexive or B has an absolutely con-
tinuous norm and that B has a strictly monotone norm. Then for
every u : X — R for which G, is nonempty, there exists g, € G, such
that g, (z) < g(x) for p— a.e. x € X, whenever g € G,.

Remark 13. In the case when B =LY (X) is an Orlicz space, with ¥
a doubling and strictly increasing Young function, Theorem 1 shows
that every function in B admitting at least one B—weak upper gradient
g € B has a norm minimizing B—weak upper gradient g,, which is also
minimal pointwise p—almost everywhere. This was proved in [23], see
Theorem 6.6, Theorem 6.7, Lemma 6.8, Corollary 6.9 and Theorem
6.11.

In the case when B =LP9(X) is a Lorentz space, with 1 < p < oo
and 1 < q < oo, Theorem 1 implies Theorem 4.8 from [5], in the case
of real-valued functions.

5. PRODUCT RULE AND CHAIN RULE

The following theorems provide counterparts of the product rule and
of the chain rule for derivatives, extending some corresponding results
of Costea and Miranda [5] from the case when B is a Lorentz space
to the general case. We will show that the proofs of Lemma 6.7 and
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Proposition 3.11 from [5] still work in the setting of general Banach
function spaces.

Theorem 2. Assume that ug : X — R is a Borel function which has
a B—weak upper gradient g, € B in X, for k € {1,2}. Then the
function g = |uy| go + |uz| g1 is a B—weak upper gradient of u := uquqy
i X and g € B.

Proof. Since u; and g; are Borel functions for &k = 1,2, we see that g
is a Borel nonnegative function. By the properties (P1) and (P2) of a
Banach function norm, g € B.

Let € > 0. Denote h. := (Jui| +¢€) g2 + (Juz| + €) g1. Using a tech-
nique of Cheeger [4, Lemma 1.7] we will prove that

(5.1) [ (7 (0)) — u (v (L (1)))] < / h. ds < oo,

v

for B—almost every v € T',... parameterized by arc length.
Let Ty C I'yee be the family of curves « for which [ (g1 + go) ds =

v
0o. Since g € B for k = 1,2 we have Mg (I'y) = 0 by Proposition 1
(b). For k = 1,2 let I'y, C I, be the family of curves v parameterized
by arc length for which the inequality |uy (7 (0)) —ur (v (1(7)))] <
[ g ds is not satisfied. Since g, is a B—weak upper gradient of w,

5
Mg (T'y) = 0 for k = 1,2. Let I's C T'ye. be the family of curves
that have a subcurve in 'y UTy. Then Mg (I';) < Mg ([T UT,) <
MB (F1)+MB (FQ) = O, hence MB (Fg) = (. Note that MB (FO U Fg) =
0.

Fix v € Tee \ (FgUT'3) parameterized by arc length and de-
note | = [(y). Fix a positive integer n and let t; = L,
' 1L..,n. We have |u(y (%)) —u(y (i)l < |ui (v ()] -
ug (77 (1) — uz (v (ti—1)) [+ |uz (v (ti=1) | |ua (v (8)) — ua (v (8i-1))] for

1

tg

s But Jug (v () —u (v (o)) <0 [ g (v () dt for
ti—1

k=1,2and ?=1,...,n. Then

~.
Il

t

|u(’7(ti))—u(7(ti1))!§/Uu1 (v @)l g2 (£) + [uz (v (ti-1))| 91 ()] dt

ti—1

fori=1,...,n.
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Summing the above inequalities over ¢ we obtain
(5.2)

u(y(0)) —u(y ()] < Z / [lur (v ()] g2 (8) + |ua (7 (ti-1))| g1 (D)) dt.

Let k € {1,2}. Since uy o~y is absolutely continuous on I := [0, ],
it is uniformly continuous on I. There exists d; > 0 such that
lug (v (v)) —u (v (w))| < € whenever |v — w| < &, v,w € I.

Choose n such that L < min{d,d}. Then |us(y(4))| <
lur (77 (2))] + € and |ug (77 (tim1))| < |ug (v ()] + € for all t € [t;—1, 1],
for i = 1,...,n. Using these inequalities in (5.2) we obtain inequality
(5.1).

Taking advantage of the integrability of h. o v and letting
e — 0 we obtain, by Lebesgue’s dominated convergence theo-
rem, |u(y(0)) —u(y ()| < [[lw1] g2 + |uz] ¢1] ds and the claim fol-

0!

lows. O

We give another variant to the product rule, with the assumptions
uy Borel, uy; bounded and g € B, k£ = 1,2 removed and a slightly
weaker claim.

Proposition 3. Assume that u;, : X — R is has a B—weak upper
gradient gy, in X, for k € {1,2}, uy is bounded and uy is Borel. Then
the function g = |lull_ g2 + |u2| g1 s a B—weak upper gradient of
U= Uy 1n X.

Proof. We will use a technique of Shanmugalingam [22, Lemma 4.10],
where a similar claim was proved for upper gradients. As in the proof
of Theorem 2 let I'y, C T, be the family of curves ~ parameterized by
arc length for which the inequality |ug (7 (0)) — u, (v (L(7)))] < [ g ds

v
is not satisfied, for k = 1,2. Let I's C I',... be the family of curves that
have a subcurve in I'y UTs. Then Mg (I'3) = 0.

Fix v € T \ I's parameterized by arc length. Denote x = ~ (0)
and y = v (I (7)). By the triangle inequality

s (2 ua) — () a(y)] < [l / gads + [ua(y) / g1ds.

o

For each z = v(c¢), ¢ € I := [0,1(7)], denote by 7,, and ,, the
restrictions of v to [0, ¢] and [c, ()], respectively. Applying the above
inequality for ~y,. and 7., we get
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ur (z)ua(z) — ur(2)uz(2)| +
ur (2)ua(2) — ur(y)uz(y)|

lerll / godds + |ua(2)] / guds +

Yz z Yz z

[ur () uz () — ur(y)ua(y)|

IN 4+ IA

© fall, / gads + Jus(2)] / grds.

Vzy Yzy
Then |uy(z)uz(x) — ur(y)uz(y)| < [l

00 f92d3 + |ug(2) fglds for
v v

each z € y(I) =: ||, hence

u(@us(e) ~ ua(us)] < [l + inf fus(e)] gn)ds.

v
This implies

a2z () — s () ()] < / (o g2 + [uz] g1)ds,

8!
which completes the proof. O

Theorem 3. Let F' : R =R be a C* function. If u : X — R has
a B—weak upper gradient g € B in X, then |F'(u)|g is a B—weak
upper gradient of the function Fou: X — R .

Proof. Let I'y be the family of all rectifiable curves v : [0,1(7)] = X
for which [ gds = co. Then Mg (I'y) = 0, by Proposition 1. Let I'y

d
be the family of all rectifiable curves 7 : [0, (y)] — X on which the
inequality

u(v@) - u(r®)|< [ gds
v

is not satisfied. Then Mg (I';) = 0. Denoting by I's the family of
all curves having a subcurve in I'y, we have Mg (I'y) = 0. Then
Mg (T'yUT3) = 0 and u is absolutely continuous on ~y for each v €
Lree \ (To UT).

Let v € Thee \ (0 UT2) a curve parameterized by arc length,
v 1 [0,{] = X, where [ := [(y). For every 0 < t; < to < I we

have |u (v (t1)) —u(y(t)| < [ gds= :fzg (v (t)) dt. The function

V'[tlvtﬂ
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wo-y is absolutely continuous on [a, b], in particular it is uniformly con-
tinuous. Note that F” is uniformly continuous on the compact interval
= (uov)([0,1]).

Fix a positive integer n. We consider the points ¢, = k%,
k= 0,1,..,n. We will estimate [(Fou)(y(0))— (Fou)(y())| <

Z |(Fou) (v (tksr)) — (Fou) (v ()| in terms of a line integral in-

Volvmg |F" (u)] g.

By Lagrange’s mean value theorem for F' and the intermediate
value theorem for u o 7, for each k € {l1,..,n} there exists a
pOiIlt T € (tk—lutk) such that (Fou) (’}/ (tk)) — (FOU) (’}/ (tk—l)) =
F'((wov) () [(wey) (t) — (woy) (te—1)]. Then

|[(F o) (v (k) — (F o) (7 (te-1))] <
< [F' ((wory) (m))] - \(uov)(k)—(uov)(tkfl)lé
< [E' ((wor) (m) \ f g (v (1)) dt.

Since F” is uniformly continuous on I, for each ¢ > 0 there exists
d > 0 such that |F’ (v) — F' (w)| < € whenever |v —w| < §, v,w € I.
Since w oy is uniformly continuous on [0, ], for each 6 > 0 there exists
n > 0 such that [(uo~)(t) — (uo~y)(7)| < § whenever |t — 7| < n,
t,7 €0,

Fix ¢ > 0. Choose a positive integer n such that
n.  Then |F'((uo~)(m)) —F (uov)(t))] < e for all

t

tenti, k = 1.n, hence |F'((won)(m))l [ ¢ (v (1)) dt

th—1

1
t

IAN M A

J (1P (o) ) +2)g (7 () dt, k= 1,....n. Then

te—1

[(F ou) (v (k) — (F o) (v (1)) <

ty

< J (F ((wey) () +e)g(v(®)dt, k=1,..n.

tp—1

Summing over k it follows that
|(ZFOU) (7(0)) = (Fou) (y()] <

(5:3) < [P (o) ()] + )9 (3 () .

for every ¢ > 0.
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I
Since [g(v(t))dt < oo and F' o uw o 7y is bounded on [0,],
0

we have Ofl(|F’((u07) ()] +¢e)g(v(t)dt < oo for every € > 0.

Letting ¢ — 0 in (5.3) we get by Lebesgue’s dominated con-
vergence theorem the inequality |(Fowu)(y(0)) — (Fou)(y(]) <

l

J1F" ((won) (t)| g (v (t)) dt, which completes the proof. O
0
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