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CBMO ESTIMATES FOR MULTILINEAR
COMMUTATOR OF LITTLEWOOD-PALEY

OPERATOR IN HERZ AND MORREY-HERZ SPACES

SHEN YING, HUANG CHUANGXIA AND LIU LANZHE

Abstract. In this paper, we establish CBMO estimates for the
multilinear commutator related to the Littlewood-Paley operator in
Herz and Morrey-Herz spaces.

1. Introduction

Let b ∈ BMO((Rn) and T be the Calderón-Zygmand operator.
Consider the commutator defined by

[b, T ](f) = bT (f)− T (bf).

A classical result of Coifman, Rochberg and Weiss [2] state that
commutator [b, T ] is bounded on Lp(Rn) for 1 < p <∞ (see also [1]).
Lu and Yang (see [10]) introduced the central BMO space, that is,
CBMO space. Since it is obvious that BMO(Rn) & CBMOq(Rn)
for all 1 ≤ q < ∞. However, we know that the (Lp, Lq) boundedness
fails with only the assumption b ∈ CBMOq(Rn). Instead, certain
boundedness properties on Herz spaces and Morrey-Herz spaces can
be proved. In this paper, we will establish CBMO estimates for the
multilinear commutator related to the Littlewood-Paley operator in
Herz and Morrey-Herz spaces.

————————————–
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2. Preliminaries and results

First, let us introduce some notations.
Definition 1. Let 1 ≤ q < ∞. A function f ∈ Lqloc(Rn) is said to

belong to the space CBMOq(Rn) if

||f ||CBMOq = sup
R>0

(
1

|B(0, R)|

∫
B(0,R)

|f(x)− fB(0,R)|qdx

)1/q

<∞,

where, B = B(0, R) = {x ∈ Rn : |x| < R} and fB(0,R) is the mean
value of f on B(0, R).

Let ~q = (q′1, · · · q′j) and ~b = (b1, · · · bm), for bj ∈ CBMOq′j
(Rn)(j =

1, · · · ,m), set

||~b||CBMO~q =
m∏
j=1

||bj ||CBMOq′
j
.

Given a positive integerm and 1 ≤ j ≤ m, we denote by Cm
j the family

of all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·,m} of j different

elements. For σ ∈ Cm
j , set σc = {1, · · ·,m}\σ. For ~b = (b1, · · ·, bm) and

σ = {σ(1), · · ·, σ(j)} ∈ Cm
j , set ~bσ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · · bσ(j)

and ||~bσ||CBMO~q = ||bσ(1)||CBMOq′1
· · · ||bσ(j)||CBMOq′

j

.

Definition 2. Let α ∈ R, 0 < p ≤ ∞ and 0 < q < ∞. For k ∈ Z,
set Bk = {x ∈ Rn : |x| ≤ 2k} and Ak = Bk \ Bk−1. Denote by χk the
characteristic function of Ak and χ0 the characteristic function of B0.

(1) The homogeneous Herz space is defined by

K̇α, p
q (Rn) = {f ∈ Lqloc(R

n \ {0}) : ||f ||K̇α, p
q

<∞},

where

||f ||K̇α, p
q

=

[ ∞∑
k=−∞

2kαp||fχk||pLq

]1/p

;

(2) The nonhomogeneous Herz space is defined by

Kα, p
q (Rn) = {f ∈ Lqloc(R

n) : ||f ||Kα, p
q

<∞},

where

||f ||Kα, p
q

=

[ ∞∑
k=1

2kαp||fχk||pLq + ||fχB0 ||
p
Lq

]1/p

;

And the usual modification is made when p = q =∞.
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Definition 3. Let α ∈ R, 0 ≤ λ <∞, 0 < p ≤ ∞ and 0 < q <∞.
The homogeneous Morrey-Herz space MK̇α,λ

p,q (Rn) is defined by

MK̇α,λ
p,q (Rn) = {f ∈ Lqloc(R

n \ {0}) : ||f ||
MK̇α,λ

p,q
<∞},

where

||f ||
MK̇α,λ

p,q
= sup

k0∈Z
2−k0λ

(
k0∑

k=−∞
2kαp||fχk||pLq

)1/p

with the usual modifications made when p =∞.
Remark 1. Compare the homogeneous Morrey-Herz space

MK̇α,λ
p,q (Rn) with the homogeneous Herz space K̇α,p

q (Rn) and the Mor-

rey space Mλ
q (Rn)(see [14]), obviously, MK̇α,0

p,q (Rn) = K̇α,p
q (Rn) and

Mλ
q (Rn) ⊂ MK̇α,0

p,q (Rn). We can see that when λ = 0, MK̇α,0
p,q (Rn) is

just the homogeneous Herz space.
Definition 4. Fix δ > 0. Let ψ be a fixed function which satisfies

the following properties:
(1)
∫
Rn ψ(x)dx = 0;

(2)|ψ(x)| ≤ C(1 + |x|)−(n+1−δ);
(3)|ψ(x+ y)− ψ(x)| ≤ C|y|ε(1 + |x|)−(n+ε−δ) when 2|y| < |x|.
We denote that Γ(x) = {(y, t) ∈ Rn+1

+ : |x − y| < t} and the char-
acteristic function of Γ(x) by χΓ(x). The Littlewood-Paley multilinear
commutator is defined by

S
~b
δ(f)(x) =

[∫ ∫
Γ(x)
|F~bt (f)(x, y)|2dydt

tn+1

]1/2

,

where

F
~b
t (f)(x, y) =

∫
Rn

 m∏
j=1

(bj(x)− bj(z))

ψt(y − z)f(z)dz,

and ψt(x) = t−n+δψ(x/t) for t > 0. We also consider

Sδ(f)(x) =

(∫ ∫
Γ(x)
|f ∗ ψt(y)|2dydt

tn+1

)1/2

,

which is the Littlewood-Paley operator (see [16]).
Let H be the space H = h : ||h|| = (

∫ ∫
Rn+1
+
|h(y, t)|2 dydt

t(n+1)
)1/2 <∞,

then, for each fixed x ∈ Rn, F
~b
t (f)(x, y) may be viewed as a mapping

from [0,+∞) to H, and it is clear that

Sδ(f)(x) = ||χΓ(x)Ft(f)(x)||
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and

S
~b
δ(f)(x) = ||χΓ(x)F

~b
t (f)(x, y)||.

Note that when b1 = ··· = bm, S
~b
δ is just the commutator of order m.

It is well known that commutators are of great interest in harmonic
analysis and have been widely studied by many authors [3-9],[10], [13],
[15]. Our main purpose is to study the boundedness properties for the
multilinear commutator on central Morrey spaces.

Now we state our theorems as following.

Theorem 1. Let 1 < q < ∞, b ∈ CBMOq(Rn), and S
~b
δ be defined

as in Definition 4 with 0 < δ < n, 1 < q1 < n
δ
, 1 < q2 < ∞. If

0 < p ≤ ∞, 1
q2

= 1
q1

+ 1
q
− δ

n
, where 1

q
= 1

q′1
+ · · · 1

q′j
, and 1

t
= 1

q1
+ 1

q
< 1,

1
u

= 1
q1
− δ

n
, δ − n

q1
< α1 < n− n

q1
and α2 = α1 − n

q
, then

||S~bδ(f)||K̇α2,p
q2
≤ C||~b||CBMO~q ||f ||K̇α1,p

q1
.

Theorem 2. Let λ ≥ 0, 1 < q < ∞, b ∈ CBMOq(Rn), and S
~b
δ be

defined as in Definition 4 with 0 < δ < n, 1 < q1 <
n
δ
, 1 < q2 <∞. If

0 < p ≤ ∞, 1
q2

= 1
q1

+ 1
q
− δ

n
, where 1

q
= 1

q′1
+ · · · 1

q′j
, and 1

t
= 1

q1
+ 1

q
< 1,

1
u

= 1
q1
− δ

n
, λ+ δ − n

q1
< α1 < n− n

q1
+ λ and α2 = α1 − n

q
, then

||S~bδ(f)||
MK̇

α2,λ
p,q2

≤ C||~b||CBMO~q ||f ||MK̇
α1,λ
p,q1

.

Remark 2. Theorem 1 follows from Theorem 2 when λ = 0, but
it is more convenient to carry out the proof in the particular case of
homogeneous Herz space K̇α,p

q (Rn), then to generalize it to the homo-

geneous Morrey-Herz space MK̇α,λ
p,q (Rn).

3. Proofs of Theorems

To prove the theorems, we need the following lemmas.
Lemma 1.([12]) Suppose that f ∈ CBMOq(Rn), 1 ≤ q < ∞ and

R1, R2 > 0. Then(
1

|B(0, R1)|

∫
B(0,R1)

|f(x)− fB(0,R2))|qdx

)1/q

≤
(

1+

∣∣∣∣ ln(R1

R2

)∣∣∣∣)||f ||CBMOq .

Lemma 2.( [16 ]) Let 0 < δ < n, 1 < p < n/δ and 1/q = 1/p−δ/n.
Then Sδ is bounded from Lp(Rn) to Lq(Rn).



CBMO ESTIMATES FOR MULTILINEAR COMMUTATOR 129

Proof of Theorem 1. We only consider the case 0 < p <∞. Let
f ∈ K̇α1,p

q1
(Rn) and decompose f into

f(x) =

∞∑
l=−∞

f(x)χl(x) ≡
∞∑

l=−∞
fl(x).

When m = 1, we consider

||Sb1δ (f)||K̇α2,p
q2

=

( ∞∑
k=−∞

2kα2p||Sb1δ (fl)χk||pLq2

)1/p

≤ C

{ ∞∑
k=−∞

2kα2p

(
k−3∑
l=−∞

||Sb1δ (fl)χk||Lq2

)p}1/p

+ C

{ ∞∑
k=−∞

2kα2p

(
k+2∑
l=k−2

||Sb1δ (fl)χk||Lq2

)p}1/p

+ C

{ ∞∑
k=−∞

2kα2p

( ∞∑
l=k+3

||Sb1δ (fl)χk||Lq2

)p}1/p

= E1 + E2 + E3.

Let us first estimate E2, note that

Sb1δ (fl)χk = (b− bBk)Sδ(fl)χk + Sδ((b− bBk)fl)χk.

We have

||Sb1δ (fl)χk||Lq2 ≤ ||(b−bBk)Sδ(fl)χk||Lq2 +||Sδ((b−bBk)fl)χk||Lq2 = J1+J2.

For J1, by Hölder’s inequality, Lemma 1 and the boundedness of Sδ
from Lq1(Rn) to Lu(Rn), we have

J1 =

(∫
Bk

|b1(x)− bBk |
q2 |Sδ(fl)|q2dx

)1/q2

≤ C

(∫
Bk

|b1(x)− bBk |
qdx

)1/q (∫
Bk

|Sδ(fl)|udx
)1/u

≤ C|Bk|1/q||b1||CBMOq ||fl||Lq1 .
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For J2, by Hölder’s inequality, Lemma 1 and the boundedness of Sδ
from Lt(Rn) to Lq2(Rn), we have

J2 =

(∫
Bk

|Sδ((b− bBk)fl)|q2dx
)1/q2

≤ C

(∫
Bk

|(b− bBk)fl|tdx
)1/t

≤ C

(∫
Bk

|b1(x)− bBk |
qdx

)1/q (∫
Bk

|fl|q1dx
)1/q1

≤ C

(∫
Bl

|b1(x)− bBk |
qdx

)1/q

||fl||Lq1

≤ C|Bl|1/q||b1||CBMOq ||fl||Lq1 .

Therefore

E2 ≤ C

{ ∞∑
k=−∞

2kα2p

(
k+2∑
l=k−2

J1

)p}1/p

+

+ C

{ ∞∑
k=−∞

2kα2p

(
k+2∑
l=k−2

J2

)p}1/p

= I1 + I2.

For I1, if 1 < p < ∞, by Minkowski’s inequality and if 0 < p ≤ 1,
by the inequality (

∑
|ai|)p ≤

∑
|ai|p, we have

I1 ≤ C

{ ∞∑
k=−∞

2kα2p

(
k+2∑
l=k−2

2kn/q||b1||CBMOq ||fl||Lq1

)p}1/p

≤ C||b1||CBMOq

×



[∑∞
l=−∞ 2lα1p||fl||pLq1

∑l+2
k=l−2 2(k−l)α1p

]1/p

, 0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑l+2
k=l−2 2(k−l)α1p

)(∑l+2
k=l−2 2(k−l)α1p

)p/p′]1/p

,

1 < p <∞.
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≤ C||b1||CBMOq

×



[∑∞
l=−∞ 2lα1p||fl||pLq1

∑l+2
k=l−2 2(k−l)α1p

]1/p

, 0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑l+2
k=l−2 2(k−l)α1p/2

)(∑l+2
k=l−2 2(k−l)α1p′/2

)p/p′]1/p

,

1 < p <∞.

≤ C||b1||CBMOq

( ∞∑
l=−∞

2lα1p||fl||pLq1

)1/p

≤ C||b1||CBMOq ||f ||K̇α1,p
q1

.

For I2, similarly to the method for estimating I1, we have

I2 ≤ C

{ ∞∑
k=−∞

2kα2p

(
k+2∑
l=k−2

2ln/q||b1||CBMOq ||fl||Lq1

)p}1/p

≤ C||b1||CBMOq



[∑∞
l=−∞ 2lα1p||fl||pLq1

∑l+2
k=l−2 2

(k−l)(α1−nq )p
]1/p

,

0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑l+2
k=l−2 2

(k−l)(α1−nq )p/2
)

×
(∑l+2

k=l−2 2
(k−l)(α1−nq )p′/2

)p/p′]1/p

,

1 < p <∞.

≤ C||b1||CBMOq



[∑∞
l=−∞ 2lα1p||fl||pLq1

∑l+2
k=l−2 2

(k−l)(α1−nq )p
]1/p

,

0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑l+2
k=l−2 2

(k−l)(α1−nq )p/2
)

×
(∑l+2

k=l−2 2
(k−l)(α1−nq )p′/2

)p/p′]1/p

,

1 < p <∞.

≤ C||b1||CBMOq

( ∞∑
l=−∞

2lα1p||fl||pLq1

)1/p

≤ C||b1||CBMOq ||f ||K̇α1,p
q1

.
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Thus, we deduce

E2 ≤ C||b1||CBMOq ||f ||K̇α1,p
q1

.

Now, let us turn to estimate E1, choosing (b1)B = |B|−1
∫
B
b1(x)dx,

by Minkowski’s inequality, we have

S
~b
δ(fl)(x) =

(∫ ∫
Γ(x)
|
∫
Al

(b1(x)− b1(z))ψt(y − z)f(z)dz|2dydt
tn+1

)1/2

≤
∫
Al

|b1(x)− b1(z)||f(z)|

[∫ ∫
Γ(x)
|ψt(y − z)|2

dydt

tn+1

]1/2

dz

≤
∫
Al

|b1(x)− b1(z)||f(z)|

(∫ ∫
Γ(x)

t1−n

(t+ |y − z|)2(n+1−δ)dydt

)1/2

dz

≤
∫
Al

|b1(x)− b1(z)||f(z)|

(∫ ∫
Γ(x)

t1−n22(n+1)

(2t+ |y − z|)2(n+1−δ)dydt

)1/2

dz

for |x− y| < t, 2t+ |y − z| > 2t+ |x− z| − |x− y| > t+ |x− z|,∫ ∞
0

tdt

(t+ |x− z|)2(n+1−δ) = C|x− z|−(n−δ),

thus

S
~b
δ(fl)(x) ≤

∫
Al

|(b1(x)− b1(z))f(z)|

×

(∫ ∫
Γ(x)

t1−n

(t+ |x− z|)2(n+1−δ)dydt

)1/2

dz

≤
∫
Al

|(b1(x)− b1(z))f(z)|
(∫ ∞

0

tdt

(t+ |x− z|)2(n+1−δ)

)1/2

dz

≤
∫
Al

|(b1(x)− b1(z))f(z)||x− z|−n+δdz,

then, using Hölder’s inequality, we can get

||Sb1δ (fl)χk||Lq2 ≤
{∫

Ak

(∫
Al

|(b1(x)− b1(z))f(z)||x− z|−n+δdz

)q2
dx

}1/q2

≤ C|Bk|δ/n−1

{∫
Ak

(∫
Al

|b1(x)− b1(z)||f(z)|dz
)q2

dx

}1/q2
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≤ C|Bk|δ/n−1

(∫
Ak

|b1(x)− (b1)B|q2
(∫

Al

|f(z)|dz
)q2

dx

)1/q2

+C|Bk|δ/n−1

{∫
Ak

(∫
Al

|b1(z)− (b1)B||f(z)|dz
)q2

dx

}1/q2

≤ C|Bk|δ/n−1||fl||L1

(∫
Ak

|b1(x)− (b1)B|q2dx
)1/q2

+ C|Bk|δ/n−1+1/q2

∫
Al

|b1(z)− (b1)B||f(z)|dz

≤ C|Bk|δ/n−1||fl||Lq1 |Bl|1−1/q1

(∫
Ak

|b1(x)− (b1)B|qdx
)1/q

|Bk|1/q2−1/q

+ C|Bk|δ/n−1+1/q2

(∫
Al

|b1(z)− (b1)B|qdz
)1/q

×
(∫

Al

|f(z)|q1dz
)1/q1

|Bl|1−1/q−1/q1

≤ C|Bk|δ/n−1+1/q2 |Bl|1−1/q1 ||fl||Lq1 ||b1||CBMOq .

Therefore, we get

E1 ≤ C||b1||CBMOq

{ ∞∑
k=−∞

2kα2p

(
k−3∑
l=−∞

2nk(δ/n−1+1/q2)2nl(1−1/q1)||fl||Lq1

)p}1/p

≤ C||b1||CBMOq

×



[∑∞
l=−∞ 2lα1p||fl||pLq1

×
∑∞

k=l+3

(
2nk(δ/n−1+1/q2−1/q)2nl(1−1/q1)2(k−l)α1

)p]1/p

, 0 < p ≤ 1[∑∞
l=−∞ |Bl|α1p||fl||pLq1

(∑∞
k=l+3

(
2nk(δ/n−1+1/q2−1/q)2nl(1−1/q1)2(k−l)α1

)p/2)
×
(∑∞

k=l+3

(
2nk(δ/n−1+1/q2−1/q)2nl(1−1/q1)2(k−l)α1

)p′/2)p/p′]1/p

, 1 < p <∞.

≤ C||b1||CBMOq
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×



[∑∞
l=−∞ 2lα1p||fl||pLq1

×
∑∞

k=l+3

(
2nk(1/q1−1)2nl(1−1/q1)2(k−l)α1

)p]1/p

, 0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑∞
k=l+3

(
2nk(1/q1−1)2nl(1−1/q1)2(k−l)α1

)p/2)
×
(∑∞

k=l+3

(
2nk(1/q1−1)2nl(1−1/q1)2(k−l)α1

)p′/2)p/p′]1/p

, 1 < p <∞.

≤ C||b1||CBMOq



[∑∞
l=−∞ 2lα1p||fl||pLq1

×
∑∞

k=l+3 2(k−l)(n/q1−n+α1)p

]1/p

, 0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑∞
k=l+3 2

(k−l)(α1−n+ n
q1

)p/2
)

×
(∑∞

k=l+3 2
(k−l)(α1−n+ n

q1
)p′/2

)p/p′]1/p

, 1 < p <∞.

≤ C||b1||CBMOq

( ∞∑
l=−∞

2lα1p||fl||pLq1

)1/p

≤ C||b1||CBMOq ||f ||K̇α1,p
q1

.

Now, let us turn to estimate E3, by Hölder’s inequality, we have

||Sb1δ (fl)χk||Lq2 ≤
{∫

Ak

(∫
Al

(b1(x)− b1(z))f(z)|x− z|−n+δdz

)q2
dx

}1/q2

≤ C|Bl|δ/n−1

{∫
Ak

(∫
Al

|b1(x)− b1(z)||f(z)|dz
)q2

dx

}1/q2

≤ C|Bl|δ/n−1||fl||L1

(∫
Ak

|b1(x)− (b1)B|q2dx
)1/q2

+ C|Bl|δ/n−1|Bk|1/q2
∫
Al

|b1(z)− (b1)B||f(z)|dz
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≤ C|Bl|δ/n−1||fl||Lq1 |Bl|1−1/q1

(∫
Ak

|b1(x)− (b1)B|qdx
)1/q

|Bk|1/q2−1/q

+ C|Bl|δ/n−1|Bk|1/q2
(∫

Al

|b1(z)− (b1)B|qdz
)1/q(∫

Al

|f(z)|q1dz
)1/q1

×|Bl|1−1/q−1/q1

≤ C|Bl|δ/n−1/q1 |Bk|1/q2 ||fl||Lq1 ||b1||CBMOq .

Thus, in this case, we obtain

E3 ≤ C||b1||CBMOq

{ ∞∑
k=−∞

2kα2p

( ∞∑
l=k+3

2ln(δ/n−1/q1)2kn(1/q2)||fl||Lq1

)p}1/p

≤ C||b1||CBMOq

×



[∑∞
l=−∞ 2lα1p||fl||pLq1

×
∑l−3

k=−∞

(
2ln(δ/n−1/q1)2kn(1/q2−1/q)2(k−l)α1

)p]1/p

, 0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑l−3
k=−∞

(
2ln(δ/n−1/q1)2kn(1/q2−1/q)2(k−l)α1

)p/2)
×
(∑l−3

k=−∞

(
2ln(δ/n−1/q1)2kn(1/q2−1/q)2(k−l)α1

)p′/2)p/p′]1/p

, 1 < p <∞.

≤ C||b1||CBMOq



[∑∞
l=−∞ 2lα1p||fl||pLq1

×
∑l−3

k=−∞ 2
(l−k)(δ−α1− n

q1
)p
]1/p

, 0 < p ≤ 1[∑∞
l=−∞ 2lα1p||fl||pLq1

(∑l−3
k=−∞ 2

(l−k)(δ−α1− n
q1

)p/2
)

×
(∑l−3

k=−∞ 2
(l−k)(δ−α1− n

q1
)p′/2

)p/p′]1/p

, 1 < p <∞.

≤ C||b1||CBMOq

( ∞∑
l=−∞

2lα1p||fl||pLq1

)1/p

≤ C||b1||CBMOq ||f ||K̇α1,p
q1

.

This completes the proof of the case m = 1.
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When m > 1, we consider

||S~bδ(f)||K̇α2,p
q2

=

( ∞∑
k=−∞

2kα2p||S~bδ(fl)χk||
p
Lq2

)1/p

≤ C

{ ∞∑
k=−∞

2kα2p

(
k−3∑
l=−∞

||S~bδ(fl)χk||Lq2

)p}1/p

+ C

{ ∞∑
k=−∞

2kα2p

(
k+2∑
l=k−2

||S~bδ(fl)χk||Lq2

)p}1/p

+ C

{ ∞∑
k=−∞

2kα2p

( ∞∑
l=k+3

||S~bδ(fl)χk||Lq2

)p}1/p

= G1 +G2 +G3.

Let us first estimate G2, set ~bB = ((b1)B, · · · , (bm)B), where (bj)B =
|B|−1

∫
B
|bj(x)|dx, 1 ≤ j ≤ m, we have

F
~b
t (fl)(x, y) =

∫
Rn

m∏
j=1

[(bj(x)− (bj)B)− (bj(z)− (bj)B)]ψt(y − z)fl(z)dz

=

m∑
j=0

∑
σ∈Cmj

(−1)m−j(b(x)− (b)B)σ

∫
Rn

(b(z)− (b)B)σcψt(y − z)fl(z)dz

=

m∏
j=1

(bj(x)− (bj)B)Ft(fl)(y) + (−1)mFt(
m∏
j=1

(bj − (bj)B))fl)(y)

+

m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− (b)B)σ

∫
Rn

(b(z)− b(x))σcψt(y − z)fl(z)dz

=

m∏
j=1

(bj(x)− (bj)B)Ft(fl)(y) + (−1)mFt(
m∏
j=1

(bj − (bj)B))fl)(y)

+

m−1∑
j=1

∑
σ∈Cmj

(b(x)− (b)B)σF
~bσc
t (fl)(x, y),
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thus

S
~b
δ(fl)(x) = ||χΓ(x)F

~b
t (fl)(x)|| ≤ ||χΓ(x)

m∏
j=1

(bj(x)− (bj)B)Ft(fl)(x)||

+

m−1∑
j=1

∑
σ∈Cmj

||χΓ(x)(b(x)− (b)B)σF
~bσc
t (fl)(x)||

+||χΓ(x)Ft(
m∏
j=1

(bj − (bj)B)fl)(x)|| ≤
m∏
j=1

(bj(x)− (bj)B))Sδ(fl)(x)

+ (−1)mSδ(

m∏
j=1

(bj − (bj)B))B)fl)(x)

+
m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− bB)σSδ((b− bB)σcfl)(x)

= H1 +H2 +H3.

For H1, taking 1 < q1 < n/δ and u such that 1/u = 1/q1 − δ/n,
choosing 1/q = 1/q′1 + · · · 1/q′j, by Hölder’s inequality and the bound-
edness of Sδ from Lq1(Rn) to Lu(Rn), we have

||
m∏
j=1

(bj(x)− (bj)B))Sδ(fl)(x)χk||Lq2

≤ C

(∫
Ak

∣∣∣∣| m∏
j=1

(bj(x)− (bj)B))|
∣∣∣∣qdx)1/q(∫

Ak

|Sδf(x)|udx
)1/u

≤ C
m∏
j=1

(∫
Ak

|bj(x)− (bj)B|q
′
jdx

)1/q′j
(∫

Ak

|fl(x)|q1dx
)1/q1

≤ C|Bk|1/q
′
1+···1/q′j

m∏
j=1

(
1

|Bk|

∫
Bk

|bj(x)− (bj)B|q
′
jdx

)1/q′j
(∫

Ak

|fl(x)|q1dx
)1/q1

≤ C|Bk|1/q
m∏
j=1

||bj ||CBMOqj
||fl||Lq1

≤ C|Bk|1/q||~b||CBMO~q ||fl||Lq1 .

For H2, taking 1 < t < n/δ and u such that 1/q2 = 1/t−δ/n, choosing
1/t = 1/q + 1/q1, by Hölder’s inequality and the boundedness of Sδ
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from Lt(Rn) to Lq2(Rn), we have

||(−1)mSδ(

m∏
j=1

(bj − (bj)B)))(x)χk||Lq2

≤ C||
m∏
j=1

(bj − (bj)B))flχk||Lt

≤ C

(∫
Ak

∣∣∣∣ m∏
j=1

(bj(x)− (bj)B))

∣∣∣∣qdx)1/q(∫
Ak

|fl(x)|q1dx
)1/q1

≤ C|Bk|1/q||~b||CBMO~q ||fl||Lq1 .

For H3, choosing 1/q2 = 1/q′1 + 1/ω and 1/ω = 1/q′2 + 1/q1 − δ/n,
using Hölder’s inequality and the boundedness of Sδ, we have

||
m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− bB)σSδ((b− bB)σcfl)(x)χk||Lq2

≤ C

m−1∑
j=1

∑
σ∈Cmj

(∫
Ak

|(b(x)− bB)σ|q
′
1dx

)1/q′1

×
(∫

Ak

|Sδ((b− bB)σcfl)(x)|ωdx
)1/ω

≤ C
m−1∑
j=1

∑
σ∈Cmj

(∫
Ak

|(b(x)− bB)σ|q
′
1dx

)1/q′1

×
(1/q′2

(∫
Ak

|fl(x)|p1dx
)1/q1

≤ C|Bk|1/q
′
1 ||~bσ||CBMO~q |Bk|

1/q′2 ||~bσc ||CBMO~q ||fl||Lq1
≤ C|Bk|1/q||~b||CBMO~q ||fl||Lq1 .

Then, similarly to the method estimating for I1, we get G2 ≤
C||~b||CBMOq ||f ||K̇α1,p

q1
.
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Next, let us estimate G1, let τ, τ ′ ∈ N such that τ + τ ′ = m, we have

||S~bδ(fl)χk||Lq2 ≤
{∫

Ak

(∫
Al

m∏
j=1

|bj(x)− bj(z)||f(z)||x− z|−n+δdz

)q2
dx

}1/q2

≤ C|Bk|δ/n−1
m∑
j=0

∑
σ∈Cmj

(∫
Ak

|(b(x)− bB)σ|q2dx
)1/q2 ∫

Al

|(b(z)− bB)σc ||f(z)|dz

≤ C|Bk|δ/n−1
m∑
j=0

∑
σ∈Cmj

∑
τ+τ ′=m

(∫
Ak

|(b(x)− bB)σ|τdx
)1/τ

|Bk|1/q2−1/τ

×
(∫

Al

|(b(z)− bB)σc |τ
′
dz

)1/τ ′(∫
Al

|f(z)|q1dz
)1/q1

|Bl|1−1/τ ′−1/q1

≤ C|Bk|δ/n−1+1/q2 |Bl|1−1/q1 ||~b||CBMO~q ||fl||Lq1 .

Then, similarly to the method estimating for E1, we can obtain G1 ≤
C||~b||CBMO~q ||f ||K̇α1,p

q1
.

Finally, let us estimate G3, since

||S~bδ(fl)χk||Lq2 ≤
{∫

Ak

(∫
Al

m∏
j=1

|bj(x)− bj(z)||f(z)||x− z|−n+δdz

)q2
dx

}1/q2

≤ C|Bl|δ/n−1
m∑
j=0

∑
σ∈Cmj

(∫
Ak

|(b(x)− bB)σ|q2dx
)1/q2 ∫

Al

|(b(z)− bB)σc ||f(y)|dz

≤ C|Bl|δ/n−1
m∑
j=0

∑
σ∈Cmj

∑
τ+τ ′=m

(∫
Ak

|(b(x)− bB)σ|τdx
)1/τ

|Bk|1/q2−1/τ

×
(∫

Al

|(b(z)− bB)σc |τ
′
dz

)1/τ ′(∫
Al

|f(y)|q1dz
)1/q1

|Bl|1−1/τ ′−1/q1

≤ C|Bl|δ/n−1/q1 |Bk|1/q2 ||~b||CBMO~q ||fl||Lq1 .

Thus, similarly to the method estimating for E3, we can get G3 ≤
C||~b||CBMO~q ||f ||K̇α1,p

q1
.

This completes the proof of Theorem 1.
Proof of Theorem 2. Let f ∈MK̇α1,λ

p,q1
(Rn) and decompose f into

f(x) =
∞∑

l=−∞
f(x)χl(x) ≡

∞∑
l=−∞

fl(x).



140 SHEN YING, HUANG CHUANGXIA AND LIU LANZHE

When m = 1, we consider

||Sb1δ (f)||
MK̇

α2,λ
p,q2

= sup
k0∈Z

2−k0λ

(
k0∑

k=−∞
2kα2p||Sb1δ (fl)χk||pLq2

)1/p

≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k−3∑
l=−∞

||Sb1δ (fl)χk||Lq2

)p}1/p

+ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k+2∑
l=k−2

||Sb1δ (fl)χk||Lq2

)p}1/p

+ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

( ∞∑
l=k+3

||Sb1δ (fl)χk||Lq2

)p}1/p

= U1 + U2 + U3.

Let us first estimate U2, similarly to the estimate of E2, we have

U2 ≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k+2∑
l=k−2

J1

)p}1/p

+C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k+2∑
l=k−2

J2

)p}1/p

= V1 + V2.

For V1, we have

V1 ≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k+2∑
l=k−2

|Bk|1/q||b1||CBMOq ||fl||Lq1

)p}1/p

≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2k(α1−n/q)p

(
k+2∑
l=k−2

2kn/q||b1||CBMOq ||fl||Lq1

)p}1/p

≤ C||b1||CBMOq × sup
k0∈Z

2−k0λ

{ k0∑
k=−∞

2kλp
[ k+2∑
l=k−2

2(k−l)α12(l−k)λ2−lλ
( l∑
i=−∞

2iα1p||fi||pLq1
)1/p]p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ k+2∑
l=k−2

2(k−l)(α1−λ)||f ||MK̇
α1,p
p,q1

]p}1/p

≤ C||b1||CBMOq ||f ||MK̇
α1,λ
p,q1

.
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Similarly, for V2, we have

V2 ≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k+2∑
l=k−2

|Bl|1/q||b1||CBMOq ||fl||Lq1

)p}1/p

≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2k(α1−n/q)p

(
k+2∑
l=k−2

2ln/q||b1||CBMOq ||fl||Lq1

)p}1/p

≤ C||b1||CBMOq sup
k0∈Z
×2−k0λ

{ k0∑
k=−∞

2kλp
[ k+2∑
l=k−2

2(k−l)α12(l−k)n/q2(l−k)λ2−lλ
( l∑
i=−∞

2iα1p||fi||pLq1
)1/p]p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ k+2∑
l=k−2

2(k−l)(α1−n/q−λ)||f ||MK̇
α1,p
p,q1

]p}1/p

≤ C||b1||CBMOq ||f ||MK̇
α1,λ
p,q1

.

Therefore U2 ≤ C||b1||CBMOq ||f ||MK̇
α1,p
p,q1

.

Then, let us estimate U1, similarly to the estimate of E1, we get

U1 ≤ C||b1||CBMOq sup
k0∈Z

2−k0λ

×
{ ∞∑
k=−∞

2kα2p

( k−3∑
l=−∞

|Bk|δ/n−1+1/q2 |Bl|1−1/q1 ||fl||Lq1
)p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ

×
{ ∞∑
k=−∞

2k(α1−n/q)p
( k−3∑
l=−∞

2kn(δ/n−1+1/q2)2ln(1−1/q1)||fl||Lq1
)p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp

×
[ k−3∑
l=−∞

2(k−l)(n/q1−n)2(k−l)α12(l−k)λ2−lλ
( l∑
i=−∞

2iα1p||fi||pLq1
)1/p]p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ k−3∑
l=−∞

2(k−l)(α1−n+n/q1−λ)||f ||MK̇
α1,p
p,q1

]p}1/p

≤ C||b1||CBMOq ||f ||MK̇
α1,λ
p,q1

.
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Last, let us estimate U3, similarly to the estimate of E3, we get

U3 ≤ C||b1||CBMOq

× sup
k0∈Z

2−k0λ

{ ∞∑
k=−∞

2kα2p

( ∞∑
l=k+3

|Bl|δ/n−1/q1 |Bk|1/q2 ||fl||Lq1

)p}1/p

≤ C||b1||CBMOq

× sup
k0∈Z

2−k0λ

{ ∞∑
k=−∞

2k(α1−n/q)p

( ∞∑
l=k+3

2ln(δ/n−1/q1)2kn(1/q2)||fl||Lq1

)p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
(
U ′3
)p}1/p

≤ C||b1||CBMOq sup
k0∈Z

2−k0λ
(
U ′′3
)1/p

≤ C||b1||CBMOq ||f ||MK̇
α1,λ
p,q1

.

We denoted

U ′3=
∞∑

l=k+3

2(l−k)(δ−n/q1)2(k−l)α12(l−k)λ2−lλ
( l∑
i=−∞

2iα1p||f i||
p
Lq1

)1/p

,

and

U ′′3 =

k0∑
k=−∞

2kλp
[ ∞∑
l=k+3

2(l−k)(δ−n/q1−α1+λ)||f ||MK̇
α1,p
p,q1

]p
This completes the proof of the case m = 1.

When m > 1, we consider

||S~bδ(f)||
MK̇

α2,λ
p,q2

≤ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k−3∑
l=−∞

||S~bδ(fl)χk||Lq2

)p}1/p

+ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

(
k+2∑
l=k−2

||S~bδ(fl)χk||Lq2

)p}1/p

+ C sup
k0∈Z

2−k0λ

{
k0∑

k=−∞
2kα2p

( ∞∑
l=k+3

||S~bδ(fl)χk||Lq2

)p}1/p

= W1 +W2 +W3.
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For W2, similarly to G2, we have

W2 ≤ C||~b||CBMO~q sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kα2p

( k+2∑
l=k−2

|Bk|1/q||fl||Lq1
)p}1/p

≤ C||~b||CBMO~q sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ k+2∑
l=k−2

2(k−l)(α1−λ)||f ||MK̇
α1,p
p,q1

]p}1/p

≤ C||~b||CBMO~q ||f ||MK̇
α1,λ
p,q1

.

For W1, similarly to the estimate of G1, we have

W1 ≤ C||~b||CBMO~q sup
k0∈Z

2−k0λ

×
{ k0∑
k=−∞

2kα2p

( k−3∑
l=−∞

|Bk|δ/n−1+1/q2 |Bl|1−1/q1 ||fl||Lq1
)p}1/p

≤ C||~b||CBMO~q sup
k0∈Z

2−k0λ

×
{ k0∑
k=−∞

2kλp
[ k−3∑
l=−∞

2(k−l)(α1−n+n/q1−λ)||f ||MK̇
α1,p
p,q1

]p}1/p

≤ C||~b||CBMO~q ||f ||MK̇
α1,λ
p,q1

.

For W3, similarly to the estimate of G3, we have

W3 ≤ C||~b||CBMO~q

{ ∞∑
k=−∞

2kα2p

( ∞∑
l=k+3

|Bl|δ/n−1/q1 |Bk|1/q2 ||fl||Lq1

)p}1/p

≤ C||~b||CBMO~q sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp

×
[ ∞∑
l=k+3

2(l−k)(δ−n/q1−α1+λ)2−lλ
( l∑
i=−∞

2iα1p||fi||pLq1
)1/p]p}1/p

≤ C||~b||CBMO~q sup
k0∈Z

2−k0λ
{ k0∑
k=−∞

2kλp
[ ∞∑
l=k+3

2(l−k)(α1−n+n/q1−λ)||f ||MK̇
α1,p
p,q1

]p}1/p

≤ C||~b||CBMO~q ||f ||MK̇
α1,λ
p,q1

.

This completes the proof of Theorem 2.
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