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CBMO ESTIMATES FOR MULTILINEAR
COMMUTATOR OF LITTLEWOOD-PALEY
OPERATOR IN HERZ AND MORREY-HERZ SPACES

SHEN YING, HUANG CHUANGXIA AND LIU LANZHE

Abstract. In this paper, we establish CBMO estimates for the
multilinear commutator related to the Littlewood-Paley operator in
Herz and Morrey-Herz spaces.

1. INTRODUCTION

Let b € BMO((R™) and T be the Calderén-Zygmand operator.
Consider the commutator defined by

[0, T](f) = 0T (f) = T(bf)-

A classical result of Coifman, Rochberg and Weiss [2] state that
commutator [b,T] is bounded on LP(R™) for 1 < p < oo (see also [1]).
Lu and Yang (see [10]) introduced the central BMO space, that is,
CBMO space. Since it is obvious that BMO(R™) & CBMO,(R™)
for all 1 < ¢ < oco. However, we know that the (L, L?) boundedness
fails with only the assumption b € CBMO,(R"). Instead, certain
boundedness properties on Herz spaces and Morrey-Herz spaces can
be proved. In this paper, we will establish CBMO estimates for the
multilinear commutator related to the Littlewood-Paley operator in
Herz and Morrey-Herz spaces.

Keywords and phrases: multilinear commutator, Littlewood-Paley
operator, CBMO, Herz space, Morrey-Herz space.
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2. PRELIMINARIES AND RESULTS

First, let us introduce some notations.
Definition 1. Let 1 < ¢ < 00. A function f € L] (R") is said to
belong to the space CBMO,(R"™) if

1/q
1
flleBmo, = sup / flx)—7f Idx < 00,
1#llesaro, r>0 \ |B(0, R)| B(O,R)| (@) = Is0.0)

where, B = B(0, R)
value of f on B(0, R).

Let ¢= (g1, ¢;) and b = (b1, by,), for bj € CBMOy(R")(j =
L,---,m), set

= {z € R" : |z| < R} and fp(,pr) is the mean

1bllcBmo, = H ||bj||C’BMOq;_-

Given a positive integer m and 1 < j < m, we denote by C7" the family

of all finite subsets o = {o(1),---,0(j)} of {1,- -;,m} of j different
elements. For o € CF*, set 0¢ = {1,---,m}\ 0. For b= (b1, -+, b,,) and
0 ={o(1), - 0(j)} € CF, set by = (bo,*+,bo(1): bo = bota) * ba()
and [[b, HCBMoa = llbollesmoy, - - [bs() HCBMO/-

Definition 2. Let o € R, O<p<ooand0<q<oo For k € Z,
set By ={x e R": |z| < 2’“} and Ay = By \ Bx_1. Denote by x; the
characteristic function of A, and y the characteristic function of Bj.

(1) The homogeneous Herz space is defined by

K3 PRY) = {f € Li,.(R"\ {0}) : [| fll o » < 00},

where

[e.o]

1/p
111z » = [ > 2’mp|rka|rfzq] ;

k=—o00
(2) The nonhomogeneous Herz space is defined by
K P(R?) = {f € Lipo(R") : [[fllxg- » < 00},

where

||f||K;’"p:[Z2kap||ka| +|!fXBo||] ;

k=1

And the usual modification is made when p = ¢ = oo.
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Definition 3. Let « € R, 0 < A < 00,0 <p < ooand 0 < g < oco.
The homogeneous Morrey-Herz space M Kg;ﬁ(R”) is defined by

MEGNRY) = {f € L{, (R \{0}) : [[Fll gz < o0},

where

ko 1/p
Hf|’MK0‘v)‘ = Sup 2_k0)\ < Z 2kap|’ka|’iq>
p.q ko€EZ k——00
with the usual modifications made when p = oo.

Remark 1. Compare the homogeneous Morrey-Herz space
MEKSMR™) with the homogeneous Herz space K(R™) and the Mor-
rey space M(R")(see [14]), obviously, MKSO(R") = K&P(R") and
M} (R™) C MK;f’qO(R"). We can see that when A = 0, MK;‘,;JO(R") is
just the homogeneous Herz space.

Definition 4. Fix § > 0. Let ¢ be a fixed function which satisfies
the following properties:

fR" x)dx = 0;

(2)|¢(x)| S C(1+ |z])~tmH=o); )

(Bl +y) - (@)| < Clyl(L+ fe])~+9 when 2ly| < |o].

We denote that I'(z) = {(y,t) € R : |z — y| < ¢} and the char-
acteristic function of I'(z) by Xr(z)- The Littlewood-Paley multilinear
commutator is defined by

1/2
- dydt
= [/ /I‘(z) |Ftb(f)(x7y)‘2tn+1] ’

Fi(he) = [ [H(bjm - bj(z))] Uily — 2)f(2)dz,

J=1

where

and 1y (x) = t "0 (z/t) for t > 0. We also consider

= ([ o)

which is the Littlewood-Paley operator (see [16]).

Let H be the space H = h : ||h]| = ffRn+1 |h(y,t)]? iyfr“l )2 < o0,

then, for each fixed x € R, Ftb( f)(z,y) may be viewed as a mapping
from [0,400) to H, and it is clear that

Ss(f)(@) = [Ixr@ Fr(f) ()]l
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and

-

SEF) @) = lxr@ L) @ )l

Note that when by = --- = b,,, Sg is just the commutator of order m.
It is well known that commutators are of great interest in harmonic
analysis and have been widely studied by many authors [3-9],[10], [13],
[15]. Our main purpose is to study the boundedness properties for the
multilinear commutator on central Morrey spaces.

Now we state our theorems as following.

Theorem 1. Let 1 < ¢ < o0, bGCBMO( "), and
as in Definition 4 with 0 <6 <n, 1 <q <% 1<

S be defined
g2 < OQ. ]f
0<p<oo,q—2_ +——E,wherea: ,+ i, and%:qil+%<17
]
%:L——,é——<a1<n—ﬁcmdozg—ozl—— then
q1 n q1

b
IS5 gaze < Cllcmriog Il

Theorem 2. Let A >0, 1 < g < oo, b€ CBMO,(R"), and Sg be

deﬁnedasteﬁmtz'on4wz’th0<(5<n l<qp <% 1<qg<oo If
1L _ 1,1 34 1 L 111

0<p§oo,q—2—q1+q n,whereq— ,+ ;,and —q1+q<1,

l:i—%,)\—i-é—qﬂl<041<n—q£1—{—)\cmd042:041—§,then

u q1

l; —
1SEP M yien < ClBlloma0,1 10

Remark 2. Theorem 1 follows from Theorem 2 when A = 0, but
it is more convenient to carry out the proof in the particular case of
homogeneous Herz space KP(R"), then to generalize it to the homo-

geneous Morrey-Herz space Mng’q’\(R”).

3. PROOFS OF THEOREMS

To prove the theorems, we need the following lemmas.
Lemma 1.([12]) Suppose that f € CBMO,(R"), 1 < g < oo and

Rl,RQ > 0. Then
R
In <R;>D’|f”C’BMOq-

1/q
q 1
(‘BORI‘/ORl fB(0R2)| da:) <+

Lemma 2.( [16]) Let 0 <0 <n,1 <p<n/dand 1/qg=1/p—J/n.
Then Ss is bounded from LP(R™) to LI(R™).
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Proof of Theorem 1. We only consider the case 0 < p < oo. Let
f e KgrP(R™) and decompose f into

fl@)= Y fax@) = > fix).
l=—00 l=—00
When m = 1, we consider

[e%¢) 1/p
1S9 (Nl ez = (Z 2k“2pr|s§1<fz>xk|r§q2>

k=—o00

IN

00 k-3 py 1/p
C{ > 2ka2p<z ||5§1(fl)Xk||Lq2> }

k=—o00 l=—0c0

o0 k+2 py 1/p
t C{ > 21““2’3(2 HSf;l(fz)kaqu) }

k=—o00 I=k—2
o) o) py 1/p
o £ (5 stn) )
k=—o0 I=k+3
= FEi1+ E>+ Es.

Let us first estimate Fs, note that

SP(f)xk = (b—bp,)Ss(fi)xk + Ss((b— b, ) f1) Xk

We have

155 (fi)xul o2 < |[(b=b,)Ss(fi) xil o2 +1S5((b—bp,) fi) Xkl oz = i+ To.

For Jy, by Holder’s inequality, Lemma 1 and the boundedness of S
from L9 (R™) to L*(R™), we have

1/q2
5= ([ ) = om st =

¢ (/Bk [b1(z) — ka!qda:> e (/Bk 56(fl)!“dx> 1/u

C|Bi|Y b1y, I fil L

IN

IN
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For J,, by Holder’s inequality, Lemma 1 and the boundedness of Ss
from LY(R™) to L2(R™), we have

= ( / Isi((b- ka>fl>rq2dm) o

1/t
< o[ 106-msra)
By,
1/q /¢
< o[ m@-vmpar) ([ i)
Bk Bk
1/q
< o[ 1@ b pae) o
B
< CIBM|b1llcpro, || fill Lo -
Therefore
0 k42 py 1/p
Ey < C{ > 2’“‘2”(2 J1> } -
k=—0o0 1=k—2
00 k+2 py 1/p
: c{ 3 zkazp(Z JQ) }
k=—o0 1=k—2
= L+ Is.

For I, if 1 < p < oo, by Minkowski’s inequality and if 0 < p < 1,
by the inequality (> ]a;|)? < > |a;|P, we have

L

IN

- et py 1/p
C’{ Z okazp ( Z an/qul|CBMOqulHL‘“> }

k=—o0 I=k—2

IN

C||b1l|leBMmo,
(

1/p
[z;ﬁ_wzmlpuﬁuiql 21%_22““-”%1’] L 0<p<1

l 1+2 k—1 1+2 k—1 pIP P
o0 — —

X |:El:—oo 2 O‘lp||fl||[L)q1 < AR 9( )a1p> < AR 2( )oup) } ’
1 <p<oo.
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< Cllb1llesmo,
(
142
|:Zl—oo 2la1p’ |fl| |Lq1 k—il_z
142
4Rl (S
1 <p<oo.
\
< Cllbillesmo, ( Z 2la1p|’fl!|m1>
l=—00
<

CHblHCBMOquHK;’in.
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1/p
Q(k—l>alp] , 0<p<1

p/P'1/p
Q(k—l)alp/2) <Z§:;21_2 Q(k—l)am’/?) } 7

1/p

For I, similarly to the method for estimating I;, we have

k42

)

o0

Z 2k042p

k=—00

IzSC’{

O0<p<l1

< Clbllesmo,

42 ok
X (Zk+l—2 2l

[zl_w tasr | 2,

[Zl_w lenn| 7. (
/91
(e /2>p/p] /D

py 1/p
2ln/q||b1||CBMOq||fl||Lq1> }

1/p

)

+2

E—)(a1—2
2 okl q>p]

142

2 2(kl)<a1’;>p/2>

1 <p<oo.
\
! e o—De—p] 7
|:Zl—oo2a1p”fl|’[,q1 k21722 17y p:| ,
0<p<l1
laip 1+2 (k=1)(c1—2)p/2
< CHblHC'BMOq |:Zl_oo2 HleLcn( k:l/22 / q )
v o\ PP /P
(st sy
1 <p<oo.
1/p
< Clbllesmo, ( Z 2lalpy\fl\|m>
l=—00
<

Cllbillesrog |l gers
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Thus, we deduce

E; < CHblHCBMOquHKgILP.

Now, let us turn to estimate Ej, choosing (by)p = |B|~ fB by(x)dx,
by Mmkowskl s inequality, we have

1/2

- < N (b1<x>—bl(z»wt(y—z)f(z)dz|2f3ff>

T'(z) JA
dyd

/ by (2) — b (2)1 (2 l// ely —z|2tf+f] dz

1/2
S/A, b1(z) — b1(2)|f(2) (// G+l z\ s 5)dydt> dz

1-n92(n+1) 1/2
/|b1 ) = b1(2)|[f(2) (// 2t+\y—z\)2(”+1—5)dydt> dz

for |z —y|<t,2t+|y—z|>2t+ |z —2|— |z —y|>t+ |z — 2|,

e tdt
_ |- (n=9)
|, T s = O A

thus
SE(fi)(@) < 101 = b))
tl—n 1/2
X </ /F(z) (L + |z — 2[)2(0F1=9) dydt> dz
o0 tdt 1/2
< [ ) - ([ s )
< | Ji(@) = b)) f(2)]]x — 2" Fdz,

A

then, using Holder’s inequality, we can get

{ /A ( | I1(@) = (@)@l z|_”+5d2> qux}l/%

C'B’“‘é/n_l{ /A ( @) - b1<z>|rf<z>rdz) qim}” "

IN

1S2 (£) x| 2

IN



IN

IN

IN

IN
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ClBk!‘””*( /A 1bn(e) = G0l </A !f<z>|dz> d) e
+C’Bk|5/“{ /Ak </Al ba(2) - (bl)BHf(Zﬂdz)qu;g}l/qQ

1/q2
LB | full s ( [ - <b1>BrQ2da:)
k
C|By o/ 141/ / 1b1(2) — (b1) 1 £(2)|d=
A

1/q
B || full o | B~/ < [ - <b1>B|‘Idx> By Mo/

k

1/q
C\Bkré/”—””@( ba(z) - <bl>B\qdz)

Ay

/q
([ 1srmas) e
A

C|By|¥/m= Ve By =Y | £ | Lot ||b1 || e BMo, -

Therefore, we get

IN

IN

o0 k-3 Py L/p
B, < C||b1HCBMOq{ Z okazp ( Z an(é/n1+1/CI2)2nl(11/¢I1)||fl”Lq1> }

k=—o0 l=—00

C|[b1||cBMoO,
2
p11/p
% 220214»3 <2nk(§/n—1+1/q2—1/q)2nl(1—1/q1)2(k—l)a1> :| , 0<p<l1
p/2
|:Z?ioo \Bl\alprlwiql <Zzo:l+3 <2nk(6/n1+1/q21/q)2nl(11/q1)2(kl)a1> )

p'/2\ p/P'11/p
% (ZEOH_?) <2nk(5/n—1+1/q2—1/q)2nl(1—1/q1)2(k—l)a1> ) :| , 1< p<oo.

C|[b1||lcBMmo,
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[2?_00 plorr|| |2,

p11/p
C T <2nk<1/q1—1)2nl<1—1/q1>2(k—l>a1> } C0<p<1

% . . p/2
|:Zl:—oo 21a1prlHI£q1 (Zk=l+3 <2nk(1/ql—1)2nl(1—1/¢h)2(k—l)a1 )
p'/2\ p/P'71/p
% (Zzo:l-i—f} <2nk(1/q1—1)2nl(1—1/q1)2(k—l)a1> ) :| . 1< p<oo.
Do oo 21| fil
i 1/p
AT 2<k1)(n/q1n+a1>p} C0<p<1
< Clp (oo ola oo olk=D(a1—n+2)p/2
< Clallomvon| e gl ( £, 2t 0007
i s o\ P/P'71/p
" (ZKH;»,Z(“)(“I"W” /2) } 1<p< oo
[e%) 1/?
< ClbilleBmo, ( > 2la1p||fl’|iq1>
l=—00
<

Cllbillesamo, || fll gere-

Now, let us turn to estimate Ej3, by Holder’s inequality, we have

155" (fi)xallzee < {/Ak </Al(bl($) —b1(2)) f(2)]x — Z|_”+5dz>q2dx}l/q2

C‘Bl’é/"_l{ /Ak (/Al bi(z) - b1(z)\]f(z)\dz>q2dx}l/q2
CIBIY™ || £ (/Ak |b1(z) — (bl)B“Ddx)l/(h

L OB By e /A b1(2) — (b)sl1 (2)]d=
l

IN

IN
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IN

1/q
B ™| il o | BV ( IRCCE <b1>B|Qd:c) By Mo/
k

1/‘1 1/111
n C\Bﬁ/nlekW( / |b1<z>—<b1>B|de) ( / !f(Z)!‘“d2>
A Ay

x| Byl a1/ ¢
< C|BP/" V9 By Y| fi]| Lo |[bal e Mo, -

Thus, in this case, we obtain

o) o) py 1/p
By < C||b1||CBMOq{ Z okazp ( Z 2ln(6/n—1/Q1)2kn(1/QQ)Hlequ) }

k=—00 l=k+3
< Cl|billesmo,

[Zfi_o@ || |7,

p1/p
Ky <2ln<6/n—1/q1)an<1/q2—1/q>2(k—z>m> ] C0<p<1

X p/2
[Zl_szalpHﬁHqu( I3 (gzn(é/n—l/qn2kn<1/q2—1/q>2<k—l>a1> )

p'/2\ p/P'71/p
X( s <2m<6/n1/q1>2kn(1/q21/q>2(kl>a1> ) ] 1<p<oo

[zl_m S

- 5-ar—2)p| P
X Zk__oo , 0<p<i1

< Cllballeso, [Zl_m gleip)| lequ( =3 p(ik)(-ai- )p/2>
s, o\ P/P'71/p
X( L3 k)@= /2) } 1<p<oon
[e%e} 1/p
< Cllballeso, ( 2. 2l°“p|rflr|m)
l=—00
<

CHblHCBMqufHKglm.

This completes the proof of the case m = 1.
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When m > 1, we consider

1S5 jezzr = (Z 2h02 || 5% f,)x

k=—o00

k—3
< C{ > okeer ( >
k=—o00 l=—o0
k+2
el § oo
k=—00 l=k—
00
+ { Z 2ka2p ( Z
k=—o0 I=k+
= G1+G2+Gs.

Let us first estimate Gy, set by = ((by)B, -

|B|™! [51bj(x)|dz, 1< j<m, we have

1/p
kHIiﬂm)
py 1/p
H55 f1) XkHL‘m) }
py 1/p
Hsa fi Xk:HL‘H) }
2

py 1/p
11SE(f, Xk||L42) }
3

, (bm)B), where (b;)p =

Fi ) = [ L0 - 6w ~ 65() ~ 0] daly — ) fi)dz
j=1

m

= 3 X )~ 0as [ ()~ Oadetnly — ()
j:OUGCJm
= L0 - AW + "R - 6w

<
Il
—_

<.

3 .
L

- ()" (b(a) = (Bade [ ()~ oDty — 2)i(2)
j=1 UGC]m

=TI~ GpEGG) + 0" ETT 6 - 60 )
j=1 J=1
m—1 o

+ > (@) = 0))aF™" (fi)(@,y)

<
l‘
Q
m
<3
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thus
SECR) (@) = [xr FLU) @)]] < Ihere T 04 B)F(f)(=))
7j=1
m—1 N
+3° 37 e (@) — (0)5)e B (f) ()]

7=1 UEC;.”

Jj=1 j=1
+ (=1)"Ss([J v = (4))8)B) 1) (@)
j=1
m—1
+ > (1) (b(x) = bB)oSs((b— bp)oe f1)(x)
7=1 O’GC;—”
= H;+ Hy + Hs

For Hi, taking 1 < ¢; < n/d and u such that 1/u = 1/¢, — d/n,
choosing 1/q = 1/q; +---1/qj, by Holder’s inequality and the bound-
edness of Ss from L% (R™) to L*(R"), we have

B))Ss(fi)(@)xk!| Lo

< ( / ﬁ rqu)l/q< / 1851 >\“dw>1/u
) ()

< C|Bk|1/qH||bj||CBMOqj||leLq1
7j=1

< CI1Be"|bl|camo,ll fill Lo -

For H,, taking 1 <t < n/d and u such that 1/g, = 1/t—0/n, choosing
1/t = 1/q+ 1/q1, by Hoélder’s inequality and the boundedness of S5

1/ L. 1/ , 1/(1]' 1/‘11
C|By| /4 95 < bi(z) — (b; qjd:):) (/ x ‘hdx>
| B| H By Bk\ (@) — (b)) Bl N | fi()]
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from LY(R™) to L2(R™), we have

IN

IN

IA

m

1(=1)"S5(] (0 = (05)B))) (@)xkl |2

j=1
CHH bj — (b)) fixwl|Lt

(/
C|Bk|1/q||5|\ cBmog| | fillLa: -

B))

q 1/q 1/q1
dw) ( / k \fz(x)‘“dx>

For Hj, choosing 1/¢2 = 1/¢} + 1/w and 1/w = 1/¢, + 1/q1 — d/n,
using Holder’s inequality and the boundedness of Ss, we have

IN

IA

IN

IN

m—1
| (=1 (b(x) = bB)oSs5((b — bB)oe f1)(x)Xk|| Loz
j=1 cecy
m—1 1/44
¢ ([ 106)~ ba)opia)
j=1 ceC™ /Ak ’

J

| 1sste- bB>Uefl><x>Wda:)1/w
> ( /A o) - bB>grq’1d:v)1/q/1

1/4, 1/q1
( ( / |fl<x>\mdx)

C| By ||bo || cBriog| Bl boe | |cBro | fil Lo

C|Be[Y|[bllcrrogl| fil | -

Then, similarly to the method estimating for I, we get Gy <
Cllbllesaro, 1] goae-
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Next, let us estimate G1, let 7, 7" € N such that 7 + 7/ = m, we have

Ikl <{ [ (] [T o) - i)l 2 >”x—z\—"+5dz>q2dm}1/qz

lj 1
1/q2
< oy S (o - o, |q2da:) [ 106 = o)l
Jj= 0<76(7T“
17'
< CBPY Y Y ( / ~blra) By
Jj= OJECm T+1'=m
1/ 1/q
( |(b(2) — bp)oe|” dz) (/ |f(z |q1dz> |By|! YT
A
< C|By Y/t gy V9 bl cpao, | fill L

Then, similarly to the method estimating for £y, we can obtain G; <
C||b||CBMoq||f||K;11,p.

Finally, let us estimate (G5, since

isitradon < { [ ([ T -neim: e -1 ") "

lj=1
1/Q2

< OB/~ 12 > (/ — bp)o qul’) / [(b(2) = bB)oe|| f(y)|dz

i= OUGC’”

1 T

< C‘B’é/n 12 Z Z (/ _ bB) ‘de> ‘Bk|1/(I2 1/

j= OO’GCm’T-‘rT =m

, 1/7 /a1 ,
<( [ 106 - e ([ !f(y)!q1d2> Byt
Ay Ay

< OB /=Y By Y% ||bl|c prsogl fil| Lo -

Thus, similarly to the method estimating for E3, we can get G5 <

CllbllessrollfI] o
This completes the proof of Theorem 1.

Proof of Theorem 2. Let f € MK®*(R") and decompose f into

pa1

= > f@) = Y filx)

l=—00 l=—00
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When m = 1, we consider

ko 1/p
b _ —koA k b
1S9 Dl sy = sup2 (Z 2a2p||551(fl)><k|‘1£qz)

ko€EZ k——o00

IN

ko 3 py 1/p
C sup 2‘k0>‘{ Z gkozp < Z HSgl(fl)Xk”L%) }

ko€Z k=—o0 l=—00

ko€Z k=—c0 I=k—2

ko k2 py 1/p

+ C sup 2k0’\{ Z gkazp ( Z Hsgl(fl)XkHL%) }
ko oo py 1/p

+ C sup 2k°’\{ Z okazp ( Z Hsgl(fl)XkHqu) }

ko€Z k=—o00 I=k+3
= Uy +Uz+ Us.

Let us first estimate U,, similarly to the estimate of F,, we have

ko k+2 Py 1/p
Uy < Csup 2_’“0)‘{ Z okazp ( Z J1> }

ko€Z k=—o00 I=k—2
ko k42 py /P
+C sup 2_k0/\{ Z kazp < Z Jg) }
ko€Z k=—o0 I=k—2
= i+ Vs

For V;, we have

ko f2 py /e
Vi < C sup 2]"“{ » ) 2ker ( > Bkll/q!blHCBMOMleLQl) }

ko€Z k=—00 I=k—2

ko k2 py 1/p
< Csup 2—kzo>\{ Z 2k(a1—n/Q)p ( Z Zk”/q|bl||CBMOq||fl||Lq1> }

koEZ

PR I=k—2
< Cl|b1lleBmo, x sup 27F0*
ko€EZ
o ft2 l 1/pypy 1/p
{ Z Qk,\p[ Z 2(k:l)a12(lk)/\2l)\( Z 2’L'Oélprinzq1> ] }
oo I=k—2 t=—00

ko k+2 py 1/p
< Cllballcsaro, sup 2’“{ > 2’“”’[ > 2(’“”(‘“)l|fHMks,zf] }
ko€EZ k=—00 l=k—2

< Cllbillenyro, 1l gm
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Similarly, for V5, we have

ko k+2 py 1/p
Vo < C sup 2’““{ > okeer ( > \Bz\l/q\lblHCBMoqllszLq1) }

ko€Z k=—o0 I=k—2

ko k2 py 1/p
< C sup 2—1<;0A{ Z ok(e1—n/q)p ( Z 21”/q\|b1|\CBMoq||szqu) }

ko€Z k=—o0 I=k—2

< Clb1llemo, sup x27 koA
ko€Z

ko ft2 1/p1py 1/p
{ 3 2k/\p[ 3 okbasgl-hin/agl-krg- M( Z 2“”Hf\|m1> ] }
l

k=—0o0 =k—2 1=—00

ko k+2 py1/p
< Clbrlleso, sup 2—’““{ 2 2“’7[ > Q(k_l)(al_"/q_/\)Hf||MK§};f] }
ko€Z k=—00 I=k—2

< Cllnllonro, Il o

Therefore Uy < C||b1||cBmo, || ]| pricere-

Pp,q1
Then, let us estimate Uy, similarly to the estimate of E;, we get

Ui < C|billeemo, sup 27702
ko€EZ

00 k—3 py 1/p
{ > 2ka2p< > IBk\5/"1+1/q2|lel”qlllleLﬂ) }

k=—o0 l=—00

X

—koA

IN

C|[b1||lcBMmo, :up 2

1/
« { Z Qk(al n/q)p < Z 2kn d/n— 1+1/q2)2ln1 l/ql)HleLq1>p} P

k=—o00 l=—0c0

IN

ko
Cllb1llesmo, sup Qko’\{ > ok
ko€Z

k=—o00

s l 1/pypy 1/p
y [ Z 2(kl)(n/q1n)g(kl)mQ(lk))\Ql)‘( Z QiO‘lpriH%n) ] }

l=—00 1=—00

IN

ko k-3 1/p
C||br||oBaro, :upZ2ko)\{ Z 2k)\p|: Z o(k=l)(ar1—n+n/q1— A)HfHMK“l p] }
0E

k=—o00 l=—0

IN

Clbnllcnaio, 1]y -
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Last, let us estimate Us, similarly to the estimate of E3, we get

Us < C||b1||eBumo,

o o py 1/p
X sup 2_]“0’\{ Z okazp ( Z ]Bl|5/n_1/q1\3k’1/q2’leLQ1> }

ko€Z k=—o0 I=k+3

IN

C|lb1|lcBmo,

00 [ee] py 1l/p
X sup 2—160)\{ Z gk(a1—n/q)p ( Z an(5/n—1/q1)2kn(1/qz)||fl”Lq1) }

ko€Z k——oo I=k+3

ko 1/p
CHbl”C’BMOq :upZ 2_k0>‘{ Z 2k>\p (Ué)p }
0E

<
k=—0o0
< Clbllenao, sup 27FA (UF)'?
ko€Z
< Cllballenno, 17l
We denoted
s Lo 1/p
5,: Z 2(l—k)(§—n/q1)2(k—l)a12(l—k))\2—l)\( Z zzalp”finj;ql) 7
I=k+3 1=—00
and

ko oo p
U= 30 ] S pbne

P,q1
k=—o00 l=k+3

This completes the proof of the case m = 1.
When m > 1, we consider

ko k—3 . p 1/19
C' sup 2’“{ > okeer ( > ||Sg(fl)XkHqu> }

ko€Z k=—00 l=—00

IN

St .
|| 6(f)|‘MK;%’;

ko k2 . py 1/p
+ C sup 2_1’“0)‘{ Z gkazp < Z Hsg(fl>XkHLQ2> }

ko€Z k=—oo I=k—2

ko oo . py 1/p
+ C sup 2’“0)‘{ Z gkazp < Z HSclS)(fl)XkHqu> }

ko€Z k=—o0 I=k+3
= Wi+ Wy + Ws.
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For W, similarly to G, we have

B ko k+2 py 1/p
Wa < Cllilesuo, s z’w{ 3 2k< 3 |Bk1/q\|fl|rm) }
0E

k=—o00 l=k—2
B ko k42 py 1/p
< C||b|‘CBMOq~ sup 2—ko>\{ Z QkAp[ Z 2(k—l)(m—k)|f|,MK%,lp] }
ko€Z k=—00 I=k—2
<

CNBllonmoflly oy
For Wy, similarly to the estimate of G1, we have

W1 < Cllbllesao, sup 2%
ko€EZ

ko k—3 py 1/p
{ ) 2’“( ) |Bk|6/n_1+l/q2|Bl|1_1/q1||fl!|L41> }

X

k=—o00 l=—0c0
< C|bllesmo, sup 277

ko€EZ
ko k—3 py 1/p
kX k—0)(oq— Y

% { Z 2 p[ Z 9(k=)(c1—n+n/q )Hf||MK§}1’1p:| }

k=—oc0 l=—00
<

Clllcmam0g) 1111y

For W3, similarly to the estimate of Gs, we have

00 00 py 1/p
WSSCHEHC’BMOq{ > okeer < > ’Bl|5/n1/QI\Bk’1/q2HleLq1> }

k=—0c0 I=k+3

ko
ClfFllcsaro, sup 2—'“{ 3 9w
ko€EZ

<
k=—o00

o Lo 1/p1py 1/p

X { Z 2(lk)(5”/Q1011+)\)21)\< Z 2ZalpriH12ql> } }
I=k+3 i=—00

. ko 00 py 1/p

< CHbHC’BMO(; sup 2—k0)\{ Z 2k)\p|: Z Z(I_k)(al_n+n/ql_)\)||fHM}'(“1’p] }
ko€Z e —o0 1=k13 D,q1

<

< Cllbllesmogl| fll oy -

This completes the proof of Theorem 2.
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