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A COMMON FIXED POINT THEOREM FOR
SET-VALUED MAPPINGS USING §-DISTANCE IN
COMPLETE METRIC SPACES

EMIRHAN HACIOGLU AND MUSTAFA TELCI

Abstract. A common fixed point theorem for set-valued mappings
on a complete metric space is established using d-distance function.

1. PRELIMINARIES

We let (X, d) be a complete metric space and let B(X) be the set
of all nonempty bounded subsets of X. Asin [1, 2, 4, 5], we define the
function 0(A, B) with A and B in B(X) by 0(A, B) = sup{d(a,b) :
a € Ab € B}. If A consists of a single point a we write §(A, B)
d(a, B) and if B also consists of single point b, we write 6(A, B)
d(a,b) = d(a,b). It follows immediately that 6(A, B) = §(B,A) >
and 0(A,B) < §(A,C) + 6(C,B) for all A,B and C € B(X).
d(A,B) =0, then A= B = {a}.

Now if {4, : n = 1,2,...} is a sequence of sets in B(X), we say
that it converges to the set A in B(X) if

(i) each point a € A is the limit of some convergent sequence {a,, €
A, :n=1,2,...},

(ii) for arbitrary € > 0, there exists an integer IV such that A, C A,
for n > N, where A, is the union of all open spheres with centers in
A and radius e.

The set A is then said to be the limit of the sequence {A,}.

The following lemma was proved in [1].
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Lemma 1.1. If{A,} and {B,} are sequences of nonempty, bounded
subsets of a complete metric space (X, d) which converge to the bounded
subsets A and B, respectively, then the sequence {J(A,, B,)} converges
to §(A, B).

Now, let T be a mapping of X into B(X). We say that the mapping
T is continuous at a point = in X if whenever {z,} is a sequence of
points in X converging to x, the sequence {T'z,} in B(X) converges
to Tx in B(X). We say that T is continuous mapping of X into B(X)
if T' is continuous at each point z in X. We say that a point z in X
is a fixed point of T if z is in Tz. If A is in B(X), we define the set
TA=J,c4Ta. If Sis a second mapping of X into B(X), we define
the composition (ST)(z) = U, ere) S(¥).

2. MAIN RESULTS

We now prove the following theorem.
Theorem 2.1. Let S and T be mappings of a complete metric space
(X,d) into B(X) satisfying the following inequalities

(1) TSz, Sx) <
(2) §(STx,Tx) < @(6(Tz,x))

for all x in X, where ¢ : [0,00) — [0,00) is a nondecreasing function
with Y7 @"(t) < oo for allt > 0. If S or T is continuous, then S
and T' have a common fized point z. Further, Tz = Sz = {z}.

Proof. Let zq be an arbitrary point in X. Define sequence {z,} in X
as follows. Choose a point x; in Txg and then a point x5 in Sxy. In
general, having chosen x,, in X choose x9, 1 in T'xy, and then x5,
in Sxg,yq forn=20,1,....

Then using inequalities (1) and (2), we have

(T xopn, xay)

T Swap—1,STom—1)
©(6(ST2n—1,T2n-1))
©(6(STxoy—2,TTe, 2))
902(5(T552n—27 Ton—2))

d(l’2n+1, xzn)
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@ (8(T'xo, 20))
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and, similarly,

0(STon11, Tant1)

(ST oy, Txoy)
@(6(Tw2n, T20))
o(6(TSwop_1,ST2,-1))
902(5(5'33%—1, Ton-1))
©*(0(ST w2, TTon_2))
@ (6

30 T'wo,o, 3327172))

d($2n+2> 5172n+1)
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<p2"+1((5(Tx0, x9)).

(4)

Then from inequalities (3) and (4), we obtain

(5) d(Tni1, 2n) < ©"(6(T0,20))
forn=0,1,....
Now let m > n. Then from inequality (5), we have
d(xpn, Tm) < d(Tp,Tpi1) +d(@Tps1, Toso) + oo+ d(Tpm_1, Tm)
< " (8(Two, w0)) + " (8(Two, 350)) A " H(0(T o, w0))
m—1
= > (6(Txo, 7)) < Z¢k(5(Tﬂﬁo,$o))-
k=n k=n

Take any € > 0. Since >~ | ¢"(t) < oo for all ¢ > 0, we can choose
a sufficiently large natural number N such that

Inaxm E 80 TI'O,.TO ) g,

for all m > n > N. It follows that the sequence {x,} is a Cauchy
sequence in the complete metric space X and so has a limit z in X.

Now we suppose that the mapping 7" is continuous. Then the se-
quence {T'z9,} in B(X) converges to Tz in B(X). Using inequality
(3), we now have

3z, Tzay) d(z,x2,) + 0(xen, Txay)

<
< d(z,m9,) + ©*(6(Txo, 0)).
Letting n tends to infinity, we have

lim §(z, Txs,) = 0.

n—oo
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Further, using Lemma 1.1, we have Tz = {z}. Then from inequality
(2), we have

0(Sz,2) <I(ST=2,Tz) < p(0(Tz,2)) =¢(0)=0
which implies
Sz=Tz=/{z}.
The same result of course holds if S is continuous instead of T'.
Putting 7' = S in Theorem 2.1, then we get the following corollary;

Corollary 2.2. Let T' be mapping of a complete metric space (X,d)
into B(X) satisfying the following inequality
0(T?x, Tx) < p(8(Tx, x))
for all z in X, where ¢ : [0,00) — [0,00) is a nondecreasing function
with Y77 @"(t) < oo for allt > 0. If T is continuous, then T has a
fized point z. Further, Tz = {z}.
If we let S and T be single valued self -mappings of X, we obtain
the following result given in [3].
Corollary 2.3. Let (X,d) be a complete metric space and let S and
T be self-mappings of X satisfying the following inequalities
d(TSz,Sz) < (d(Sz,x)),
d(STx,Tx) < @(d(Tz,z))
for all x in X, where ¢ : [0,00) — [0,00) is a nondecreasing function
with Y07 ¢"(t) < oo for allt > 0. If S or T is continuous, then S
and T have a common fixed point.
Example 2.4. Let X = [0, 1] with usual metric d and let
B _f[0,xz/4] ifx<1/2
Tx =[0,2/2], S:L’—{ {0} if > 1/2

Then we have,

(TSxz,Sz)=0,6(STz, Tx) =x/2,6(Sx,x) =z and 6(Tz,z) = x
for all z > 1/2.

For all z < 1/2, we have also
TSz, Sx) =x/4,0(STx,Tx) = x/2,6(Sz,x) = x and 6(Tx,x) = .

Then, assuming ¢(t) = t/2 for all t > 0, all the conditions of Theo-
rem 2.1 are satisfied. Also 70 = S0 = {0}.
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