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INGARDEN SPACES WITH A SPECIAL NONLINEAR
CONNECTION

OTILIA LUNGU AND VALER NIMINET

Abstract. In this paper we consider a new nonlinear connection
constructed from N, a given Lorentz nonlinear connection, and we
obtain a condition for the Ingarden space to be a space of scalar cur-
vature.

1. INTRODUCTION

Let M be an n-dimensional, real C* manifold. Denote by
(TM,7, M) the tangent bundle of M and let F" = (M, F (z,y))
be a Finsler space, where F' : TM — R, is it fundamental function,
i.e., I verifies the following axioms:

i) F is a differentiable function on TM = TM — {0} and it is contin-
uous on the null section of the projection 7 : TM — M; .
ii) F' is positively 1- homogeneous with respect to the variables y';

iii) (V) (z,y) € TM the Hessian of F? with respect y' is positive
defined. Consequently, the d-tensor field g;; (z,y) = %% is positive
defined. It is called the fundamental tensor or metric tensor of F” .

In 1941 G.Randers first introduced a special fundamental function
F(z,y) = a(x,y) + B (x,y) where a(z,y) = \/a;; () y'y/ is a Rie-
mannian or pseudo-Riemannian metric and 8 (x,y) = b; (z)y’ is a
1-form. This metric was called a Randers metric by R.S.Ingarden
(1957) who used it to study a problem of electron microscope.
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Actually, the Randers spaces are considered as the Finsler space
F" = (M, F (z,y)) = (M,a(z,y) + f (z,y)) equipped with the Car-
c

c
tan nonlinear connection N. So, the pair RF™ = | F™, N | is called the

Randers space. Instead of the Cartan nonlinear connection, R.Miron
introduced in [ 5 | the Lorentz nonlinear connection N determined by
the Lorentz equations of the space F™. The local coefficients of N are
N J’ = 7; T —Ff7 where 'yj? . are the Christoffel symbols of the Riemann-

ian structure a = a;; (z) do’ @ da? and F} (z) = o™ Fy;, Fy; = gzj - gzi
The Finsler space F" = (M,F (z,y)) = (M, «a/(x, y) + 5 (x,y))
equipped with the Lorentz nonlinear connection N is called an In-
garden space. It is denoted by IF" = (F™,N).
In this paper we consider a new nonlinear connection constructed
from N a given Lorentz nonlinear connection and we obtain condi-
tions for Ingarden space to be of scalar curvature based on this new

connection.

2. LORENTZ NONLINEAR CONNECTION. INGARDEN SPACES

Let F™ = (M, F (x,y)) be a Finsler space with the fundamental
function F (z,y) = a(z,y) + B (x,y) where a(z,y) = \/a;; (z) y'yI
and (3 (z,y) = b; (z)y". a = a;; (z)da'da? is a pseudo-Riemannian
metric on M and b; () is a covector field on the manifold M . We
consider the integral of action of the energy F?(x,y) along a curve
c:tef0,1] = c(t) € M:

(21) I(c) = fg F* (w, %) dt = fy [ (2, 5) + 8 (. %)] dt
The variational problem for I (c) leads to the Euler-Lagrange equa-

tions:

Lol 2 A« zi
(22) EZ(Fz) ::%_;}/ (825 =0,y _d

The energy of F? is
(23) ep> = y'%r — F? = F?
The covector field F; (F?) is expressed by
(24) E; (F?) = E; (a?) + 205, (B) + 249 2o
Let us fix a parametrization of the curve ¢, by natural parameter s
with respect to Riemannian metric « (z,y). It is given by
(2.5) ds* = o? (z ,dt)dt2
It follows F? (z,%) =1 and % = 0.
Along to an extremal curve c canonical parametrized by (2.5),

E; (B) is expressed by
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(2.6) B (8) = (52 - 8%) % = Fy (1) 2.

One obtains [4]:

Theorem 2.1.(Miron-Hassan) In the canonical parametrization,
the Fuler-Lagrange equations of the Lagrangian (o + ﬁ)Z are given by
(2.7) Ei (a®) + 2F; (2) ) = 0,y" = -

Theorem 2.2. The Euler-Lagrange equations (2.7) are equivalent
to the Lorentz equations:

ot

(2.8) ¢ dsz - (1) S = P (x) &

where Fj (z)= a®Fy (z) and 7}, are the Christoffel symbols of the
Riemannian metric tensor a;; (x).

The Euler-Lagrange equations E; (F?) = 0 determines a canonical
semispray or a Dynamical System S on the total space of the tangent
bundle :

(2.9) S =y'% — QG’%
where the coefficients G* (x,y) are:
(2.10) 2G" (2, y) = v () y'y* — F} (2) ¢,
Now we can consider the nonlinear connection N with the coeffi-

cients N} = gG] . Of course, we have

(2.11) N;f—m( )yt = Fj (@),

where Fi (z) = 3 F; ().

Since the autoparallel curves of NV are given by the Lorentz equations
(2.8), we call it the Lorentz nonlinear connection of the Randers metric
a+ .

The nonlinear connection N determines the horizontal distribution,
denoted by N too, with the property T,7M = N, &V, ,Yu e TM ,
where V,, being the natural vertical distribution on the tangent mani-
fold T M.

The local adapted basis to the horizontal and vertical vector spaces

N, and V,, is given by ( 2 >,i:1,...,n,where

szt Oyt

d ko _ ko k
(2 12) FEC O NZ gk T 8:131 /VZS( )y yk + F (5:731 + F 8yk’
where :
(2 13) Szt 3?51‘ - ’759 ($) ysaiyk- ' '
The adapted cobasis to N is (dz*,dy") ,i = 1,...,n with
(2.14) 0y’ = dy' + Nida! = dy' + '), (x) y*da? — Fjda? = oy — Fjda?,
where
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(2.15) 8y* = dy" + iy () y*da?.
The weakly torsion of N is

i ON? AN
(2.16) T = 5.2 — Sk = 0.
The integrability tensor of N is

; SNt NI
(2.17) Ry = 5t — b

Definition 2.1. The Finsler space F" = (M, F = o + ) equipped
with the Lorentz nonlinear connection N is called an Ingarden space.
It is denoted I F™.

The fundamental tensor g;; of IF™ is given by
(2.18) gij = % (ai; — lily) + Ll
where ll = g—;, lz = 3—5, ll = ll + bz

The following results holds [4].

Theorem 2.3. There exists an unique N-metrical connection
IT (N) = (Fi\,Ciy) of the Ingarden space IF™ which verifies the fol-
lowing axioms:

i) Vngij =0; vkvgij =0;

ii) T, = 0; St = 0.

The connection IT (N) has the coefficients expressed by the generalized
Christoffel symbols:

i 1 s 09sj 0gsk 0gjk
F}k =39 (5:pk + Sad oxs
i 1 ds (09si | Ogen _ 995k
ik — 29 (ayk + 5y dy*

are given by (2.12).

(2.19)

)

Szt

where

3. A SPECIAL NONLINEAR CONNECTION N*

Let IF™ be an Ingarden space and N the Lorenz nonlinear con-
nection with the coefficients given by (2.11). Instead of N we now

consider a new nonlinear connection N [8] with the coefficients
(3.1) Ni = Ni 4 22
where ”|” denote the covariant differentiation with respect to IT (V).

*

The nonlinear connection N determines the horizontal distribution,

denoted by N too, with the property T,7M = N, &V, ,Yu € TM,V,
being the natural vertical distribution on the tangent manifold T'M.
The local adapted basis to the horizontal and vertical vector spaces

*

N, and V,, is given by ( o 0 ) ,k=1,....,n , where

2k 7 9yF
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(3.2)

ark  Foyr T ark T TRay T F oy

6 P08 0 R 0

5 o o+ 9 9 o Fuy 0
k

ox

r

5tk F oy oxr Koy T F oy

1) F\kyr 0
- Fr_ Ik ) 2
sk ( F F ) oy"

and 3% are given by (2.13).

The adapted cobasis to N is (dxi, gyz>, i=1,..,n with
(3.3)

oy' = dy' + Nidx’ = dy' + Nidz’ + l]]?y da

= dy' +7j () yFda? — Fidx! + —%y dz’

P i Fljyi j

where Syiare given by (2.15).

Theorem 3.1. There exists an unique ]ﬂ\} - metrical connection
If‘ (]:f) = (F}k, Cj;lk) of the Ingarden space IF™ which satisfies the
following axioms:

i) V*ngij =0y V*,l/gij =0y

ii) Th=0; Si=0.

The connection If‘ (j{/) has the coefficients expressed by the gen-
eralized Christoffel syznbols )

P o (e 3 - )

3
i 1 is (09si | Oge _ 995k
Clir =39 (ayk + 50 T oy

(3.4)

From a direct calculus, using (3.2) and ag—ij’?yj =0, we get

Oy
(3.5) F;k = F;k
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The hv-torsion P;k 1S

(3.6)
* ON¢ = ON! 9 [F. .
7 _ J T J ‘Jy 7
Pi = G ~ jk—ayk+ayk( 2 )—ij
0 By FjFy

= P Ly

By PR

The vh-torsion ]Ezk of IT (j{/' ) is

*Z 3*; EN 7 (] T K3 7"
(3.7) Ry, = 203 — N _ pi, (lek By ) (Bkb - B2 )
where, B} = F“Ty
Equivalently,
(3.8)
Ry, = R+ (Fyul' — FijFipl’) — (Flusl' — FiFjsl")

= Ry + (Fy — Firy) I

Using the Ricci Identity we get

(3.9) Ry, = R —1 Rsk,lZ
Transyectmg (3.9) by ¢’ it results
or, equivalently
If the space [F™ is of scalar curvature K, then,
(3.12) R}y, = KF*h
and ,
(3.13) Ry, = KF?hi — I F2Ril'.
Since [shy, = 0, it results
(3.14) Ry, = KF?hi.
Now we can state
Theorem 3.2.If an Ingarden space IF"™ is of scalar curvature K,

then the space IF™ equipped with N nonlinear connection is also of
scalar curvature.
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