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A GENERAL COMMON FIXED POINT THEOREM
FOR WEAKLY COMMUTING PAIRS OF TYPE (KB)

ABDELKRIM ALIOUCHE AND VALERIU POPA

Abstract. We prove a general coincidence and a common fixed
point theorem for two pairs of hybrid mappings satisfying an implicit
relation using the concept of weak commutativity of type (KB) which
generalizes theorem 2 of [14], theorem 3 of [6] and a theorem of [1].

1. INTRODUCTION AND PRELIMINARIES

Fixed point theorems for single-valued and set-valued mappings
have several applications in mathematical sciences and engineering,
see [7] and [13] .

Let (X, d) a metric space and B(X) the set of all nonempty bounded
subsets of X. As in [2] and [3], we define the functions 6(A, B) and
D(A, B) by

d(A, B) = sup{d(a,b) : a € A,b € B},

D(A, B) = inf{d(a,b) :a € A,bec B} forall A,B € B

If A consists of a single point a, we write 0(A, B) =
consists also of a single point b, we write §(A, B) = d(a,

It follows immediately from the definition of § that

d(A,B)=46(B,A) >0,

d(A,B) <§(A,C)+4(C, B),

(A, B)=0iff A= B ={a},

d(A, A) = diamA for all A, B,C € B(X).

Definition 1.1. A sequence {4,}, n = 1,2...0f sets in B(X) is said
to be convergent to the closed set A in B(X) if

(X).
§(a,B). If B
b).
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(i) each point a € A is the limit of some convergent sequence {a,},
where a,, € A,, and

(i) for arbitrary e > 0, there exists an integer N such that A, C A,
for n > N, where A, is the union of all open spheres with centres in
A and radius €. The set A is then said to be the limit of the sequence

{A,}.
Lemma 1.2. Let {A,} a sequence in B(X) and y € X such that
d(An,y) — 0. Then, the sequence {A,} converges to {y} in B(X).

Definition 1.3. Let F' be a mapping of X into B(X). We say that the
mapping F' is continuous at a point x if whenever {x,} is a sequence
of points in X converging to z, the sequence { Fz,,} in B(X) converges
to Fr in B(X).

We say that F' is a continuous mapping of X into B(X) if F is
continuous at each point z in X.

Definition 1.4. Let f: X — X and F': X — B(X).

i) A point x € X is a coincidence point of f and F' if fx € Fz. We
denote by C(f, F) the set of all coincidence points of f and F'.

ii) A point x € X is a strict coincidence point of f and F if {fz} =
Fzx.

iii) A point x € X is a fixed point of F' if z € Fx.

iv) A point « € X is a strict fixed point of F' if Flx = {z}.

Definition 1.5. The mappings f: X — X and F': X — B(X) are
weakly commuting if fFx € B(X) and for all z € X

S(Ffx, fFx) < max{d(fx, Fx),diam(fFx)}.

Remark 1.6. i) Two commuting mappings f and F are weakly com-
muting, but the converse is not true as it is shown in [2].

i) If F' is also a single-valued mapping, then we obtain the definition
of weakly commuting, see [12]

Definition 1.7. The mappings f : X — X and F' : X — B(X)
are d-compatible if lim, ., §(F fz,, fFz,) = 0, whenever {z,} is a
sequence in X such that fFx, € B(X), fx, — t and Fx, — {t} as
n — oo for some t € X.

If F'is a single-valued self-mapping on X, then this definition re-
duces to that of [4].

Definition 1.8. The mappings f,g : X — X are called R-weakly
commuting of type A, if for all z € X, there exists some R > 0 such
that

d(ffz,g9fx) < Rd(fz,gz).
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It was shown in [8] that compatible mappings are the R-weakly com-
muting mappings of type A,, but the converse is not true in general.

Definition 1.9. The mappings f: X — X and F': X — B(X) are
said to be weakly commuting of type (KB) [6] at x € X if there exists
some R > 0 such that

(ffx,Ffx) < R(fz, Fx).
f and F are weakly commuting of type (KB) on X if the above
inequality holds for all x € X.
If f and F' are d-compatible then they are weakly commuting of
type (KB), but the converse is not true in general, see [6].

If F' is a single-valued self-mapping on X, then this definition re-
duces to that of [8].

The following theorem was proved by [14].

Theorem 1.10. Let (X, d) be a metric space. Let I, J be mappings
of X into itself and F, G of X into B(X) satisfying the following
conditions:
UF(X) C J(X), UG(X) C I(X),
§(Fz,Gy) < amax{d(Iz,Jy),é(Iz, Fz),i(Jy, Gy),

+(1 — a)laD(Iz,Gy) + bD(Jy, Fz)|}

forallz,y € X, where 0 < a<1,a,b>0,a+b<1 and
a_

a—b. Suppose that one of 1(X ) or J(X) is complete. If both the pairs
(F, 1) and (G,J) are weakly commuting of type (KB) at coincidence
points in X, then there exists a unique fived point z € X such that
{z}={Ilz} ={Jz} =Fz=G=z.

The following theorem was proved by [6].

<1-
b

Theorem 1.11. Let (X, d) be a metric space. Let I, J be mappings
of X into itself and F, G of X into B(X) satisfying the following
conditions:
UF(X) C J(X), UG(X) C I(X),
0(Fz,Gy) < max{cd(Iz,Jy),co(Iz, Fx),co(Jy, Gy),
aD(Iz,Gy) +bD(Jy, Fx)}
for all z,y € X, where 0 < ¢ < 1, a,b > 0, a+b < 1 and

b
1 ¢ ,1—b} < 1. Suppose that one of I(X) or J(X) is com-
J— a —
plete. If both the pairs (F,I) and (G, J) are weakly commuting of type

cmax{
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(KB) at coincidence points in X, then there exists a unique fixed point
z € X such that {z} ={lz} ={Jz} = Fz = Gz..

In [9] and [10], the study of fixed points for mappings satisfying
implicit relations was introduced and the study of a pair of hybrid
mappings satisfying implicit relations was initiated in [11].

It is our purpose in this paper is to prove a general coincidence
and a common fixed point theorem for two pairs of hybrid mappings
satisfying an implicit relation using the concept of weak commutativity
of type (KB) which generalizes theorem 2 of [14], theorem 3 of [6] and
a theorem of [1].

2. IMPLICIT RELATION

Let &g the family of all real continuous mappings
O(t1,ta,t3,ta,t5,t6) - RS — R satisfying the following conditions:

(1) : ¢ is decreasing in variables to, t3, t4, t5 and tg.

(¢2) : there exists hy, hg > 0 with hihy < 1 such that

(P24) : d(u,v,v,u,u+v,0) <0 implies u < hjv.

(P2p) : O(u, v, u,v,0,u+ v) <0 implies u < hov.

(Pu) : O(u,u,0,0,u,u) > 0 for all u > 0.

ts +t
Example 2.1. ¢(t1,t27t3,t4,t5,t6) = tl—amax{tg,tg,t4, %}, 0<
a<1.
tst
Example 2.2. ¢(t, by, t3, 4, b5, lg) = 12 — at2 — b—o" a>0,

1+ 63+
b>0anda+0b<1.

Example 2.3. ¢(t1,t9,t3,t4,t5,56) = 3 — amax{t3 t3,t3} —
Co max{t3t5,t4t6} — c3tstg, €1 > 0, co,c3 2 0, ¢4 +2¢c0 < 1 and
c1+c3 < 1.

1 at5+bt6

Example 2.4. ¢(t1,to,t3,t4,t5,16) = t1+ _ ’
P ¢(123456) 1 146, 1+ttt

and a+b< 1.

a,b>0

1 (at5+bt6)2
1+t 1+tz3+1ts°

Example 2.5. ¢(t,ts, 13,14, 5, 1) = t2+
and a+b < 1.

Example 2.6. ¢(t1,to,t3,t4,t5,t6) = t; — aty — bmin{ts, t,} —
cmin{ts,ts}, a,b,c >0, a+b<1 anda+c<1.

Example 2.7. ¢(t1,ta,t3,ts,t5,t6) = t1 — amax{ts, ts,t4} — (1 —
a)(ats +btg), 0 <a<1,a,b>0,a+b<1 and b<1—a—b.

a,b>0

a —
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Example 2.8. ¢(t1, t27 t3, t4, t5, t6> =1 — max{ctQ, Ct3, Ct4, ats + btﬁ},

a
BN
1oy <

0<c<1,a,b>0,a+b<1 and cmax{

3. MAIN RESULTS
Theorem 3.1. Let (X,d) be a metric space, f,g: X — X and F,G :
X — B(X) be mapping satisfying the following conditions:
(3.1) UF(X) C g(X), UG(X) C f(X),

(3.2) ¢(6(Fx, Gy), d(fx, gy), 6(fz, F),
' 3(gy. Gy), D(fz,Gy), D(gy, Fx) <0

for all x,y € X and ¢ € ®g. Suppose that one of f(X) or g(X) is
complete. Then F' and f have a strict coincidence point and G and g
have a strict coincidence point.

If the pairs (F, f) and (G, g) are weakly commuting of type (KB) at
coincidence points in X, then there exists a unique fized point z € X
such that {z} = {fz} = {9z} = Fz = Gz..

Proof. Let xy be an arbitrary point in X. By (3.1), we can define a
sequence {z,} in X such that

9Tont+1 € Fooy = Zop, fronye € Gropy1 = Zopy1, n=0,1,2, ...
Using (3.2) and (¢;), we have

0 > @(6(Fron, Gronyr), d(fTon, gTant1), 6(f2n, Faan),

6(9z2n11, GTont1), D(f2on, Grony1), D(FXon, gTon 1))

> 0(6(Zans Zont1), 0(Zon—1, Zan), 0(Zan-1, Zan),
6(Zans Zon+1), D(Zan-1, Zan+1),0)

> $(6(Zan, Zan+1), 0(Zan—1, Zon), 6(Z2n—1, Zan),
0 Zan, Zons1), 0(Zan—1, Zon) + 6(Zan, Zont1),0)

By (¢24), we obtain
I Zon, Zons1) < hi0(Zon—1, Zon).

In the same manner, applying (3.2) we get

0 > @(6(Fronta, Grans), d([T2ns2, 9Ton+1), 0(fTont2, FTanta),
D(gzans1, Grany1), D(fr2ni2, Goni1), D(FToni2, gToni1))
> 3(6(Zant2, Zont1), 0(Zant1s Zon), 6(Zont1, Zant2),
6(Zans Zon+1), 0, 6(Zans Zont1) + 6(Zant1, Zant2))-
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By (¢9), we obtain
0(Zon+1, Zont2) < had(Zon, Zant)-
Let ¢ = hihs. Then we get
(Zon, Zons1) "0(Fxo,Gxy).
0(Zon+1, Zon2) "6(Gxy, Fay).
Put M = max{d(Fxy, Gx1),0(Gz1, Fxs)}. It follows from the above

inequality that if z, is an arbitrary point in the set Z,, we obtain
d(zna ZnJrl) S 5(Zn7 ZnJrl)
<M.

<
<

Therefore, {z,} is a Cauchy sequence in X. As gxo,11 € Fxo, = Zoy,
hence

d(gxan+1, 9Tom+1) < 0(Zop, Zom) < €,

i.e., {grani1} is a Cauchy sequence in g(X). Assume that g(X) is
complete. Then, it converges to z € g(X) and so there exists v € X
such that z = gv. Since fxo, € Gxo,_1 = Zo,_1 We have

d(fx2n7 g:CQnJrl) S 5(Z2n717 ZQn)

Therefore, the sequence { fxs,} converges to z.. As

5(F$2m Z) < 5(FI2m fx2n) + d(f@m Z)
S 5(Z2n7 Zanl) + d(fx2n7 Z)
and so lim,, o 0(Fxo,,2z) = 0. In the same manner, we obtain
lim,, o 0(Grop_1,2) = 0.
Using (3.2) and (¢) we have
QS((S(F:E?'M GU)? d(fx?m gv)u 5(fx2n7 Fx2n)7
d(gv, Gv), D(fron, Gv), D(Fxa,,gv)) <0

Letting n — oo, we get
#(6(z,Gv),0,0,6(z,Gv), (2, Gv),0) < 0.

By (¢24) we obtain 6(z, Gv) = 0 and hence Gv = {gv} = {z}.
Since UG(X) C f(X), there exists u € X such that {fu} = Gv =

{gv} = {z}.
If Fu # {z}, applying (3.2) we have

0 > G(O(Fu,Gv).d(fu,gv). 8(fu, Fu),5(gv, Go), D(fu, Gv), D(Fu, gv)
> ¢(6(Fu,z),0,0(Fu,2),0,0,5(Fu,z))
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By (¢2) we get §(Fu,z) = 0 and so Fu = {fu} = Gv = {gv} =

Since F'u = {fu} and the pair (F, f) is weakly commuting of type
(KB) at coincidence points in X, we obtain d(f fu, F' fu) < Ré(Iu, Fu)
which gives Fz = {fz}.

Again since Gv = {gv} and the pair (G, g) is weakly commuting of
type (KB) at coincidence points in X, we get 6(ggv, Ggv) < Ro(gv, Gv)
which gives Gz = {gz}.

If Fz # {2z}, using (3.2) we have

0 = ¢(0(Fz Guv),d(fz gv),0(fz, Fz),6(gv, Gv), D(fz,Gv), D(Fz,gv))
> ¢(5(FZJ 2)75(F2’2)70’075(F27z)75(FZ7Z))
which is a contradiction of (¢,) and so Fz = {fz} = {z}. Similarly,

Gz = {gz} = {z}. Therefore, we have Fz = {fz} = Gz = {gz} =
{2} -

Theorem 4 generalizes a theorem of [1].
Corollary 3.2. Theorem 2.
Proof. Tt suffices to take example 7. OJ
Corollary 3.3. Theorem 3.
Proof. Tt suffices to take example 8. OJ

4. CONCLUSION

We proved a general common fixed point theorem for two pairs of
hybrid mappings satisfying an implicit relation using the weak com-
mutativity of type (KB). Our theorem generalizes theorem 2 of [14],
theorem 3 of [6] and a theorem of [1].
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