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A-EXPANSION CONTINUOUS MAPS AND
(A,B)-WEAKLY CONTINUOUS MAPS IN

HEREDITARY GENERALIZED TOPOLOGICAL
SPACES

A. AL-OMARI, M. RAJAMANI AND R. RAMESH

Abstract. In this paper, we introduce and study A-expansion
continuous maps, closed-B-continuous maps, (A,B)-weakly continu-
ous maps and closed (A,B)-continuous maps in hereditary generalized
topological spaces. We, also present several results including decom-
positions of (µ, λ)-continuity and (A, Id)-weakly continuity.

1. Introduction and Preliminaries

Let (X,µ) be a generalized topological space (GTS) [2]. A GTS
(X,µ) is called a quasi topological space [5] if µ is closed under finite
intersection. A nonempty family H of subsets of X is said to be a
hereditary class [4], if, from A ∈ H and B ⊂ A, it follows that B ∈ H.
Given a generalized topological space (X,µ) with a hereditary classH,
for each A ⊆ X, A∗(H, µ)={x ∈ X : for every µ-open set V containing
x, V ∩ A /∈ H} and c∗µ(A) = A ∪ A∗(H, µ)[4]. We call (X,µ,H) a
hereditary generalized topological space. If there is no confusion, we
simply write A∗ instead of A∗(H, µ). A hereditary class H is µ-codense
[4] iff µ ∩H = ∅.

Definition 1.1. [2] A map f : (X,µ) → (Y, λ) is said to be (µ, λ)-
continuous iff U ∈ λ implies that f−1(U) ∈ µ.
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Definition 1.2. [6] A map f : (X,µ)→ (Y, λ,H) is said to be weakly
(µ, λ)-H-continuous (briefly w(µ,λ)-H-c), if for each x ∈ X and each
λ-open neighbourhood V of f(x), there exists a µ-open neighbourhood
U of x such that f(U) ⊂ c∗λ(V ).

Theorem 1.3. [6] A map f : (X,µ) → (Y, λ,H) is weakly (µ, λ)-
H-continuous if and only if for each λ-open set V ⊂ Y, f−1(V ) ⊂
iµ(f−1(c∗λ(V ))).

Definition 1.4. [6] A map f : (X,µ) → (Y, λ,H) is said to be
weak∗ (µ, λ)-H-continuous (briefly w∗(µ,λ)-H-c), if for each V ∈ λ,

f−1(f ∗r (V )) is µ-closed in (X,µ), where f ∗r (V ) = V ∗ − iλ(V ) is λ-
closed in (Y, λ,H).

A generalized topological space (X,µ) is called a quasi-topological
space [3] if µ is closed under finite intersections. For A ⊂ X we denote
by iµ (A) the union of all µ-open sets contained in A, i.e., the largest
µ-open set contained in A (see [1], [2], [5]).

Lemma 1.5. [5] If (X,µ) is a quasi-topological space, then iµ(A∩B) =
iµ(A) ∩ iµ(B) for all subsets A and B of X.

2. Expansion of µ-open sets in hereditary generalized
topological spaces

Definition 2.1. Let (X,µ,H) be a hereditary generalized topological
space. A map A : µ → 2X is said to be an expansion on (X,µ,H) if
U ⊆ AU for each U ∈ µ.

Remark 2.2. Let (X,µ,H) be a hereditary generalized topological
space.

(1) Define cl : µ→ 2X by clU = c∗µU for each U ∈ µ. Then cl is an
expansion on (X,µ,H) because U ⊆ c∗µU=clU for each U ∈ µ.

(2) Define F : µ → 2X by FU = (f ∗rU)c for each U ∈ µ. Then F
is an expansion on (X,µ,H) because FU = (f ∗rU)c = (U∗ −
iµU)c = (U∗ − U)c = (U∗ ∩ U c)c = (U∗)c ∪ U ⊇ U for each
U ∈ µ.

Definition 2.3. Let (X,µ,H) be a hereditary generalized topological
space. A pair of expansions A and B on (X,µ,H) is said to be mutu-
ally dual if AU ∩ BU = U for each U ∈ µ.
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Example 2.4. Let X = R be the set of all real numbers, µ = {∅,Q}
and H = {∅,

√
2}. Let A∅ = ∅, AQ = Q ∪

√
2. Let FU = (f ∗rU)c for

each U ∈ µ. Now F∅ = X, FQ = (f ∗rQ)c = (Q∗− iµQ)c = (R−Q)c =
Q. Then A and F are expansions on (X,µ,H) and F is mutually dual
to A.

Proposition 2.5. Let (X,µ,H) be a hereditary generalized topological
space. Then the expansions cl and F are mutually dual.

Proof. Let U ∈ µ. Now,

clU ∩ FU =c∗µU ∩ (f ∗rU)c = c∗µU ∩ (U∗ − U)c

=c∗µU ∩ (U∗ ∩ U c)c = c∗µU ∩ ((U∗)c ∪ U)

=(c∗µU ∩ (U∗)c) ∪ (c∗µU ∩ U)

=((U ∪ U∗) ∩ (U∗)c) ∪ ((U ∪ U∗) ∩ U)

=((U ∩ (U∗)c) ∪ (U∗ ∩ (U∗)c)) ∪ ((U ∩ U) ∪ (U∗ ∩ U))

=(U ∩ (U∗)c) ∪ U ∪ (U∗ ∩ U) = U.

�

Definition 2.6. Let (X,µ) be a generalized topological space. Let
(Y, λ,H) be a hereditary generalized topological space. Let A be an ex-
pansion on Y. A map f : (X,µ)→ (Y, λ,H) is said to be A-expansion
continuous if f−1(V ) ⊆ iµ(f−1(AV )), for each V ∈ λ.

Remark 2.7. A weakly (µ, λ)-H-continuous map is A-expansion con-
tinuous by Theorem 1.3 and 1 of Remark 2.2.

Theorem 2.8. Let (X,µ) be a quasi topological space and (Y, λ,H) be
a hereditary generalized topological space. Let A and B be two mutually
dual expansions on (Y, λ,H). Then a map f : (X,µ) → (Y, λ,H) is
(µ, λ)-continuous if and only if f is A-expansion continuous and B-
expansion continuous.

Proof. Necessity: Since A and B are mutually dual expansions
on (Y, λ,H), AV ∩ BV= V for each V ∈ λ. Let V ∈ λ, then
f−1(V )= f−1(AV )∩ f−1(BV ). Since f is (µ, λ)-continuous, f−1(V ) =
iµ(f−1(V )). So, f−1(V ) = iµ(f−1(AV ) ∩ f−1(BV ))=iµ(f−1(AV )) ∩
iµ(f−1(BV )) by Lemma 1.5. Thus f−1(V ) ⊆ iµ(f−1(AV )) and
f−1(V ) ⊆ iµ(f−1(BV )), for each V ∈ λ. Hence f is A-expansion con-
tinuous and B-expansion continuous.
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Sufficiency: Let A, B be two mutually dual expansions on (Y, λ,H)
and f be A-expansion continuous and B-expansion continuous. Then
f−1(V ) ⊆ iµ(f−1(AV )), for each V ∈ λ and f−1(V ) ⊆ iµ(f−1(BV )),
for each V ∈ λ. Also AV ∩ BV = V. Therefore, f−1(AV ) ∩ f−1(BV ).
Hence, iµ(f−1(V )) = (iµ(f−1(AV )) ∩ iµ(f−1(BV ))) ⊇ (f−1(V ) ∩
f−1(V )) = f−1(V ). So, iµ(f−1(V )) ⊇ f−1(V ). But, iµ(f−1(V )) ⊆
f−1(V ) always. Therefore, f−1(V ) = iµ(f−1(V )). This implies that
f−1(V ) ∈ µ for each V ∈ λ. Therefore f is (µ, λ)-continuous. �

Definition 2.9. Let (X,µ) be a generalized topological space and
(Y, λ,H) be a hereditary generalized topological space. Let Bbe an ex-
pansion on (Y, λ,H). A map f : (X,µ)→ (Y, λ,H) is said to be closed
B-continuous if f−1((BV )c) is µ-closed in (X,µ) for each V ∈ λ.

Remark 2.10. A weak∗ (µ, λ)-H-continuous map is a closed-B-
continuous map.

Proposition 2.11. A closed B-continuous map f : (X,µ) →
(Y, λ,H) is B-expansion continuous.

Proof. We first prove (f−1((BV )c))c=f−1(BV ). Let x ∈
(f−1((BV )c))c. Then x /∈ (f−1((BV )c)). Hence f(x) /∈ (BV )c,
so f(x) ∈ BV and x ∈ f−1(BV ). So, (f−1(BV )c)c ⊆ f−1(BV ). Con-
versely, let x ∈ f−1(BV ). Then f(x) ∈ BV and f(x) /∈ (BV )c.
Now x /∈ f−1((BV )c), implies x ∈ (f−1((BV )c))c. So,
f−1(BV ) ⊆ (f−1((BV )c)). Therefore, (f−1((BV )c))c=f−1(BV ). Since
f : (X,µ) → (Y, λ,H) is a closed B-continuous map, f−1((BV )c)
is a µ-closed set in (X,µ). This implies (f−1(BV )c)c ∈ µ. Hence
f−1(BV ) ∈ µ and so f−1(BV )=iµ(f−1(BV )). Also, note that V ⊆ BV
and this implies f−1(V ) ⊆ f−1(BV ) = iµ(f−1(BV )). Therefore
f−1(V ) ⊆ iµ(f−1(BV )) for each V ∈ λ. Hence f is B-expansion
continuous. �

Example 2.12. Let X = Y = {a, b, c}, µ = {∅, {a}, {b}, {a, b}},
λ = {∅, {a}} and H = {∅, {a}}. Let B({a}) = {a, c}. Then the identity
map f : (X,µ) → (Y, λ,H) is (µ, λ)-continuous but not closed B-
continuous, because f−1(B({a})c) = f−1({b}) = {b} is not µ-closed in
(X,µ).

Definition 2.13. An expansion A on (X,µ,H) is said to be open if
AV ∈ µ for all V ∈ µ.

Definition 2.14. An open expansion A on (X,µ,H) is said be idem-
potent if A(AV ) = AV for all V ∈ µ.
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Remark 2.15. (1) The expansion cl=c∗µ is idempotent .
(2) If H is µ-codense, then the expansion FV = (f ∗r V )c for all

V ∈ µ is idempotent. In fact the expansion F is open also.

Proposition 2.16. Let f : (X,µ)→ (Y, λ,H), where H is λ-codense
and B be an open and idempotent expansion on (Y, λ,H). Then f is
B-expansion continuous if and only if closed B-continuous.

Proof. The Sufficiency follows from Proposition 2.11.
Necessity: Let f be B-expansion continuous, where B is idempo-
tent and V ∈ λ. Since BV ∈ λ and B(BV ) = BV, then f−1(BV ) ⊆
iµ(f−1(B(BV ))) = iµ(f−1(BV )). Thus f−1(BV ) ∈ µ and therefore f
is closed B-continuous. �

Theorem 2.17. Let (X,µ) be a quasi topological space and (Y, λ,H)
be a hereditary generalized topological space, where H is λ-codense.
Let A, B be two mutually dual expansions on (Y, λ,H), B is open and
idempotent. Then a map f : (X,µ)→ (Y, λ,H) is (µ, λ)-continuous if
and only if f is A-expansion continuous and closed B-continuous.

Proof. Follows from Theorem 2.8 and Proposition 2.16. �

Corollary 2.18. Let (X,µ) be a quasi topological space and (Y, λ,H)
be a hereditary generalized topological space, where H is λ-codense.
Then a map f : (X,µ) → (Y, λ,H) is (µ, λ)-continuous if and only if
f is weakly (µ, λ)-H-continuous and weak∗(µ, λ)-H-continuous.

Proof. Follows from Remark 2.7 and Remark 2.10. �

3. (A,B)-weak continuity

Definition 3.1. Let A be an expansion on (X,µ,H). A subset A of
X is said to be A-open if for each x ∈ A there exist U ∈ µ(x) such
that AU ⊆ A. A subset B of X is A-closed if its complement X − B
is A-open.

Note that A-open sets are also µ-open sets in (X,µ,H).
Definition 3.2. Let (X,µ) be a GTS, (Y, λ,H) be a hereditary gener-
alized topological space, A and B be expansions on (X,µ) and (Y, λ,H)
respectively. We say that a map f : (X,µ) → (Y, λ,H) is (A,B)-
weakly continuous if and only if Af−1(V ) ⊆ iµ(f−1(BV )) for every
V ∈ λ.
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The expansion AV = V denoted by A = Id is called the identity
expansion. It is clear that the (µ, λ)-continuity is equivalent to Id-
expansion continuity.

Remark 3.3. Let (X,µ) be a GTS (Y, λ,H) be a hereditary general-
ized topological space, A and B be expansions on (X,µ) and (Y, λ,H)
respectively. Let f : (X,µ)→ (Y, λ,H) be a map.

(1) Observe that when A = Id and B = Id, f is (A,B)-weakly
continuous if and only if f is (µ, λ)-continuous in the usual
sense [2].

(2) Let A = Id and B = c∗λ. Then f is (A,B)-weakly continuous
if and only if f is weakly (µ, λ)-H-continuous in the sense [6].

(3) Let A = Id and B be any expansion. Then f is (A,B)-weakly
continuous if and only if f is B-expansion continuous.

Definition 3.4. Let (X,µ,H) be a hereditary generalized topological
space. An expansion A on (X,µ,H) is said to be subadditive if for
every collection of µ-open set {Uα : α ∈ ∆}, A(∪α∈∆Uα) ⊆ ∪α∈∆AUα.

Lemma 3.5. Let (X,µ,H) be a hereditary generalized topological
space and expansion A on (X,µ,H) is subadditive. Then for every
A-open set U we have AU = U .

Proof. Let U be an A-open set. Then for every x ∈ U there exists
a µ-open set Ux such that x ∈ Ux ⊆ AUx ⊆ U . Therefore, ∪Ux ⊆
∪AUx ⊆ U , so ∪Ux ⊆ A(∪Ux) ⊆ U . Therefore, U ⊆ AU ⊆ U and
hence AU = U . �

Theorem 3.6. Let (X,µ) be a quasi topological space and (Y, λ,H)
be a hereditary generalized topological space and A be an expansion on
(X,µ). If B and B∗ are mutually dual expansions on (Y, λ,H), then a
map f : (X,µ)→ (Y, λ,H) is (A, Id)-weakly continuous if and only if
f is both (A,B)-weakly continuous and (A,B∗)-weakly continuous.

Proof. Suppose f is (A, Id)-weakly continuous. Then for every V ∈
λ we have Af−1(V ) ⊆ iµ(f−1(V )) ⊆ iµ(f−1(BV )) ∩ iµ(f−1(B∗V )).
This implies that f is (A,B)-weakly continuous and (A,B∗)-weakly
continuous. Conversely, Suppose f is (A,B)-weakly continuous and
(A,B∗)-weakly continuous. Then for every V ∈ λ we have Af−1(V ) ⊆
iµ(f−1(BV )) and Af−1(V ) ⊆ iµ(f−1(B∗V )). Thus Af−1(V ) ⊆
iµ(f−1(BV )) ∩ iµ(f−1(B∗V )) = iµ(f−1(BV ∩ B∗V )). Since B and
B∗ are mutually dual expansions on (Y, λ,H), we get that Af−1(V ) ⊆
iµ(f−1(V )), which implies that f is (A, Id)-weakly continuous. �
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Corollary 3.7. [4] Let (X,µ) be a quasi topological space and (Y, λ,H)
be a hereditary generalized topological space. A map f : (X,µ) →
(Y, λ,H) is weakly (µ, λ)-H-continuous if and only if for each V ∈ λ,
f−1(V ) ⊆ iµ(f−1(c∗λ(V ))).

Proof. According to Remark 3.3(2), f is weakly (µ, λ)-H-continuous
if and only if (Id, c∗λ)-weakly continuous. Now since the Id and c∗λ
are mutually dual expansions on (Y, λ,H), the conclusion follows from
Theorem 3.6. �

Corollary 3.8. Let (X,µ) be a quasi topological space and (Y, λ,H) be
a hereditary generalized topological space. Let B and B∗ be two mutu-
ally dual expansions on (Y, λ,H). Then a map f : (X,µ) → (Y, λ,H)
is (µ, λ)-continuous if and only if f is B-expansion continuous and
B∗-expansion continuous.

Proof. According to Remark 3.3(1), f is (µ, λ)-continuous if and only
if (Id, Id)-weakly continuous. Also, Remark 3.3(3) assures f is B-
expansion continuous and B∗-expansion continuous if and only if f is
(Id,B)-weakly continuous and (Id,B∗)-weakly continuous. Now since
the B and B∗ are mutually dual expansions on (Y, λ,H), then the
conclusion follows from Theorem 3.6. �

Definition 3.9. Let (X,µ) be a GTS and A be an expansion on (X,µ).
Let (Y, λ,H) be a hereditary generalized topological space and B be an
expansion on (Y, λ,H). A map f : (X,µ) → (Y, λ,H) is said to be
closed (A,B)-continuous if f−1((BV )c) is A-closed in (X,µ) for each
V ∈ λ.

Theorem 3.10. Let (X,µ) be a GTS and (Y, λ,H) be a hereditary
generalized topological space and A and B be expansions on (X,µ) and
(Y, λ,H) respectively. If A is subadditive and monotone expansion
then every closed (A,B)-continuous function is (A,B)-weakly contin-
uous.

Proof. Let f : (X,µ) → (Y, λ,H) be closed (A,B)-continuous and
let V ∈ λ. We first prove (f−1((BV )c))c=f−1(BV ). Let x ∈
(f−1((BV )c))c. Then x /∈ (f−1((BV )c)). Hence f(x) /∈ (BV )c, so
f(x) ∈ BV and x ∈ f−1(BV ). So, (f−1(BV )c)c ⊆ f−1(BV ). Con-
versely, let x ∈ f−1(BV ). Then f(x) ∈ BV and f(x) /∈ (BV )c. Now x /∈
f−1((BV )c), implies x ∈ (f−1((BV )c))c. So, f−1(BV ) ⊆ (f−1((BV )c)).
Therefore, (f−1((BV )c))c=f−1(BV ). Since f : (X,µ) → (Y, λ,H) is
a closed (A,B)-continuous function, f−1((BV )c) is a A-closed set
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in (X,µ). This implies (f−1(BV )c)c is A-open in (X,µ). Hence
f−1(BV ) ∈ µ and so f−1(BV )=iµ(f−1(BV )). Also, note that V ⊆ BV
and this implies f−1(V ) ⊆ f−1(BV ) = iµ(f−1(BV )). Since A is sub-
additive A(iµ(f−1(BV ))) = iµ(f−1(BV )) and A is monotone, then
A(f−1(V )) ⊆ iµ(f−1(BV )) for each V ∈ λ. Hence f is (A,B)-weakly
continuous. �

Let Γ be the set of all expansion on GTS (X,µ), a partial order
” < ” can be defined by the relation A < B if and only if AV < BV
for all V ∈ µ. It is clear that Id < A for any expansion A on (X,µ),
thus the set (Γ, <) has a minimum element.

Theorem 3.11. Let (X,µ) be a GTS and (Y, λ,H) be a hereditary
generalized topological space and A be an expansion on (Y, λ,H). Let
f : (X,µ) → (Y, λ,H) be A-expansion continuous. Then f is B-
expansion continuous for any expansion B on (Y, λ,H) such that A <
B.

Proof. Let f be A-expansion continuous and A < B. Then AV <
BV for all V ∈ µ and f−1(V ) ⊆ iµ(f−1(AV )), then f−1(V ) ⊆
iµ(f−1(BV )). Thus A-expansion continuous implies B-expansion con-
tinuous for any expansion B on (Y, λ,H) such that A < B. �

Corollary 3.12. Let (X,µ) be a GTS and (Y, λ,H) be a hereditary
generalized topological space and let f : (X,µ) → (Y, λ,H). Then ev-
ery (µ, λ)-continuity implies A-expansion continuity for any expansion
A on (Y, λ,H).

Proof. Since (µ, λ)-continuity is equivalent to Id-expansion continuity,
the result follows from Theorem 3.11 and the fact that Id < A for
any expansion A on (Y, λ,H). �

Theorem 3.13. Let A be any expansion on GTS (X,µ). Then the
expansion BV = V ∪ (AV )c is the maximal expansion on (X,µ) which
is mutually dual to A.

Proof. Let BA be the set of all expansion on GTS (X,µ) which are
mutually dual to A. Since V ⊆ AV , for any V ∈ µ, AV can be
written as AV = V ∪ (AV − V ). Let BV = V ∪ (AV )c = (AV − V )c.
It is obvious that B is an expansion on (X,µ) and AV ∩ BV = V for
any V ∈ µ. Thus B ∈ BA. Given any expansion B∗ on (X,µ), write
B∗V = V ∪ (B∗V − V ). If B∗ ∈ BA, then (AV − V )∩ (B∗V − V ) = ∅,
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thus B∗V − V ⊆ (AV − V )c = BV . Therefore, B∗V ⊆ BV and we
have that B∗ < B. Hence B is the maximal element of BA. �

Proposition 3.14. Let f : (X,µ)→ (Y, λ,H), where H is λ-codense
and B be an open and idempotent expansion on (Y, λ,H) and if A
is subadditive and monotone expansion on (X,µ). Then f is (A,B)-
weakly continuous if and only if closed (A,B)-continuous.

Proof. The Sufficiency follows from Theorem 3.10.
Let f be (A,B)-weakly continuous, where B is open and idempotent,
then A(f−1(V )) ⊆ iµ(f−1(BV )) for each V ∈ λ. Since BV ∈ λ and
B(BV ) = BV, we have f−1(BV ) ⊆ A(f−1(BV )) ⊆ iµ(f−1(B(BV ))) =
iµ(f−1(BV )). Thus f−1(BV ) ∈ µ and A(f−1(BV )) = f−1(BV ) and
hence (f−1(BV ))c = f−1((BV )c) is A-closed therefore f is closed
(A,B)-continuous. �

Theorem 3.15. Let (X,µ) be a GTS and (Y, λ,H) be a hereditary
generalized topological space and A and B be expansions on {f−1(V ) :
V ∈ µ} and (Y, λ,H) respectively. Let f : (X,µ) → (Y, λ,H) be
(A,B)-weakly continuous. Then f is (A∗,B∗)-weakly continuous for
any expansions A∗ and B∗ on {f−1(V ) : V ∈ µ} and (Y, λ,H) respec-
tively such that A∗ < A and B < B∗.

Proof. This follows easily from Definition 3.2. �
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