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FIXED POINT THEOREM FOR CYCLIC
(1,0, )-WEAKLY CONTRACTIONS

SUMIT CHANDOK AND VALERIU POPA

Abstract. In this article, we introduce the notion of cyclic (u, 1, ¢)-
weakly contraction and derive the existence of fixed point for such
mappings in the setup of complete metric spaces. Our result extend
and improve some fixed point theorems in the literature.

1. INTRODUCTION AND PRELIMINARIES

It is well known that the fixed point theorem of Banach, for contrac-
tion mappings, is one of the pivotal result in analysis. It has been used
in many different fields of mathematics. Fixed point problems involv-
ing different type of contractive type inequalities have been studied by
many authors (see [1]-[17] and references cited therein).

Alber and Guerre-Delabriere [1] introduced the concept of weakly
contractive mappings and proved the existence of fixed points for
single-valued weakly contractive mappings in Hilbert spaces. There-
after, in 2001, Rhoades [17] proved the fixed point theorem which is
one of the generalizations of Banach’s Contraction Mapping Principle,
because the weakly contractions contains contractions as a special case
and he also showed that some results of [1] are true for any Banach
space. In fact, weakly contractive mappings are closely related to the
mappings of Boyd and Wong [2] and of Reich types [16].

In [14], Kirk et al. introduced the following notion of cyclic repre-
sentation and characterized the Banach Contraction Principle in the
context of cyclic mapping.
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Definition 1.1. [14] Let X be a non-empty set and T: X — X an
operator. By definition, X = U", X, is a cyclic representation of X
with respect to T if:

(a) X;; i =1,...,m are non-empty sets,

(b) T(X,) C Xon..., T(Xpot) C X, T(Xn) C X

Pacurar and Rus [15] proved the following main theorem.

Theorem 1.2. Let (X, d) be a complete metric space, m € N, Ay, A,
..y Ay nonempty closed subsets of X and 'Y = U™, A;. Suppose that
T:Y —'Y be an operator such that
(1) U™, A; is a cyclic representation of Y with respect to T';

for any x € Ay, y € Aiyq, @ = 1,2,...,m where ¢ is monotone in-
creasing continuous functions ¢: [0,00) — [0,00), with ¢(t) > 0, if
t>0;¢(t)=0if and only if t =0, A1 = Ar. Then, T has a fized
point z € N A;.

It is the aim of this paper to introduce the notion of cyclic (i, 1, ¢)-
weakly contraction mappings, and then derive a fixed point theorem for
such cyclic contractions, in the framework of complete metric spaces.

2. MAIN RESULTS

To state and prove our main results, we shall introduce our notion
of cyclic (u, v, ¢)-weakly contraction mappings in metric space.

Let 6 denote the set of all monotone increasing continuous functions
w: [0,00) — [0,00), with u(t) > 0, if ¢ > 0; p(t) = 0 if and only if
t =0 and p(t; + to) < u(ty) + p(tz), for all ¢y, ¢, € [0, 00).

Let ® denote the set of all continuous functions ¢: [0, 00) — [0, c0)
with ¢(t) > 0, for t € (0,00) and ¢(0) = 0.

Let ¥ denote the set of all functions 1 : [0,00)% — [0, c0) such that

(a) ¢ is continuous;

(b) v is strictly increasing in all the variables;

(c) for all ¢ € [0,00)\{O}, (¢, t,£,0,2t) < t, 9(t,t,t,2,0) < ¢,
¥(0,0,t,¢,0) <t,1(0,¢,0,0,t) < t,and ¢(¢,0,0,t,t) < t.

Definition 2.1. Let (X, d) be a metric space, m a natural number,
Ay, Ay ..., A, nonempty subsets of X and Y = U A;. An operator
T:Y — Y is called a cyclic (u, ¢, ¢)-weakly contraction if

(1) U™, A; is a cyclic representation of Y with respect to T;
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(2)
wd(Tz, Ty)) < P(u(d(z,y)), pd(z, Tx)), p(d(y, Ty)),

for any x € A;, y € Ajyq, @ = 1,2,...,m where A,,.1 = Ay, p € 0,
p€ P, peWVand M(z,y) =max{d(x,y),d(x,Tx),d(y, Ty)}.

Theorem 2.2. Let (X, d) be a complete metric space, m € N, Ay, A,
.y Ay nonempty closed subsets of X and Y = U*, A;. Suppose that
T is a cyclic (p, ¥, ¢)-weakly contraction. Then, T has a fixed point

Proof. Let xg € X. We can construct a sequence z,,1 = Tx,, n
0,1,2,....

If there exists ny € N such that z,,.1 = z,,, hence the result.
Indeed, we can see that Tz, = Ty+1 = Tn,-

Now, we assume that z,,1 # x, for any n = 0,1,2,.... As X =
U, A;, for any n > 0, there exists i, € {1,2,...,m} such that x, | €
A;, and z, € A;, . Since T is a cyclic (i, 1, ¢)-weakly contraction,
we have

w(d(znir,20)) = p(d(Trn, Txn1))
< (,u( ("Env‘rn 1))7:“( ("EnaTxn))>ﬂ<d(xn—lvTxn—l)):
pld(xn, Ton1)), pld(zn-1, Txn))) — G(M (2, 2n1))
= Y(p(d(Tn, Tno1)), p(d(Tp, Tny1)), p(d(Tn1, 20)),
(d( T, 20)), (d(Tn—1, Tny1))) — G(M (20, Tno1)).

where M (x,,, x,—1) = max{d(zn, Tpn_1), d(Tn, Tpni1),d(Tp_1,2,)}.
If M(zp,xn_1)=d(xy, Tpyi1), then
(d(@ps1, ) Y((d(@n, Tn1)), (d(@n, Tngr)), #(d(Tn, Tng1)), 0,
2p(d(zn, Tp41))) — O(d(Tn, Tpy1))
p(d(@n, Tpt1)) — (d(Tn, Tns1))
M(d<xnv xn-i-l))v
which is a contradiction. Hence
(2.1) pd(@ns1, 20)) < p(d(@n, Tn-1)) — H(d(Tn, Tp-1))
and

IN

IAINA

d(-rnJrla xn) S d<wn7 :L‘nfl)-
Thus {d(x,+1,z,)} is a monotone decreasing sequence of non-negative
real numbers and hence is convergent. Therefore, there exists r > 0
such that d(z,41,2,) — .
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Letting n — oo in (2.1), and using the continuity of x and ¢, we
obtain that u(r) < u(r) — ¢(r). This implies that ¢(r) = 0, hence
r = 0. Thus we have

(2.2) d(zpi1,xn) — 0.

Now, we show that {x,} is a Cauchy sequence. For this purpose,
we prove the following result first.

Lemma 2.3. For every positive €, there exists a natural number n
such that if r,q > n with r — ¢ =1 (modm), then d(z,,z,) < €.

Proof. Assume the contrary. Thus there exists € > 0 such that for any
n € N, we can find r, > ¢, > n with r, — ¢, = 1 (mod m) satisfying
d(z,,,x,,) > €.

Now, we take n > 2m. Then, corresponding to ¢, > n, we can
choose r, in such that it is a smallest integer with r, > ¢, satisfying
Tn—qn =1 (modm) and d(z,,,x,,) > €. Therefore, d(z,, , 1z, ) <€
By using the triangular inequality, we have

€ S d(xan x”'n)

m

S d(IQn7 xrnfm) + Z d(‘rTn—ﬂ an—H—l)
=1
< € + Z d(xrnsz xTnfiJﬁl)'

i=1
Letting n — oo and using d(x,.1, z,) — 0, we obtain
(2.3) limd(x,,,x,,) = €.
Again, by the triangular inequality,
€ d(zq,, Tr,)
(g, Tgpr) + AZgprs Tropr) + A2y, 40, 20,
d(Tq,, Tq,,,) + d(zq,,,, 2q,) + d(2g,, z,) + d(2r,, Tp,p ) +

d(mrn+1 ) :CT’n ) N

IA A IA

Letting n — oo and using d(x,41, x,) — 0, we get
(2.4) limd(zg, ., Tr,,,) = €.
Consider
d(zg,, Tx,,) = d(zg,,%r,,,)

(25) d(an, xTn) + d(x"'?ﬂ ITn+1)7

IN
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and

d(z,,,Tx,,) = d(z,,, z,.,,)
(2.6) < d(z,,,x,,) + d(zg,,2q,.,).
On taking n — oo in inequalities (2.5) and (2.6), we have
(2.7) nhjEO d(zg,, Tx,,) = ¢,
and
(2.8) 7111_)1{;10 d(z,,,Tx,,) = €.

As z,, and z,, lie in different adjacently labeled sets A; and A;q
for certain 1 < ¢ < m, using the fact T is a cyclic (p, 1, ¢)-weakly
contraction, we obtain

ple) < pld(@g, .y, Tr,in)
p(d(Txy,, Tx,,)
(u(d(zq,, xr,)), pld(2q,, Txq,)), pld(2y,, Ty,)),
(d(zq,, Txy,)), mld(zy,, Tg,))) —

(1(d(zg,, ), 1(d(Tq,, Tq, 1)), (d(Try s Tri)),
w(d(g, s Trpi)s (A2, Tg,41))) — S(M (24, 20,)),

where M(z, , @y, ) = max{d(zq,, z,,), d(q,, T'z,,), d(@r,, T2y, ) }
On taking n — oo in (2.9), using (2.7) and (2.8), continuity of pu,
and ¢ and property of ¥, we get that

p(e) < (ple), u0), 1(0), (), pule)) — ¢(e)
< we) —ole).
Consequently, ¢(¢) < 0, which is contradiction with £ > 0. Hence the
result is proved. O]

)

= )
< @

Ju

(2.9) =

Now, using Lemma 2.3, we shall show that {z,} is a Cauchy se-
quence in Y. Fix € > 0. By Lemma 2.3, we can find ng € N such that
r,q > ng with 7 — ¢ =1 (modm)

(2.10) d(z,,z,) <

(2.11) d(Tn, Tny1) < 5—,

for any n > n;.
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Assume that 7, s > max{ng,n;} and s > r. Then there exists k €
{1,2,...,m} such that s—r = k (mod m). Hence s—r+t = 1 (mod m),
fort =m — k+ 1. So, we have
(2.12)  d(zy,xs) < d(@r, Toyj) + d(Tsqjy Topjo1) + oo+ d(@sy1, Ts).
Using (2.10), (2.11) and (2.12), we obtain

(2.13) d(:cr,xs)§2+yx2—<2+mx%=e.

Hence {z,} is a Cauchy sequence in Y. Since Y is closed in X, then
Y is also complete and there exists x € Y such that limz, = z.

Now, we shall prove that x is a fixed point of 7.

AsY = U™, A; is a cyclic representation of Y with respect to T,
the sequence {z,} has infinite terms in each A; for i = {1,2,...,m}.
Suppose that x € A;, Tx € A, and we take a subsequence {z,, } of
{z,} with z,,, € A;. By using the contractive condition, we can obtain

< P(uld(@ay ), (@, T, ), pld(, Ta)),
w(d(@n,, Tx)), p(d(z, Ty, ))) — ¢(M (5, )
P(p(d(@n,, ), (d(@n,, Tnyt1)), pld(z, T)),

ld(xn,, Tx)), pld(z, 2, 41))) — G(M (20, ),

where M(z,,,r) = max{d(x,, ,x),d(zp,, Tn,+1),d(x,Tz)}. Letting
n — oo and using continuity of u and ¢, we have
which is a contradiction unless d(z, Tz) = 0. Hence z is a fixed point
of T.

Now, we shall prove the uniqueness of fixed point.

Suppose that z1 and zy (21 # z2) are two fixed points of 7. Using
the contractive condition and continuity of u and v, we have
p(d(zy, 22)) = p(d(Twy, Trs))

U(p(d(zy, 2)), p(d(zr, Tar)), pld(z2, Tx2)),

(d(x1, Taz)), pld(w2, Tx1))) — G(M (21, 22))
))7 u(d<x1’ xl))7 M(d(w% xQ))? M(d(l‘lv $2))7
(d(w2, 71))) = ¢(M (w1, 72)

IA

[
<= €=
=
£
=
&

d(xlv 232)), [L(d(ﬂfg, 331))) -
(M (21, 22)),
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where M (xq,x9) = max{d(z1,xs),d(x1, 1), d(x2,22)}.
So we deduce that

u(d(xlaa;?)) < w(ﬂ<d(x17x2))70707M(d(xlva:?))?
p(d(w2,21))) — ¢(d(z1, 22))
< pld(zr,22)) — (d(21, 22))

which is a contradiction unless z; = z5. Hence the main result is
proved. 0

If u(a) = a, then we have the following result.

Corollary 2.4. Let (X,d) be a complete metric space, m € N, Ay, As,
..., Ay, nonempty closed subsets of X and Y = U™, A;. Suppose that
T:Y — Y be an operator such that

(1) U™, A; is a cyclic representation of Y with respect to T';

(2) d(Tx,Ty) < P(d(z,y),d(z,Tx),d(y, Ty),d(z,Ty),d(y, Tx)) —
P(M(z,y))
forany x € A, y € Ajyr, i = 1,2,...,m where A1 = Ay, ¢ € D,
€V and M(z,y) = max{d(z,y),d(z,Tz),d(y,Ty)}. Then, T has
a fized point z € NI, A;.
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