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NONEXPANSIVE OPERATORS ASSOCIATED TO A
SYSTEM OF INTEGRAL EQUATIONS WITH
DEVIATING ARGUMENT

MONICA LAURAN

Abstract. In this paper we shall establish two results on the exis-
tence in Cp([a, b]; [a, b]?) of the solutions of a system of iterative inte-
gral equations. The main tools used in our study are the nonexpansive
operator technique and Schauder’s fixed point theorem.

1. INTRODUCTION

Systems of integral equations with deviating arguments appear in a
large number of physical, biological and economical researches. The it-
erative functional-integral equations form a class of integral equations
with modified argument, such as the equation

£(t) = / K (£ 5:2(s); 2(g(s))ds + () (L1)

considered by Dobritoiu (see [6]). Here t € [a,b], K € C([a,b] x
[a;0] x R™ x R™;R™), f € C([a,b];R™), g € C([a,b];[a,b]). Some
results concerning Picard operator associated with the problem (1.1)
can be found in [1],[6],[7],[12],[14].

Before to present our main results, we will give some useful defini-
tions and theorems.
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Let (X,d) be a metric space. A mapping T': X — X is said to be
an a—contraction if there exists o € [0,1) such that

d(Tz,Ty) < ad(z,y) forall z,y € X.

If the above condition is satisfied with o = 1, the mapping 7" is said
to be nonexpansive. Let K be a nonempty subset of a real normed
linear space £ and T : K — K be a map. In this setting, T is
nonexpansive if

| Tz — Ty|| < ||z —y|, forall z,y € K.

The nonexpansive mappings are generalizations of a- contractions
that do not inherit properties of contractive mappings. More precisely,
if K is a nonempty closed subset of a Banach space Fand T : K — K
is a nonexpansive mapping which is not an a- contraction, then, as it
is shown by the following example, 7" could not admit fixed points.

Example 1.1. ([8], Ezample 3.3, pp. 30)
In the space co(N) the isometry defined by

T(l’l, T, ) = (1, T1,T9, )
maps the unit ball into its boundary but T has not fived points.
We will use the following variant of Schauder’s fixed point theorem.

Theorem 1.2. (Schauder, [13]) Let X be a Banach space, K C X a
nonempty, compact convex set and let T : K — K be a continuous
operator. Then T has at least one fixed point.

The aim of this paper is to obtain existence results for some systems
of integral equations with deviating arguments, using the technique of
nonexpansive operators introduced in [3] and used in [4], [10],[11],[9].

2. MAIN RESULTS

We consider a system of iterative integral equations of the form

(@) = fi(0) + | Ka(s,51(5), va(s), 1 (5)))ds
(2.1.1) 20
o) = Fol@) + [ Ko, 51 (5), vals) volue(s)))ds

Zo

We consider Cy([a,b]; [a,b]?), the Banach space (C([a,b],R?);||lo).

endowed with the norm ||z|l, = (||z1],[lz2l]), where [jz;|] =
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m[a>b(] |z;(t)] ,i = 1,2. We define the set
t€la,

Cr([a,b], [a,0]*) = {(y1,92) € C([a,b], [a,b]?) : [y:(t1) — wi(t2)| <
< L - |t1 — tg’, for all tl,tQ € [a,b],i = 1,2}
where L > 0 is fixed and denote

C, = max{x — a,b — x}
for all = € [a, b].

Theorem 2.1. Assume that
(i) f € C([a,b]: [0, )
(ii) K € C([a,b]"; R?)
(iii) There exists Ly > 0 such that

|Kz‘(S,U1,U1,w1) - Ki(S,U27U27w2)| < Lk;'(|U1 — u2|—|—|vl — v2|—|—]w1 - w2|),

for every s,u;,v;, w; € |a,bl,i =1,2; and
there is L' > 0 such that

‘fz(tl) — fl(t2>’ S L/ . ’tl — tg‘ fOT‘ all tl,tQ S [a,b], 1= 1,2
(iv) M + L' < L, where we denote

M = max sup{| Ki(s, s, vy, wi)| : 8, u, v, w; € [a, b]}
1<i<2

(v) We have | f;(x)| < |fi(zo)], for every x € [a,b], i = 1,2 and one
of the following conditions holds:
a) M - Cyy < Cyy, yo = max(fi(2o), f2(20));
b) xg = a, M(b—a) < b—C,, K(s,u;,v;,w;) > 0, for all
S, Ui, Vi, w; € [a,b],i=1,2;
c)xg =0b, MOb—a) < Cy —a, K(s,u;,v;,w;) > 0, for all
S, Ui, Vi, w; € [a,b],i=1,2;
(vi) Ly - (L+1) - Cyy < 1.
Then the system (2.1.1) has at least one solution in Cy([a,b]; [a, b]?).

Proof. Tt follows from [5, Lemma 1] that Cp([a,b];[a,b]?) is a
nonempty, compact and convex subset of the Banach space
(C(la,b],R*); ||]|o). For any y € Cr([a,b];[a,b]?) and t € [a,b] we
consider the integral operator F' : Cp([a,b]; [a,b]?) — C([a,b]; [a,b]?)
defined by

(Fy)(t) = (Fiy)(1), (Fay)(1)) = (fu(t) + ftK(S, y1(5), y2(s), y1(y1(s))) ds,

Zo

Folt) + [ K (5,31 (5), (), yalya(5)))ds).

o
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The set of fixed points of F' is the set of solutions of the system (2.1.1).
We prove that Cy([a,b], [a,b]?) is an invariant set with respect to F,
which means that F(Cy([a,b],[a,b]?)) C CL([a,b],[a,b]?). By = <y,
x,y € R?* we understand that z; < y;, for every i = 1,2. We have

((Fy)(@®)] = ([((Fy) ()], [(F2y) (1)) <

< (|f1(t)\ + [ 1K1 ), () o)) s,

RO+ [ 1Ra(s,31(5) (). ) s

< ([fi(zo)| + M - [t — o, [ fowo)| + M - |t — o))
< (Ifi(@o)| + M - Cy, | f2(w0)| + M - Cuy)
and

((Fy)(®)] = ([(Fy) )], [(F2y) (1)) =

> (!fl(t)! — [ 1Ko, ), o)) s

!f2(t>|—/ IKz(S,yl(S),yz(SLyz(y2(s)))|ds)

> (|fi(xo)| = M - [t — @ol, [ fo(xo)| = M - |t — o))
> (If1(@o)| = Cyy, [fa(z0)| = Cyy)

By hypothesis (iv), we conclude that each component of the vector
|(F'y)(t)| is in [a,b]. So Fy € C([a,b], [a,b]?).

We shows that Fy € Cp([a,b],[a,b)?), for every y = (y1,y2) €
Cr(la,b], [a,b]?). For any t1,ty € [a,b] we have

((Fy)(t) = (Fy) ()| = (I(Fy)(t) = (Fuy) ()] | (Fay) (1) — (Fay)(t)]) <
(1fi(t) = Fult)] + [ 1K (s, 90(5), 92 (), 9 () s,

[fatr) = falt2)| + [i7 1Ko (s, 91(5), ya(s), y2(3(s)))| ds) <
(L} + M) - |ty —to] (L + M) - [ty — to]) < (L+ |ty — to| , L+ |1 — La]).

which proves by hypotesis (iii), that Fy € Cr([a,b],[a,b]?), for every
y e OL([CL, b]a [aa b]2)
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For any y,z < CL([ava [(l,b]Q), Y= (y17y2)7 z = (217’22) we have

(Fy)(t) — (F2)(0)] = ((Fa)(#) — (F2)®)] | (Fa)(2) — (Ba2)(®)]) <
/\msyl 2(), 1 (1 (5))) — Ka(5, 21(5), 20(5), 21 (2 (5))) | ds,

(
150309, (9) s 16 2(5) ()] ) <
(20 5109 = 1001+ i) = 22601+ ion(6) = a6 s
o [ (16) = 2160+ 1) = 220)| + n(o) — 2(eao)) s ) <
(20 [ 10+ L 1) = 549+ lets) — ()] s,

Zo

Lk2/ [(1+ Lo) |ya(s) — za(s)| + |va(s) — 21(s)]] ds) <

zo

(Lk1(1+L1)/ (lyr(s) = 21(s)] + [y2(s) = za(s)[)ds,

o

Ll ) [ () = 216)] + lels) = a9

o

Applying the maximum in last inequality, we obtain
[Fy = Fz|| < Ly(1+ L) - Cy [ly — 2|

which, by hypotesis (v), shows that F' is nonexpansiv operator,
hence continuous, defined on the bounded, closed and convex subset
Cp(la,b], [a,b]?) of Banach’s space (C([a,b],R?),||-||) and applying
the Schauder’s fixed point theorem, F' has at least one fixed point
in Cr([a, b]; [a,b]?). Consequently, the system (2.1.1) has at least one
solution y € Cy([a,b]; [a, b]?). O

If the system is system of Fredholm integral equations with modified
argument, of iterative type, then it is necessary to set new conditions
of kernel.

We consider the following system of Fredholm integral equations with
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modified argument, of iterative type:

D1 (@) = Fi(e) + [ Ko, (), 3a(s), v (31 () ds
(2.1.2) a

1o(@) = @) + J Kol 2 (), 2(5), () ds.

Where x,Ss S [a,b],y = (yl»yQ) € C([a7b];[aab]2)>.f = (.fl,af2) S
C([a,b];R?), K = (K1, K») € C([a, b]*; R?).

The next theorem is a result on the existence of solutions in
Cr([a,b]; [a, b]?) of the system (2.1.2).

Theorem 2.2. Assume that
(i) K € Cl[a, B R2) and f € C([a, b [a,b);
(ii) There ezists Ly > 0 such that

|Ki(t17uav7w) - Ki(tQauvvaw” S Lk ' |t1 - Z(:2| )

for allty, ty € [a,b],i =1,2 and
there exists L' > 0 such that

[fi(th) = fit2)| S L'+ [ty — o] i = 1,2, for every ty,t € [a,b];
(i7i) There exists Ly > 0 such that
| K (s, w1, v1,w1) — Ka(s, ug, vg, wa)| < Li-(Juy — ug|+|v1 — va+|wy — wsl),

for all s,u;,v;,w; € [a,b], i =1,2;
(iv) L' + Li(b—a) < L,
(v) We have |f;(x)| < |fi(zo)], for every x € [a,b], i = 1,2 and one
of the following conditions holds:
a) M - Cyy < Cy,, where yo = max(fi(xo), f2(xo))and

M = max sup{|K;(s, s, vi, w;)| : s, u;, v5, w; € [a,b]}.
1<i<2

b) xo = a, M(b—a) < b—Cy, K(s,u;,v;,w;) > 0, for all
S, Uz, Vi, W; € [
c) xzg = b, M(b—a) < Cy —a, K(s,u;,v;,w;) > 0, for all
S, u;, v, w; € |a, b, i =1,2;
(vi) Lj, - (L+1)-(b—a) < 1.
Then the system (2.1.2) has at least one solution in Cr([a,b]; [a,b]?).
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Proof. We consider the integral operator F : Cg([a,b];a,b]?) —
C([a, b]; [a,b]?) defined by

(Fy)(t) = (Fuy)(t), (Fay)(t) = (f1(t) + [ K (s,91(5), 12(5), y1(y1(s)))ds,

) b
F2(t) + [ K (s,51(5), 42(5), ya(v2(s)) ) ds)

a

for all y = (y1,y2) € Cr([a,b]; [a,b]?) and ¢ € [a, b].

The set of fixed point of the operator F' coincides with the set of
solutions of system (2.1.2). First we show that the invariance property
F(Cr([a,b], [a,b])?)) € CL([a,b], [a, b]?) holds. We have

[(F'y) ()] = (I(Fy) ()], |[(Fay)(#)]) <
()] +f [K1(8,91(5), 42(8), y1(y1(s))) | ds,
1(8), y2(8), y2(y

(
[+ [ [K(5,51(5), y2(5), ya (s )))|ds>
20)| + M - (b—a),|fa(xo)| + M - (b — a))

|fi

|f2(t

)
< (I£x(

—

and

(Fy)®)] = ((F) @), [(Fay) (0)]) >
> (1401 = L) 1K, 01(5), 12(5), 31 (91 ()] s,
)

(
( (s)

falt)] — [ |K2 5, 91(5), 9o (s ,yg(yg(s)))|ds)
( _

> (|fi(xo)| = M - (b= a), | f2(x0)| = M - (b—a))
> (Ifi(xo)| = Cyo, | fa(w0)| = C

)

By hypothesis (v) we deduce that each component of vector |(Fy)(t)|
is in [a,b] . So, Fy € C([a,b], [a,b]?).

We show that F'y € Cr([a,b],[a,b]?), for every y € Cr([a,b],[a, b]?).
For all ¢,t5 € [a, b] we have

|(Fy)(t1) — (Fy) t2)| = (I(F1y)(t1) — (Fuy)(t2)], [(Fay) (t1) — (Fay)(t2)]) <

(fr(ta) = frlt) + [ 1K (b, ya(s), y2(5), 1. (y1())) — Ku(ta,y1(s), y2(s), y1 (y1(s)))] ds,

[f2(t1) — fa(t2)] +f:|K2(t1’yl(s)ayz(S)ayz(yz(S))) Ka(t2,y1(s), ?12(5) y2(y2(s)))| ds) <
(L1 + Ly (b= a)) - [t — ta] , (Ly + Ly (b — a)) - [t1 — t2])

which shows by hypothesis (iv) that Fy € Cr([a, V], [a, b]?), for every
y e OL([CL, b]7 [(l, b]Q)
On the other hand, for all y,z € Cr([a,b],[a,b]?), vy = (y1,42),2 =
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(21, 22) we have

(Fy)(t) = (F2)(0)] = (I(Fa) (1) = (F2) (O] [(Fa) (1) = (Fo2) (1)) <

f K1 (8, 51(5), 9 (5), v (1 (5)) — K (t, 21(5), 2a(s), 21( (

f|f<z<zf yi(5), v (s), v (ya(s))) — Ka(t, z1(s), 22(s), z2(22(s)

(Lﬁﬂf (Iy1(s) = 21(8)] + [y2(5) — 22()| + |91 (v1(5)) — 21 (=1
Ly, 2 (1y1(5) = 21(8)] + [ya(s) — 22(5)| + |ya(ya(s)) — 2a(z
(Ljy, 7100+ L) [ya(s) = 21()| + [y2(s) — 2a(s)[] ds,

L JJ 114 L) Juas) = 2a(s)| + [ (5) = 21(s)] ds) <
(Liy(1+ L) f2, (31 (5) = 21 (5)] + [ga(s) = 22(s) )ds,

Loy (14 Ls) [ (Jyi(s) — 21(5)] + () — 25(s)])ds)

Applying the maximum in last inequality, we obtain
[1Fy — Fz|| < Ly(1+ L) - (b—a)ly — 2| -

which, by hypothesis (vi), shows that the operator F', defined on
the compact and convex subset Cp([a,b],[a,b]?) of the Banach space
(C(la,b],R?),|]]|) is nonexpansive, hence continuous. Applying the
Schauder’s fixed point theorem, it follows that the operator F' has at
least one fixed point in Cp([a,b];[a,b]?). Consequently, the system
(2.1.2) has at least one solution y € Cr([a,b]; [a, b]?). O
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