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SOME FIXED POINT THEOREMS FOR T-KANNAN
CONTRACTIONS AND WEAKLY COMPATIBLE
PAIRS OF MAPPINGS IN G-CONE METRIC SPACES

ANJU PANWAR, RENU CHUGH AND SEEMA MEHRA

Abstract. In the framework of G-cone metric spaces introduced by
9], we prove several fixed point theorems for mappings satisfying T-
Kannan, respectively T-Chaterjea contractive conditions, as well as for
weakly commuting pair of mappings satisfying contractive conditions.
Our results extend and improve similar results that are known in cone
metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Different generalizations of the notion of a metric space have been
proposed by Gahler [16, 17] and by Dhage [1, 2]. However, Ha et
al. [12] have pointed out that the results obtained by Gahler for his
2-metrics are independent, rather than generalizations, of the corre-
sponding results in metric spaces, while in [19, 20|, Zead Mustafa and
Brailey Sims have pointed out that Dhage’s notion of a D-metric space
is fundamentally flawed and most of the results claimed by Dhage and
others are invalid.

Zead Mustafa and Brailey Sims [19] introduced a more appropriate
and robust notion of a generalized metric space. Guang and Xian [§]
generalized the concept of metric spaces, replacing the set of real
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numbers by an ordered Banach space defining in this way a cone metric
space. The notion of G-cone metric space in [9] generalizes the notions
of G-metric space and Cone metric space.

Section 1 is dedicated to fixed points of generalized T-Kannan map-
pings such as TK; and TKsy-mappings.

In section 2, Some common fixed point theorems for weakly com-
patible mappings are proved.

Definition 1.1 ([8]). Let £ be a real Banach space and P a subset
of E. P is called a cone if and only if

i) P is closed, non-empty and P # {0};

ii) ax + by € P for all z,y € P and non-negative real numbers a, b;

iii) PN (—P) = {0}.

For a given cone P C FE, we can define a partial ordering < with
respect to P by x <y if and only if y —x € P. = < y will stand for
r <y and x # y, while 2 < y will stand for y — x € int P, where
int P denotes the interior of P. The cone P is called normal if there is
a number M > 0 such that for all x,y € F, 0 < x <y implies

[zl < Mly]-

The least positive number satisfying above is called the normal con-
stant of P ([8]). The cone P is called regular if every increasing se-
quence which is bounded above is convergent. That is, if {x,},>1 is a
sequence such that x; < xy < --- < y for some y € F, then there is
x € E such that ILm |xn, — x| = 0.

Definition 1.2 ([9]). Let X be a nonempty set. Suppose a mapping
G: X x X x X — E satisfies:

(Gl) G(z,y,z) =0ifz =y =2

(G2) 0 < G(x,x,y); whenever x # y, for all z,y € X,

(G3) G(z,z,y) < G(x,y,z), whenever z # y,

(G4) G(x,y,2) = G(x,z,y) = G(y,z,x) = -+, (symmetry in all
three variables), and

(G5) G(z,y, 2) < G(z,a,a) + G(a,y, z), for all z,y,z,a € X.

Then G is called a generalized cone metric on X and X is called
a generalized cone metric space or more specifically a G-cone metric
space. We use the following Proposition 1.1 in G-cone metric space
same as in G-metric space.

Definition 1.3 ([9]). A G-cone metric space X is symmetric if
G(z,y,y) = G(y,z,z) forall z,yX.
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Definition 1.4 ([9]). Let X be a G-cone metric space and {z,} be a
sequence in X. We say that {z,} is:

a) Cauchy sequence if for every ¢ € E with 0 < ¢, there is N such
that for all n,m,l > N, G(x,, Ty, 1) < ¢

b) Convergent sequence if for every ¢ in F with 0 < ¢, there is
N such that for all n,m > N, G(z,z,,z,) < c for some fixed = in
X. Here z is called the limit of a sequence {z,} and is denoted by

lim z, =z or x,, — x as n — 0.
n—oo

A G-cone metric space X is said to be complete if every Cauchy
sequence in X is convergent in X.

Remark 1.5 ([18]). Let E be an ordered Banach (normed) space.
Then c is an interior point of P, if and only if [—c, ] is a neighborhood

of 0.

Remark 1.6. i) If a < b and b < ¢, then a < c.
Indeed, ¢ —a = (¢ —b) + (b —a) > ¢ — b implies [—(c — a),c — a] 2
[—(c—=b),c—1].

it) If 0 < u < ¢ for each ¢ € int P, then u = 0.

Remark 1.7 ([7]). If c€int P, 0 < a,, and a,, — 0, then there exists
ng such that for all n > ng we have a, <K c.

Remark 1.8. Let 0 < c. If 0 < G(x,zp, ) < b, and b, — 0, then
eventually G(x, x,, T,) <K ¢, where x,, is sequence and x is given point
m X.

Remark 1.9 ([7]). If0 < a, < b, and a,, — a, b, — b, then a < b,
for each cone P.

Remark 1.10 ([7]). If E is a real Banach space with cone P and if
a < Xa where a € P and 0 < A < 1, then a = 0.

Remark 1.11. Let (X,G) be a G-cone metric space. Let us remark
that the family {N(z,e) : x € X,0 < e}, where N(x,e) = {y € X :
G(z,y,y) < e}, is a subbasis for topology on X. We denote this cone
topology by o, and note that is 7o a Hausdorff topology (see, e.g., [15]
without proof).

For the proof of the last statement, we suppose that for each
¢, 0 < ¢ we have N(z,¢) N N(y,c) # ¢. Thus, there exists y € X
such that G(z,a,a) < ¢/2 and G(a,y,y) < ¢/2. Hence, G(z,y,y) <
G(z,a,a) + G(a,y,y) < ¢/2+ ¢/2 = c. Clearly, for each n, we have
¢/n € int P, so ¢/n — G(z,y,y) € int P C P. Now, 0 — G(x,y,y) € P,
that is, G(z,y,y) € —P N P, and we have G(z,y,y) = 0.
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We use following proposition in G-cone metric space.

Proposition 1.12 ([8]). Let (X,G) be a G-metric space. Then for
any x,y,z and a € X it follows that:

i) If G(x,y,2) =0, thenx =y = z,

i) G(z,y,2) < G(z,z,y) + G(z,z,2),

iii) G(z,y,y) < G(y,v,z),

) G(x,y,2) < G(x,a,z2) + G(a,y, 2),

v) G(x,y,2) <2/3(G(z,y,a) + G(z,a,2) + G(a,y, 2)),

vi) G(z,y,2) < (G(z,a,a) + G(y,a,a) + G(z,a,a))

Proposition 1.13 ([9]). Let X be a G-cone metric space, {xu}, {yn},
{z1} be sequences in X such that x, — xz, Yo — Yy, 2z, — 2 then
G(xmayna Zl) — G(wawa) as m, n,l — OQ.

Example 1.14. Let E = R?>, P = {(z,y) € E : 2,y > 0}, X = R
and G : X x X x X — FE defined by G(z,y,2) = (|t —y| + |y — 2| +
|z —z|,af|lz —y| + |y — 2| + |z — x|]) where o > 0 is constant. Then
(X, Q) is a G-cone metric space.

2. FIXED POINT THEOREMS FOR GENERALIZED T-KANNAN TYPE
MAPPINGS IN G-CONE METRIC SPACES

J. Moralesa and E. Rojas [10] analyzed the existence (and unique-
ness) of fixed points of T-Kannan type contractive mappings S defined
on a complete cone metric space (M, d), as well as, T-Chaterjea map-
pings.

In this section, we obtain sufficient condition for the existence of a
unique fixed point of generalized T-Kannan type mappings on com-
plete G-cone metric spaces.

Definition 2.1. Let (X,G) be a G-cone metric space, P a normal
cone with normal constant K and 7" : X x X. Then
i) T is said to be continuous if lim z, = z implies that T'(x,) =

n—oo
T(x), for all {z,} in X;

ii) T is said to be subsequentially convergent, if for every sequence
{z,} in X, the transformed sequence {T(x,)} contains a convergent
subsequence in X;

iii) T is said to be sequentially convergent if for every sequence
{z,,} in X, the transformed sequence {T(x,)} contains a convergent
sequence in X.

Definition 2.2. Let (X, G) be a G-cone metric space and T, S : M —
M two functions.
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(K1) A mapping S is said to be a generalized T-Kannan contraction,
(TK;-generalized contraction) if there is b € [0,1/6) constant such that

G(TSxz, TSy, TSz) < b|G(Tx, TSz, TSx)+ G(Ty, TSy, TSy)
+G(T2,TSz,TSz)]

for x,y,z € X.
(K2) A mapping S is said to be a T-Chatterjea contraction, (TK,-
generalized contraction) if there is ¢ € [0,1/6) constant such that

G(TSx, TSy, TSz) < c|G(Tx, TSy, TSy) + G(Ty,TSz,TSz)
+ G(Tz, TSz, TSx)]

for all z,y,z € X.

Example 2.3. Let E = (Cp1,R), P={p€ E/p >0} CFE, X =R
and G : X x X xX — E defined by G(x,y, z) = (|lv—y|+|y—z|+|z—z|)
f(z), where f(x) is a positive function on I[0,1]. Then (X,G) is a
G-cone metric space.

Here, S is a TK;- generalized contraction. Moreover, it is not diffi-
cult to show that S is besides a TK,- generalized contraction.

Theorem 2.4. Let (X,G) be a complete G-cone metric space, P be
a normal cone with normal constant K. Suppose T is a one to one
and continuous mapping from X into itself and S : X — X a TK;-
generalized contraction. Then,
i) For every xp € X

lim G(TS"x, TS" w9, TS o) = 0;

n—o0

ii) There is v € X such that

lim T'S"xg = v;
n—oo

iii) If T' is subsequentially convergent; then (S"xy) has a convergent
subsequence; iv) There is a unique u € X such that

Su = u;

v) If T is sequentially convergent; then for each xo € X the iterate
sequence (S™xq) converges to u.
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Proof. Let xy be an arbitrary point in X. We define the iterative
sequence (z,,) by 2,41 = Sz, = S™xo. We have

G(Txn, Trpi1, Txp1) = G(TSxy_q, TSz, TSxy)
<bG(Txp—1,TSxp_1,TSTH_1)
+ G(Tx,, TSz, TSx,)
+ G(Tx,, TSx,,TSx,)]

S0,
G(Txp, Txpi1, Trpyr) <UG(Txp_1, TSxH_1, T ST 1)
+2G(Txp, Txpi1, TTpi1)
G(T'Ina Txn—‘rh T$n+1) S 1 2bG(Txn—1; T"L‘na Txn)
and we can conclude, by repeating the same argument, we get that
(2.1) G(TS" o, TS ag, TS" 1)

b n
< (1_—2()) G(Tl’o, TS.T(), TS.CIZ’(])

From (2.1) we have

b n
1G(TSx0, TS™ g, TS™ o) || < (m) K| G(Txo, TSz, T'Sxo)||
where K is the normal constant of E. By inequality above we get

lim ||G(TS xg, TS™xg, TS™ )| = 0

n—oo
hence,
(2.2) lim G(TS" o, TS g, TS" M xg) =0

By inequality (2.1), for every m,n € N with m > n we have
G(Txp, Ty, Try)
< G(Txn, Tapir, Topi1) + G(TTni1, Tpyo, Topya) + -+
+G(Txpm1, Txpm, TTy)

b n b n+1 b m—1
(1_—%) * <1_—%> M (1_—25)

X G(Tl'o, TS.I'(), TS.%'())

b " 1
Txg, T T
(1 _ 2b) (1 — ﬁ) G( Zo, Sfo, SZL‘Q)
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So, for all positive integer m > n, we have

(23) G(TS”LEQ,TSmxo,TSml’())

b " 1
S ( ) G(T[E(),TSI(),TSI'())
1-20) (1-+%;)

from (2.3) we have,

|G(T'S 29, TS 2o, TS x0) ||

bo\" 1
< ( ) IG(T o, TS0, TS0) |
1=2b) (1- )

where K is the normal constant of X. Taking limit and keeping in
mind that (ﬁ) < 1, we obtain

n—o0

In this way we have, lim G(T'S™xy, T'S™xo, TS™xy) = 0, which im-
n—oo

plies that (7'S™zy) is a Cauchy sequence in M. Since X is a complete
G-cone metric space, then there is v € X such that

(2.4) lim T'S"xy = v

n—oo

Now, if T' is subsequentially convergent, (S"x() has a convergent sub-
sequence. So, there are u € X and (z,,) such that

(2.5) lim S™xy =u

11— 00

Since T is continuous and by (2.5) we obtain

(2.6) lim TS™xy = Tu

1—00
By (2.4) and (2.6) we conclude that

(2.7) Tu=wv
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On the other hand,
G(TSu,Tu,Tu) < G(T'Su, TS" "z, TS" x0)
+ G(TS™ xy, TS" g, TS™ )
+ G(TS™ " xg, Tu, Tu)
< b[G(Tu, TSu, TSu) + 2G(TS™ 2, T.S™ 2, TS™ 2)]

+ (—1 _b2b) G(Txo, TSxo, TSx0) + G(TS" g, Tu, Tu)

G(TSu, Tu, Tu) < b[2G(TSu, Tu, Tu) + 2G(T.S" ta¢, TS"xg, TS™ 10)]
b\
+ (m) G(T&?(),TSZE(),TSI())
+ G(TS"*xg, Tu, Tu)

hence,

1—-2b
2 e
+ ( b ) ( b ) G(Tl’o,TSZIZ[),TS{L'())

G(TSu, Tu, Tu) < (Q—b) 2G(TS™ g, TS™ w9, TS 2)]

1—2b 1—2b

2b
Ti+1
+ (1 — 2b> G(TS"*xg, Tu,Tu)

bK

< [ =
jo(rsu. Tu. T < (125

> ||G(TSm71.’L'0, TS”ixo, TSnZLU(])H

K b n;
1—2b (1 _ 2b> |G(T'Sxg, T, Txo)|

K
+ EHG(TSM—HIO,TU,TU)H -0 (i = ),

where K is the normal constant of X. By convergence above we get
that G(T'Su,Tu,Tu) = 0, which implies the equality T'Su = Tu.
Since T is one to one, then Su = u, consequently S has a fixed point.
Because S is a TK;-generalized contraction we have
G(T'Su,TSv, TSv)
< b[G(Tu, TSu, TSu) + G(Tv, TSv, TSv) + G(Tv,TSv, TSv)].

If v is another fixed point of .S, then from the injectivity of 7" we get
Su = Sv, or is the same, the fixed point is unique. Finally, if T is
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sequentially convergent, by replacing (S™) for (S™) we conclude that

lim S"xy = u.
n—oo

This shows that (S"xz() converges to the fixed point of S. O

Theorem 2.5. Let (X, G) be a complete G-cone metric space, P be
a normal cone with normal constant K. Suppose T is a one to one
and continuous mapping from X into itself and S : X — X a TKs-
generalized contraction. Then,

i) For every zop € X

lim G(T'S"xq, TS 2y, TS ay) = 0.

n—o0

ii) There is v € X such that

lim TS"xg = v.
n—oo

iii) If T is subsequentially convergent; then (S™xq) has a convergent
subsequence.
iv) There is a unique uw € X such that

Su = u.
If T is sequentially convergent; then for each xo € X, (S™(x)) con-

verges to u.

Proof. Let xy be an arbitrary point in X. We define the iterative
sequence (x,) by x,.1 = Sx, = S™zy. Since S is a TKj-generalized
contraction, we have

G(TSxp, TSxpi1, TSwpi1) < c|G(Txp, TSxpi1, TSTyy1)

+ G(Txpi1, TSTpy1, TSyt 1)
+G(Txpi1, TSy, TSxy)]

< |G(TSzp 1, TSxp11, TSTpy1)
+ G(T Sz, TSxpy1, TSwpyi1)

< |G(TSxyp_1, TSz, TSxy)
+ G(T Sz, TSxyy1, TSTpyi1)
+G(TSxp, TSxpi1, TSTpyi1)].

c

Thus,
G(TSxy, TSxpi1, TSTH1) < 1% G(TSxy_1, TSz, TSx,)
—2c

= hG(TSxy_1, TSz, TSx,)
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where h = , Recursively, we obtain

c

1—-2c

(2.8) G(T'Szp, TSxpi1,TSTh1) < W"G(T S, TSx1,TST1)
|G(T'Szp, TSTps1, TSTpir)| < B - K||G(T' Sz, T'Sz1, TS21)||

where K is the normal constant of X. Hence
lim ||G(T' Sz, TSzpi1, TSxni1)|| =0,
n—oo

this implies that
lim G(TSZBn, Tan_H, TS.Tn+1) = 0,

n—o0
By (2.8), for every m,n € N with n > m we have,
G(TSxp, TSxy,, TSy) < G(TSxp, TSxp1, TSTpy1) + -
+G(TSxp-1, TSy, TSxp,)
S [hnil -+ hniQ + e 4 hm]G<TSQZ'0, TSZ'l, TS$1>
hm

S ﬁG(TSl‘Q,TSJIl,TSZfl),

taking norm we get

m

NG(T Sz, TSy, TSxy)| < 1h_—hK||G(TSx0, TSz, TSz)|

we have

lim ||G(T Sz, TSy, TSxy)|| =0,
n—oo

hence (T'S™xq) is a Cauchy sequence in X and since X is a complete
G-cone metric space, there is v € X such that

lim TS"xg = v.

n—oo

The rest of the proof is similar to the proof of Theorem 2.1. OJ

Remark 2.6. Our results in Theorem 2.1 extends Theorem 3.1 from
Morales and Rojas [10] and Theorem 2.2 extends Theorem 3.5 from
Morales and Rojas [10].

3. FIXED POINT THEOREMS IN G-CONE METRIC SPACES

K. Jha [11] and G. Jungck, S. Radenovic, S. Radojevic and V. Rako-
cevic [7] proved Common Fixed Point Theorems for Weakly Compat-
ible Pairs on Cone Metric Spaces. Also many authors [3, 4, 5, 14]
obtained common fixed point theorems involving cone metric spaces.

In this section, we obtain necessary and sufficient conditions for the
existence of common fixed points for two and three self mappings of a
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G-cone metric space. Our results extend, generalize a number of fixed
point theorems of Abbas and Jungck [13], Jungck and Rhoades [6] and
K. Jha [11].

Definition 3.1. Let (X, G) be a G-cone metric space and P a cone
with nonempty interior. Suppose that the mappings f,g: X — X are
such that the range of g contains the range of f, and f(X) or g(X) is
a complete subspace of X. We will call the pair (f,g) as Abbas and
Jungck’s pair, or AJ’s pair.

Definition 3.2 ([13]). Let f and g be self-maps of a set X (i.e.,
fig: X = X). If w= for = gz for some z in X, then z is called a
coincidence point of f and g, and w is called a point of coincidence
of f and ¢g. Self-maps f and g are said to be weakly compatible if
they commute at their coincidence point, that is, if fo = gz for some
x € X, then fgr = gfx.

Proposition 3.3 ([13]). Let f and g be weakly compatible self-maps of
a set X. If f and g have a unique point of coincidence w = fxr = gz,
then w is the unique common fixed point of f and g.

Now we generalize the results of K. Jha [11] in G-cone metric space

Theorem 3.4. Let (X,G) be a G-cone metric space, and P be a
normal cone with normal constant K. Suppose that the mappings
f,9: X — X satisfy the contractive condition

G(fx, fy, f2) <r|G(gy, fz, fx) + G(gz, fy, fy) + G(gx, fx, fr)
+ G(gy, fy, fy) + G(gz, 9y, g2)]

where r € [0,1/4) is a constant. If the range of g contains the range of
f and g(X) is complete subspace of X, then f and g have an unique
coincidence point in X. Moreover, if f and g are weakly compatible,
then f and g have a unique common fized point.

Proof. Let xy be an arbitrary point in X. Then, since fX C ¢gX,
we can choose a point z7 in X such that f(zo) = g(z1). Continuing
like this, having chosen z,, in X, we get x,,,1 in X such that f(z,) =
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9(as1). Then,

G(9Tn, 9Tn11, 9Tnt1) = G(frn_1, fTn, f2,)
< 7[G(gn, frn-1, fra) + G(gTn 1, fn, fr,)
G(9Tn—1, frn1, fTn1) + G(gTn, fTn, frn)
G(9%n-1,9Tn, gTn)]
< r[G(92n, gTn, 970) + G(gTp—1, 9Tn-1, gTn-1)
G(9Tn-1, 9Tn, §Tn) + G(9Tn, GTp+1, 9Tn11)
G(9n-1, 9Tn, gn)]
< r[2G(9%n-1,9Tn, 9Tn) + G(gTn, 9Tn11, 9Tn11)]

++

So, we have

2r
1—r"

G(9xn, 9Tni1, 9Tns1) < hG(gzpn, gTpn_1,92,), with h =

Now, for n > m, we get

G(gl‘n, GTm, gZEm> S G(gx’rw 9Tn41, gxn—l-l) + G(gm'n—l-lu 9Tny2, gxn-&—?)
+ G(ganrQa gxn+3vgxn+3) +oeee A+ G(gajmfl: 9Tm, gwm)

IN

(hnfl + hjn*Q g hm)G(g.fO, gy, g]fl)

m

EG(Q%, g1, g1)

IN

which, using the normality of cone P, implies that

m

|| =71_ ||G(gm0,gx1,gx1)||

|G (920, 9Tm, gTim)

Then, G(gxy, 9Tm, gTm) — 0 as n,m — oo, and so {gz, } is a Cauchy
sequence in X . Since g(X) is a complete subspace of X, so there exists
q in g(X) such that gx,, — ¢, as n — oo. Consequently, we can find p
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in X such that g(p) = ¢. Thus,

G(9n, [p. fp) = G([Tn-1, [P, [D)

<r[G(gp, frn-1, frn-1) + G(gTn_1, fD, [D)
+ G(92n—1, fTn-1, fen—1) + G(gp, fp, [D)
G(9n-1, 9p, gp)]

<r[G(gp, 92n, gs) + G(gTn-1, [P, fP)

+ G(9Tn—1,9%n, g,) + G(gp, D, f)]
G(q, fp, fp) <r[G(q, fp, fp) + G(q, fp, fp)] asn — oc.
G(q, fp, fp) < 2r[G(q, fp, f)]

Then by Remark 1.6, we have
G(q, fp, fp) = 0.

+

This implies fp = q.
The uniqueness of a limit in a cone metric space implies that f(p) =
g(p). Again, we show that f and g have a unique point of coincidence.
For this, if possible, assume that there exists another point ¢ in X
such that f(t) = g(¢).
Then, we have
G(gt, gp. gp) = G([t. fp, p)
< r[Glgp, ft, ft) + G(gt, fp, fp) + G(gt, ft, f1)
+ G(gp, fp. fp) + G(gt, gp, gp)]
G(gt, gp, gp) < r[G(gp, gt, gt) + G(gt, gp. gp)
+ G(gt, gt, gt) + G(gp, g, gp) + G(gt, gp, gp)]

G(gt, gp, gp) < r[2G(gt, gp, gp) + G(gt, gp, gp)
+ G(gt, gp, gp)]
G(gt, gp, gp) < 4r[G(gt, gp, gp)]
Then by Remark 1.6, we have

G(gt, gp,gp) = 0.

This implies gt = gp.

Then by using the Proposition 3.1, we get that f and g have a
unique common fixed point.

This completes the proof of the theorem. O
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Corollary 3.5 ([11]). Let (X,d) be a cone metric space, and P be
a normal cone with normal constant K. Suppose that the mappings
f,9: X — X satisfy the contractive condition

G(fx, fy) <r[G(fz, gy) + G(fy, 9x) + G(fz, 9z) + G(fy, gy)]

where r € [0,1/4) is a constant. If the range of g contains the range
of f and g(X) is complete subspace of X, then f and g have a unique
coincidence point in X. Moreover, if f and g are weakly compatible,
then f and g have a unique common fized point.

Example 3.6. Let E =1%, 1 =(0,1], P ={(z,y) € E: 2,y > 0} C
I?, G:1x1IxI— E such that G(z,y,2) = (|Jx —y| + |y — 2| +
|z — x|, aflx —y| + |y — 2| + |z — z|]) where o > 0 is constant. Define

f(z) = 1ix , for all x € I and gr = ax for all x € I. Then, for
ox
a = 1, both the mappings f and g are weakly compatible and satisfy

all the conditions of the above theorem with x = 0 as unique common
fized point.

Now we will prove some fixed point theorems of contractive map-
pings for G-cone metric space. We generalize some results of [8, 13] by
omitting the assumption of normality in the results.

Theorem 3.7. Let (X,G) be a G-cone metric space. Suppose that
(f,q) is AJ’s pair, and that for some constant XA € (0,1) and for every
x,y € X, there exists

(3.1) u=wu(z,y,2) € {G(gfc,gy,gz), G(gz, fz, fx),G(gy, fy, fy),
G(gx, fy, fy) + G(gz, fx, fr) }

2
such that
(3.2) G(fx, fy, fz) < M.

Then [ and g have a unique coincidence point in X. Moreover if f
and g are weakly compatible, f and g have a unique common fixed
point.

Proof. Let zp € X, and let x; € X be such that gz, = fxg = yo.
Having defined x,, € X, let x,,,1 € X be such that gz, 1 = fx, = y,-
We first claim that

(33) G(yna yn+17yn+1) S )\G(ynfla ynvyn> fOI‘ n 2 1
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We have
(34) G(yn7 Yn+1, ynJrl) S G(fxna fajnJrla fanrl)

where

(35) u € {G(gzmgxn-i-lagxn—&-l)?G(.gxmf$n7fxn)7

G(97nt1, fTni1, fTni1),
G(gxna f$n+1> fanrl) + G(gith, f:En? fxn) }

2

= {G(yn—b Yn, yn)a G(yn—b Yn, yn)> G(ym Yn+1, yn+l)>

G<yn—17 Yn+1, yn+1) + G(yna Yn, y’n) }
2

G(yn—lv Yn+1, yn—l—l) }

- {G(yn—lvyn7yn)7G(yn7yn+17yn+1)7 9

Now we have the following three cases.

If v = G(Wn-1,Yn,yn) then clearly (3.3) holds. If
u = GWYn,Ynt1,Yns1) then according to Remark 1.6
G(9xn, 9Tni1, gTnr1) = 0 and (3.3) is immediate. Finally, sup-
pose that v = (1/2)G(Yn—1, Yn+1, Ynt1). Now,

(3-6) G(ymyn—l—hyn—i—l) < /\<1/2)G(yn—17yn+17yn+1)

A 1
S §G(yn—1> Yn, yn) + §G(yna Yn+1, yn-i-l)

Hence, G(ym Yn+1, ynJrl) < )\G(ynfla Yn, yn) and we pI‘OVGd (33)
Now, we have

(37) G(ynayn-i-l?yn-‘rl) S )\nG(y07ylay1)

We will show that {y,} is a Cauchy sequence. For n > m, we have

(3'8) G(?/na Ym, ym) < G(Z/na Yn—1, yn—1> + G(yn—la Yn—2, yn—2) T
+ G(ym—i—la Ym, ym)
and we obtain

(3.9) G (Y, Yy Ym) < VT H N2 4o+ XG (Yo, Y1, Y1)

m

< ﬁG<y07ylay1) —0asm — oo

From Remark 1.6 it follows that for 0 < ¢ and large m : A™(1 —
NG (yo, y1,y1) < ¢; thus, according to Remark 1.2(1), G(¥n, Y, Ym)
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< c¢. Hence, by Definition, {y,} is a Cauchy sequence. Since f(X) C
g(X) and f(X) or g(X) is complete, there exists a ¢ € g(X) such that
gx, — q € g(X) as n — oco. Consequently, we can find p € X such
that gp = q.

Let us show that fp = ¢. For this we have

(3.10) G(fp.qa,q) < G(fp, fon, frn) + G(frn, q,q)

where
(3.11)  w, € {G(gp, 9Zn, gTn), G(gp, [0, D), G(9Tn, fTn, f2n),
G(gp, fn, frn) + G(gTn, fD, fD) }

2

Let 0 < ¢. Clearly there are following four cases hold for infinitely

many 7.
Case 1.
(3.12) G(fp.q,9) < AG(gp, gn, 97s) + G(fn,q,q)
< A £ + c_ c
2N 2
Case 2.
(3.13) G(fp,q,q) < AG(9zy, fan, fr,) + G(f2n,q,q)
< 2G(fxn, gTn, 92n) + G(f2n, q,q)
<2MNG(frn,q,9) + G(q, 9Tn, g2,)] + G(f2n, ¢, q)
< 2AN+1D)G(fzn, q,q9) + G(q, gTn, gzn)
C C
Case 3.
(3.14) G(fp,q.9) < AG(gp, gp, fp,) + G(frn,q,q)
<2XG(fp,gp, 9p,) + G(fzn,q,q)
<
G(fp,a:0) < 7—576(fn, 0,9)
< 1 c
1—2\ L
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Case 4.

(3.15)

G(Fp.a.q) < A (G(gp, fwn,fxn); G (9, fp, fp)) L G(frq.q)

< AG(frn, gp, gp) + AG(fp,q.9) + G(fzn,q,q)

TG0 4,9)

>\+1 c(1-X)
1—XA A+1

G(fp,q.q) <

In all cases, we obtain G(fp,q,q) < c for each ¢ € int P. Using
Remark 1.2(ii), it follows that G(fp,q,q) =0, or fp = q.

Hence, we proved that f and g have a coincidence point p € X and a
point of coincidence ¢ € X such that ¢ = f(p) = g(p). If ¢; is another
point of coincidence, then there is p; € X with ¢; = fp; = gp;. Now,

(316) G(Qanan) = G(fp7 fph fpl) S Au

where

(3.17)  wue {G(gp, fou, fp1), Ggp, fp, fp), G(gp1, fp1, f1),
G(gp, fp1, fp1) + G(gpy, fp, fD) }

2

G(q7 qi1, C]1) + G(Qla q, Q) }
2

{ (¢.¢1,01),G(q,9,9),0,
={G(¢,q1,¢1),0}

This implies

G(Q7q17q1) - G(fp, fpl,fpl)
G ) ) +G ,q,
< )\{G<Q7Q17Q1),0, (4,01, q1) + Gla1, g q)}.

2
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By Remark 1.6 we get, G(q,q1,q1) = 0, that is, ¢ = ¢1.

G(q,q1,q1) = G(fp, fp1, fp1)
G(q, 1, q1) +G(ql q, )}

IN

G(g,q1,q) G(¢. 1q1) + Gla1, ¢, q)]

A
<2
-2
A
Q7Q17q1 ( 2 A ) G(Q17Q>q)]
2

Again by same argument,

G(q1,9,9) < (K)[G(g,q1,q1)]

So
G(q, a1, q1) < K*[G(q1,¢.q)], since K <1

Then this implies that ¢ = ¢;.

Since ¢ = f(p) = g(p) is the unique point of coincidence of f and
g, and f and g are weakly compatible, ¢ is the unique common fixed
point of f and g by Proposition 3.1 [13]. O

Theorem 3.8. Let (X,G) be a G-cone metric space. Suppose that
(f,9) is AJ’s pair, and that for some constant (0,1) and for every
x,y € X, there exists

(3.18)
u=u(z,y,2) € {G(gx‘,g%gz)? Glgz, fz, f) -QF G(gy, 1y, fy),

G(gz, fy, fy) + G(gy, f, fr)}
2 )

such that
(3.19) G(fx, fy, fz) < M.

Then f and g have a unique coincidence point in X. Moreover, if
f and g are weakly compatible, f and g have a unique common fized
point.

Proof. Let o € X, and let z; € X be such that gz, = fzg = yo.
Having defined x,, € X, let x,,,1 € X be such that gz, 1 = fr, = yn-
We first show that

(3-20) G(yn:ynJrlaynJrl) é )\G(ynflaynayn) for n 2 1
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Notice that

(3-21) G(?menﬂa yn+1) < G(fxm fxng1, fl‘n+1) < Au,
where

(3'22) Up € {G(gxnagxn+17gxn+1)a

G(gl‘nv fx’m fxn) + G(gxn—l-lu fxn—‘rl) fmn—l-l)

2 ;
Glgn, fnsr, Snn) + Glgtnir, on, [n)
2
G n—1, Jdny, In G ny Un s Un
u € {G(yn_hymyn)’ (Yn—1,Un, ¥ )+2 (Yn» Unt1, Y +1)’

G(ynflv Yn+1, yn+1) }
2

As in Theorem 3.1, we have to consider three cases.
If = G(Yn—1,Yn,Yn), then clearly (3.20) holds.
If U = G(ynfhyn,y7L)+G(yn7yn+17yn+1)} then

2
from (3.19) with z = x,,, y = x,41 and z = x,41, we have

GWYn-1,Yn> Yn) + GWns Yns1, Un
(3.23) G(yn7yn+1ayn+1)§)\{ (Yn—1, Yn: Yn) (y y+1y+1)}

2

Gn*?n?n Gn?n I
\ (y 12@/ y)+ (y y;yﬂ)

IN

Hencea G(yn7yn+17yn+1) S AG(yn—laynayn)v and in this case (320>
holds. Finally, if u = G(Yn—1, Yn+1, Yns1)/2, then

G n—1» n b n

(3.24) Gy Ynsrs Yos1) < Ao 92“ Yn+1)
<\ { G(yn—la Yn,s yn) + G(yna Yn+1, yn+1) }
- 2

GTL—??’L??’L GTL7n 1y JIN
A (y 12y y)+>\ (?/ ?/2+1?J+1)

and (3.20) holds. Thus, we proved that in all three cases (3.20) holds.

Now, from the proof of Theorem 3.1,we know that {gz,.1} =
{fz,} = {yn} is a cauchy sequence. Hence, there exists ¢ in g(X)
and p € X such that gz, — ¢, n — oo and g(p) = q.

<



106 ANJU PANWAR, RENU CHUGH AND SEEMA MEHRA

Now we have to show that fp = ¢. For this we have

(3.25) G(fp,q.q9) < G(fp, frn, fzn) + G(fn,q,q)

where

(3:26)  wn € {G(gzx g, o), LT P) +§ (6%, fm Fon)

G(gp, frn, frn) + G(g2n, [, [P) }
2

Let 0 < ¢. Clearly at least one of the following three cases holds for
infinitely many n.

Case 1.
C C
(3.27)  G(fp.q,q) < AG(9p, gn, gxn) + G(fTn,q,q) < X+ > t3
Case 2.
(3.28)
G :L‘na x’m Ty + G ) )
G(fp.q,q) <A (92n, f2n, / ; op. /7. /7) + G(fTn,q,q)
- 2>\G(f$nagl’nugl'n;+ G(fp,gp, gp) G(fanq.q)
S )‘G(fxﬂm q, Q) + )‘ : G(fp7 q, Q) + G(fxﬂn q, Q)7
(3.29) G(fp.q,q9) —AG(fp,q,q) < A+ 1)G(fzn,q,q)
A+1
G(fPaQaQ) S mG(fLE?hqaq)
AHlel-N
1—x rt+1 ¢
Case 3.
G s JTn, JTn) + G Ty )
G(fp,q,q) <A (g, fn, | >2 (92n, /P, /7) + G(fn,q,q)
< o2 G20, 9P, 9P) J;G(fp’ 9%, §%n) | G(fZn,q,q)

<AG(fn,q,q) + X G(fp,q,q9) + G(frn, q,q)
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G(fp,q,q) = AG(fp,q,q) < AN+ 1)G(frn, q,q)
A+1

G(fp,q,q) < 1—G(fxn,q,q)
A+1 ¢(1—=X)
1—X A+1

In all cases we obtain G(fp,q,q) < c for each ¢ € int P. Using
Remark 1.2(ii), it follows that G(fp,q,q) =0 or fp =gq.

Thus we showed that f and g have a coincidence point p € X, that
is, point of coincidence ¢ € X such that ¢ = fp = gp. If ¢; is another
point of coincidence then there is p; € X with ¢ = fp1 = gp:1. Now
from (3.19), it follows that

(3.30) G(q,q1,q1) = G(fp, fp1, fr1) < M,

where

G(gp, fp, fp) + Glgpy, fp1,
ue{G(gp,gphgpl)7 (gp, fp, p) > (gp1, fr fpl)’

G(gp, fp1, fp1) + G(gpy, fp, [p) }

2
G s Yy +G 5 s G , , _|_G .q,
= {G(q,ql,ql), (9.4,9) ) (a1, 0 Q1)7 (¢, ¢ q1)2 (q1,9 q)}
G(q,q1,q1) + Gla1, g,
= {G(an1,91>70, (q @ CI1)2 (Q1 q q)}

This implies
G(Q,thh) = G(f]% fphfpl)

Glg, 01, 01) + Glar, 4,
< )\{G<q7QI7Q1),0, (4 @ QI)2 (¢1,4q q)}_

By Remark 1.6 we get, G(q,q1,q1) = 0, that is, ¢ = ¢1.

G(%Qh(ll) = G(fp, fplafpl)
G(q, 1, 1) +G(q1 q, )}

IN

G(q,q1,q1) G, 1qn) + G(a1, ¢, q)]

A
/\
=3
A
G(¢, a1, q1) ( L5 = ) [G(a1. 4, 9)]
2
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Again by same argument,

G(q1,9,9) < (K)[G(q,q1,q1)]

So
G(q,q1,q1) < K’[G(qr,q,q)], since K < 1

Then this implies that ¢ = ¢;.

If f and g are weakly compatible, then as in the proof of Theo-
rem 3.1, we have that ¢ is a unique common fixed point of f and g.
Hence proved the theorem. 0

Now we generalize results of G. Jungck, S. Radenovic, S. Radojevic
and V. Rakocevic [7] in G-cone metric space by extending number of
factors also.

Theorem 3.9. Let (X,G) be a G-cone metric space. Suppose that
(f,g) is AJ’s pair, and that there exist nonnegative constants a; satis-

7
fying > a; < 1 such that, for each x,y € X
=1

(3.31)

G(f.%', fya fZ) < alG(gajagyagz) + CLQG(Q.T, fa:a ffl?) + a3G(gy7 fy7 fy)
+asG(g, fy, fy) + asGgy, [z, [2)
+ QGG(gza fxa fiL‘) + a7G(gz, fzv f’2>

Then f and g have a unique coincidence point in X. Moreover if f
and g are weakly compatible, f and g have a unique common fixed
point.

Proof. Let us define the sequences x,, and ¥, as in the proof of Theo-
rem 3.1. We have to show that

(3.32)
G(yn7yn+l7yn+1) S /\G(yn—laynyyn) for some A € (07 ]-)7 n Z 1.

G(Yns Ynt1, Yn+1) = G([Tn, i1, fTni),
< a1G(Yn-1,Yn; Yn) + @2G(Yn—1,Yn, Yn)
+ a3G (Yns Ynt1, Ynt1) + @G (Yn—1, Ynt1, Ynt1)
+ a5G(Yns Yns Yn) + a6G (Yns Yns Yn)
+ a7G(Yns Ynt+1, Yn1)
G(Yn, Ynt1, Ynt1) < (a1 + a2 + 1) G (Yn—1, Yn, Yn)
+ (a3 + a7)G(Yn, Ynt1, Ynt1),
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where A = (a; +as +a4)(1 —az —az)~' € (0,1) and we get (3.32).
Now, from the proof of Theorem 3.1, we know that {gz,+1} = {fz,.} =
{yn} is a Cauchy sequence. Hence, there exist ¢ in g(X) and p € X
such that gz,, — ¢, n — oo and gp = q.

We have to show that fp = ¢. For this we have

(3.33)

G(fp.a,9) < G(fp, [on, frn) + G(f2n, ¢, q)
< a1G(gp, gn, gn) + asG(gp, fp, fp) + a3G(gTn, fTn, f2n)
+ asG(gp, [n, frn) + asG(gzn, fp, fP)
+ asG(92n, D, fP) + 1G(9Tn, 90, gT0) + G(fTn, q, q)
< a1G(q, 9%n, 970) + a2G(q, P, D) + a3G (90, fTn, f7,)
+ asG(q, fn, frn) + (a5 + ag)G(gTn, fp, D)
+G(frn, ¢, 9)
< a1G(q, 9, 97n) + 202G (fp, ¢, q) + 203G (fn, ¢, q)
+ 204G (f2n, ¢, @) + 2(as + ag)G(fp,4,9) + G(f2n, q,q)
< 2(ag + as + as)G(fp, ¢, q) + (2a3 + 2a4 + 1)G(f2,,q,q)

2as + 2a4 + 1
G(fp,q,9) ( ’ . )G(fa:n,q,q}

20,2 — 2&5 — 2@6

2a3 + 2a4 + 1 ¢ (1 —2ay — 2a5 — 2ag)
1 —2ay — 2a5 — 2ag 2a3 + 2a4 + 1

< c.

Then according to Remark 1.2(ii), G(fp,q,q) = 0, that is, fp = q.
Thus we showed that f and g have a coincidence point p € X that

is, point of coincidence ¢ € X such that ¢ = fp = gp. If ¢; is another

point of coincidence then there is p; € X with ¢ = fp; = gp1. Now,

G(q,q1,q1) = G(fp, fp1, fp1)
< a1G(gp, gp1, gp1) + a2G(gp, fp, fp) + asG(gpy, fp1, fp1)
+asG(gp, fpr, fr1) + asG(gpr, fp, fp) + asG(gp1, fp, fp)
+ a7G(gp1, fp1, fm)
< a1G(q, 1, q1) + a2G(q, ¢, 9) + a3G(qr, 41, 1)
+asGt(q, q1, 1) + asG(q1, ¢, 9) + asG (a1, 4, q)
+ a7G(q1,q1, 1)
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S (al + a4)G(Q7 q1, Ch) + (CL5 + a6)G(QI7 q, Q)

as + ag
G <|(——=)\)G
(Q>Q17Q1) = (1-@1—(14 ) (q17QaQ)
Again by same argument,

So

G(q,q1,q01) < N[G(q1,q,q)], since A < 1
Then this implies that ¢ = ¢;. f and g are weakly compatible, then
as in the proof of Theorem 3.1, we have that ¢ is a unique common
fixed point of f and ¢g. Hence proved the theorem. O

Corollary 3.10. Let (X, d) be a cone metric space. Suppose that (f, g)
1s AJ’s pair, and that there exists nonnegative constants a; satisfying

5
> a; < 1 such that, for each z,y € X
i=1

+ asd(gz, fy) + asd(gy, fz).
Then f and g have a unique coincidence point in X. Moreover if f

and g are weakly compatible, f and g have a unique common fixed
point.

Here, we prove the common fixed point theorem for three mappings:

Lemma 3.11. Let X be a non-empty set and the mappings S, T, f :
X — X have a unique point of coincidence v in X. If (S, f) and
(T, f) are weakly compatible, then S, T and f have a unique common
fized point.

Proof. Since v is point of coincidence S, T" and f. Therefore, v =
fu = Su = Twu for some u € X. By weakly compatibility of (.S, f) and
(T, f) we have

Sv=Sfu=fSu= fv and Tv=Tfu= fTu= fv.

It implies that Sv = Tv = fv = w (say). Then w is a point of
coincidence of S, T" and f. Therefore, v = w by uniqueness. Thus v
is a unique common fixed point of S, T" and f. U

Theorem 3.12. Let (X,G) be a G-cone metric space and the map-
pings S, T, f: X — X satisfy:

(3.36) G(fx, fy, fz) < AG(Sx, Ty, T=z)
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forallz,y,z € X where0 < X\ < 1. If f(X) C S(X)NT(X) and if one
of S(X) and T'(X) is complete, then S, T and f have a unique point
of coincidence. Moreover if (S, f) and (T, f) are weakly compatible,
then S, T and f have a unique common fized point.

Proof. Let xg be an arbitrary point in X. Then fxg € X. Since f(X)
is contained in S(X), there exists a point 1 in X such that fzo = Sz;.
Since f(X) is also contained in T'(X), we can choose a point x5 in X
such that frxy; = Txe. Continuing this process and having chosen x,,
in X. We obtain z,,; in X such that

Jrorp1 = Tropyo frop = Sxopqr, k=0,1,2,....
Then,
G(fror, fronsr, fronsr) < AG(Swok, Topy1, TTok41)
= \G(frorn—1, fTar, fror).
Similarly,

G(frams1, franre, fronre) < AG(Swopi1, To2p12, To2412)
= NG (fwon, frori1, fTors1)

Now by induction, we obtain for each £ =0,1,2, ...,

G(fronsr, fronra, [Torya) < NG (fo, fa1, f2r).
Let
yn:fl’n, n:071,2,....

Now for all n, we have

)‘G<yn*17 Yn, yn)

G(ynayn+layn+1> <
< < NG (Yo, Yas 1)

Now for any m > n,

G(yna Ym, ym) S G(yna Yn+1, yn—H) + G(yn-i-h Yn+2, yn+2)
+ G(yn+27 Yn+3, yn+3) + o+ G(ymflv Ym,s ym)
A A2 4+ NG (o, Y1, 1)
)\m
< —0q
=712\ (y07y17y1)
Let 0 < ¢ be given. Choose § > 0 such that

c+{xeE |z <} CP

IA
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Also, choose a natural number N, such that

A
mG(yO,yl,yl) e{x e E:|z| <d}, foralln> Nj.
Then
A
mG(ymyl,yl) < ¢, for all n € Nl.
Thus,
m>n Z Nl = G(ynvy’ﬂmym) S mG(y()?yhyl) < c,

it implies that {y,} is a Cauchy sequence. Since S(X) and 7'(X) both
are complete, there exists u,v € X such that y, — v = Su = Tu.
Choose a natural number N, such that

G(Yn,v,v) <K z, for all n > Ns.
Hence, for all n > N,

G(Su7 fu7 fu) S G(SU, Yon+2, y2n+2) + G(y2n+27 fua fu)

S G(Ua Yon+2, y2n+2) + G(f$2n+27 fu7 fU)
< G(v, Y2nt2, Yont2) + AG(Sxans2, Tu, Tu)
S 2G(y2n+27 v, U) + G<y2n+17 TU, TU)

< c n c 3c
2 4 4
Thus
G(Su, fu, fu) < i, for all m > 1.
m
So,

% — G(Su, fu, fu) € P, for all m > 1.

Since — — 0 (as m — o0) and P is closed, —G(Su, fu, fu) € P, but
m
PN (—P) ={0}. Therefore, G(Su, fu, fu) = 0. Hence fu = Su.
Similarly, by using

G(TU, fu7 fU) S G(TU, Yon+2, y2n+2) + G(y2n+27 fua fU),

we can show that fu = Twu, it implies that v is a common point of
coincidence of S, T" and f that is v = fu = Su = Tu.

Now we show that f, S and T have unique point of coincidence.
For this, assume that there exists another point v* in X such that
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v* = fu* = Su* = Tu* for some u* in X. Now,

G(v,v*,v") = G(fu, fu*, fu*) < AG(Su, Tu*, Tu")
< AG(v,v*,0%)

This implies that v* = v. If (S, f) and (T, f) are weakly compatible,

by

Lemma 3.1, S, T" and f have a unique common fixed point. O
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