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PSEUDO STRONGLY ¢-CONTINUOUS FUNCTIONS

DAVINDER SINGH

Abstract. A new class of functions called ’'pseudo strongly 6-
continuous’ functions is introduced. Their place in the hierarchy of
variants of continuity which already exist in the literature is high-
lighted. The interplay between topological properties and pseudo
strong f-continuity is investigated.

1. INTRODUCTION

Strongly #-continuous functions were introduced by Noiri [24] and
almost strongly #-continuous functions are due to Noiri and Kang
[25]. A new class of functions called 'pseudo strongly #-continuous’
functions is introduced, which properly contains each of the classes of
(i) quasi @-continuous functions [26] (ii) (almost) strongly #-continuous
functions ([25] [24]) and (iii) pseudo Ds-supercontinuous functions [15]
and is contained in the class of slightly continuous functions [6]. The
organization of the paper is as follows: Section 2 is devoted to prelim-
inaries and basic definitions. In Section 3 we introduced the concept
of pseudo strongly #-continuous functions, wherein examples are in-
cluded and observations are made to reflect upon the distinctiveness
of the notion so introduced from the existing ones in the literature.
Section 4 is devoted to study their basic properties and in Section 5
we discuss the interplay between topological properties and pseudo
strongly 6-continuous functions.
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2. PRELIMINARIES AND BASIC DEFINITIONS

A subset A of a topological space X is called a regular Gs-set [22] if
A is an intersection of a sequence of closed sets whose interiors contain
A e, if A= () F, = () F,, where each F), is a closed subset of

n=1 n=1

X (here F, denotes the interior of F,). The complement of a regular
Gs-set is called a regular F,-set. Any union of regular Fj,-sets is
called ds-open [10]. The complement of a ds-open set is referred to
as a ds-closed set. A point x € X is called a #-adherent point [31]
of A C X if every closed neighourhood of x intersects A. Let cly A
denote the set of all #-adherent points of A. The set A is called 6-
closed [31] if A = clyA. The complement of a #-closed set is referred
to as a f-open set. A subset A of a space X is said to be regular
open if it is the interior of its closure, i.e., A = A". The complement
of a regular open set is referred to as a regular closed set. A union
of regular open sets is called é-open [31]. The complement of a §-open
set is referred to as a d-closed set.

Definition 2.1. A function f : X — Y from a topological space X
into a topological space Y is said to be

(a) supercontinuous [23](Ds-supercontinuous [10]) if for each
x€X and for each open set V' containing f(x), there exists a reqular
open set (reqular Fy-set) U containing x such that f(U)CV.

(b) strongly 0-continuous (][20] [24]) if for each x € X and for each
open set V' containing f(x), there exists an open set U containing x
such that f(U) C V.

(¢) Ds-continuous [11] (z-continuous) [27]) if for each point
x € X and each reqular F, set (respectively cozero set) V containing
f(z), there is an open set U containing = such that f(U) C V.

(d) almost continuous [28] (faintly continuous [21]) if for
each point x € X and each reqular open set (respectively 0-open set)
V' containing f(x), there is an open set U containing x such that
fu)cVv.

(e) 8 -continuous (3] if for each x € X and each open set V contain-
ing f(z), there exists an open set U containing x such that f(U) C V.
(f) weakly continuous [19] if for each x € X and each open set V
containing f(x) there exists an open set U containing = such that
f(U)CV.

(g) quasi 0-continuous function [26] if for each x € X and each
0-open set 'V containing f(x) there exists an 0-open set U containing
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z such that f(U) C V.

(h) slightly continuous [6)'if f~1(V) is open in X for every clopen
setV CY.

(i) ds-mapl12] if for each reqular F,-set U in Y, f~1(U) is a reqular
F,-set in X.

(j) almost strongly 6-continuous [25] if for each x € X and for
each reqular open set V' containing f(x), there exists an open set U
containing x such that f(U) C V.

(k) pseudo z-supercontinuous [16] if for each x € X and for each
reqular Fy-set V' containing f(z), there exists a cozero set U contain-
ing © such that f(U) C V.

(1) 0-continuous [24] if for each x € X and for each regular open
set V' containing f(z),there exists a reqular open set U containing x
such that f(U) C V.

(m) quasi (pseudo)supercontinuous [29]if for each x € X and
for each 0 open set (regular Fy-set) V' containing f(x),there ezists a
reqular open set U containing = such that f(U) C V.

(n) almost (respectively quasi, respectively pseudo) Ds-
supercontinuous([17] [15]) if for x € X and for each regular open
set (respectively 0-open set, respectively reqular F,-set) V containing
f(z) there exists a reqular Fy-set U containing x such that f(U) C V.

Definition 2.2. A space X is said to be

(i) Ds-Hausdorff [11] ( 6-Hausdorff [2] [30]) if every pair of

distinct points in X are contained in disjoint reqular F,-sets ( 0-sets).

(ii) DsTy-space [15] if for each pair of distinct points x,y in X, there

is a reqular Fy-set U containing one of the points = and y but not

both.

(ili) weakly 0-normal [13] (weakly 6-normal [7]) if for every pair

of disjoint reqular Gs-sets (0-closed sets) A and B, there exist disjoint

open sets U and V containing A and B, respectively.

(iv) Ds-compact [12] (6-compact [8] [5]*) if every cover of X by

reqular F,-sets (0-open sets) has a finite subcover.

(v) Ds-completely regular [14] if it has a base of reqular F,-sets.
(vi) O-completely regular [30] if for each 6-closed set F' and a

point x ¢ F, there exists a continuous function f : X — [0,1] such

that f(z) = 0 and f(F) = 1.

Lslightly continuous functions have been referred to as cl-continuous in ([11]
[18])

29-sets have been called f-compact by Jafari [5]. For example of a -set which
is not f-compact see [8, Remark 2.2]
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Definition 2.3. A subset S of a space X is said to be regular G-
embedded [1] in X if every reqular Gs-set in S is the intersection of
a reqular Gs-set in X with S; or equivalently every regular F,-set in
S is the intersection of a reqular F,-set in X with S.

Definition 2.4. A filter F is said to uf-converge [8] (ds-converge

[10])to a point x, written as F SN x(F SN x)if every 0 open set
(reqular Fy-set) of x contains a member of F.

Definition 2.5. A net (z,) in a topological space is said to uf-

converge [8] to x, written as (z,) 5w, if for each 0 open set
V' containing x it is eventually in V.

Definition 2.6. A net (x,) in a topological space is said to ds-

converge [10] to x, written as(x,) SN x,if for each regular F,-set V
containing z the net (x,) is eventually in V.

Definition 2.7. Let (X, 7) be a topological space.

i) Let By, denote the collection of all reqular F,-sets. Since the
intersection of two reqular F,-sets is a reqular F,-set, the collection
By, is a base for a topology 14, on X such that T4, C 7. The topology
Tas has been used in [10], [11].

ii) Let By denote the collection of 0-open sets of the space (X, ).
Since arbitrary unions and finite intersections of 6 -open sets are 0-
open, the collection By is indeed a topology on X. We shall denote
this topology by 9. The topology T4, has been extensively referred to
in the literature (see [21], [31]).

3. PSEUDO STRONGLY #— CONTINUOUS FUNCTIONS

A function f : X — Y from a topological space X into a topological
space Y is said to be pseudo strongly 0— continuous at x € X
if for each regular Fj,-set V' containing f(z) there exists an open set
U containing = such that f(U) C V. The function f is said to be
pseudo strongly #-continuous if it is pseudo strongly #-continuous at
each r € X.

The following diagram supplements the diagrams already existing in
the literature and well reflects the place of pseudo strong #-continuity
in the hierarchy of variants of continuity that already exist in the
lore of mathematical literature. It also well depicts the relations and
interrelations that exist among pseudo strong #-continuity and other
variants of continuity existing in the literature.
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Dj-supercontinuous — strongly 8- continuous —  superconhnuous —continuous

l l l l

almost Dz supercontinuous — almost strongly B-continuous— §-continuous —almost continuous

/

i 1 - continuous — weakly continuous
quasi Ds-superconhnuous —quast 8- continuous —  quast supercontinueous —  fawntly centinuous
pseudo D;- supercontinuous — pseudo strongly 8- continuous — pseudo supercontinuons

slightly continuous +— z-continucus «— D;- continuous

Figure 1

However, none of the above implications is reversible as shown by ex-
amples in [11], [23], [24], [29] and the following examples/observations.

3.1 Example: Let X denote the skyline space due to Heldermann
[4] which is a Tj-regular space but not a Ds-completely regular space.
Then every Ds-continuous function from f : X — Y is pseudo strongly
f-continuous but fails to be pseudo Ds -supercontinuous.

3.2 Example: Let X = {a,b,c,d} with topology 7 =
{0, X, {a},{b,c},{a,b,c}} and let Y be the skyline space due to Hel-
dermann [4] which is a Tj-regular space. Let f: X — Y be defined as
fla)= f(b) = f(c)=p~, f(d) = p*. Then f is pseudo strongly 6 con-
tinuous, since Y is the only regular F,-set containing both p~ and p*
but it is not quasi supercontinuous as V' (¢) = {(z,y) : ¢ < x} U {p* }is
a f-open set containing ptand its inverse image is not even open.

3.3 Example: Let N be the set of positive integers. Define a topol-
ogy 7 on N by taking every singleton consisting of an odd integer to
be open and a set U C Nis open if for every even integer p € U, the
predecessor and successor of p are also in U. Let Y = NU{oco} denote
the one point compactification of the space (N, 7). Let X = {a,b, ¢, d}
be equipped with the topology 7 = {0, X, {a}, {b, ¢}, {a,b,c}}. Then
f: X — Y defined as f(a) = f(b) = f(c) = 2, f(d) = oo is quasi
supercontinuous but not pseudo strongly 6 continuous.

3.4 Proposition: If X is a reqular space and f : X — Y is Ds-
continuous, then f is a pseudo strongly 0-continuous function.

Proof:In a regular space every open set is #— open.

3.5 Proposition: Every pseudo strongly 0-continuous function into a
Dgs-completely regular space is strongly 6-continuous.
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Proof: Let V be an open set in Y. Since Y is Ds-completely
regular, V' = U,V,, where each V, is a regular F,set. Again, since f
is pseudo strongly f-continuous, f~1(V) = f~1(U,V,) = Unf 1 (Va),
where each f~!(V,) is #—open in X and since arbitrary unions of 6
open sets is 6 open so f~1(V) is 6 open.

3.6 Proposition: Every ds-map f : X — Y s pseudo Ds-
supercontinuous.

3.7 Proposition: Let f: X — Y be a pseudo strongly 0-continuous
function. If g Y — Z is Ds-supercontinuous (respectively almost Dy-
supercontinuous, respectively quasi Dg-supercontinuous,respectively
pseudo Dgs-supercontinuous, respectively z-continuous), then g o f
is strongly 0-continuous (respectively almost strongly 6-continuous,
respectively quasi 0-continuous, respectively pseudo strongly 0-
continuous, respectively z-strongly 0-continuous).

4. BASIC PROPERTIES OF PSEUDO STRONGLY #-CONTINUOUS
FUNCTIONS

4.1. Theorem: For a function f : (X,7) — (Y,v) the following
statements are equivalent.
(a) f is pseudo strongly 0-continuous.
(b) For every x € X and for each regular F,-set V containing f(z),
there exists a 0-open set U containing x such that f(U) C V.
(c) f_l(V) is O-open in X for every reqular F,-set V C Y.
(d) f7YV) is B-open in X for every ds-open set V C Y.
(e) f~YB) is O-closed in X for every reqular Gs-set B CY.
(f) f~Y(B) is O-closed in X for every ds-closed set B CY.
(g) The function f: (X, 19) = (Y, v4,)is continuous.
(h) The function f:(X,7) = (Y,va,) is strongly 0-continuous.
(i) The function f: (X, 7'9) (Y, v) is Ds-continuous.
()

j) For every filter F with F SN x, we have f(F) LN f(z).

(k) For every net (z,) in X with (x,) %, we have f(za) sy f(x).
Proof: (a) = (b): Let f be a pseudo strongly 6-continuous func-
tion. Let x € X and V be an open set containing f(x). So there
exists an open set W containing x such that f(W) C V. Then
r €W c (W) c fYV),where f~1(V) is a f-open set. Let
U = (V). Then [(U) = f(J (V) € V.

(b)) = (c¢): Let V. C Y be a regular F,-set. Let z € f~1(V).
Since f () € V, there exists a 6’ open set U, containing x such that
f(U,) CV. Then z € U, C f~'(f(U,)) € f~(V). It follows that
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f7Y(V)= | U, is a union of f-open sets, hence it is a f-open
zef=1(V)
set.

(¢) = (d): Let V be a ds-open set in Y. Then V = U,V,, where each
V, is a regularF,-set in Y. Now f~1(V) = f~H(U.V,) = Uaf " (Va),
where each f~1(V,) is —open in X by (c) and since arbitrary unions
of 6—open sets are §—open, f~1(V) is §—open.

(d) = (e): Let B be a regular Gs-set in Y. Then Y \ B is reg-
ular F,-set. Since every regular F,-set is ds-open, therefore by (d)
7YY N B) = X \ fYB) is f-open and hence f~!(B) is §-closed.
(e) = (f): Every ds-closed set B C Y is an intersection of regular
Gs-set, hence f~!(B) is an intersection of f-closed sets.

(f) = (g9): Let B be a closed set in (Y, vy, ), hence ds-closed in (Y, v).
By (f), f~Y(B) is f-closed in (X, 7), hence closed in (X, 7p).

(g9) = (h): Let V be an open set in (Y, vg4). By (g), the set f~1(V) is
open in (X, 7p) and so is #-open in (X, 7).

(h) = (i): This follows from definitions 2.1 and 2.7.

(i) = (j): Let V be a regular F,-set in Y containing f(z). By (i)
f7Y(V) is open in (X, 7y) which implies f~*(V) is f-open in (X,7)
Since F - 1, there exists a member G € JF such that G € 4V
Clearly f(G) C V and f(F) -2 f().

(7) = (k): Let (x,) 0 %, and let F..be the filter generated by (z,).
Then each #-open set containing x contains a member of F, and so

Fo., N By (j) we have f(F,,) s f(z), which in turn implies

that Fre.) o, f(z). Thus every regular F,-set V' containing f(z)
contains a member of Fy jand so f(z,) is eventually in V' and thus

f(za) = f(@).

(k) = (a): Suppose f is not pseudo strongly f-continuous at x. Then
there exists a regular F,-set V' containing z such that f(U) ¢ V for
every f-open set U containing x. Thus for every #-open set U contain-
ing x, we can choose xyy € U such that f(zy) ¢ V. But then (zp) is

d
a net in X such that (zp) % ., but flzy) 7L6> f(x).

4.2 Theorem: If f : X — Y is a pseudo strongly 6-continuous
function and g :'Y — Z is ds-map, then g o f is pseudo strongly
0-continuous.

4.3 Corollary: If f : X — Y is pseudo strongly 0-continuous and
g:Y — Z is continuous, then the composition go f is pseudo strongly
0-continuous.



134 D. SINGH

4.4 Theorem: If f : X — Y is pseudo strongly 0-continuous and
A C X. Then the restriction fl|A : A — Y is pseudo strongly
0-continuous, further, if f(A) is regular Gs-embedded in Y, then
flA: A — f(A) is pseudo strongly 0-continuous.

4.5 Theorem: If f : X — Y is pseudo strongly 6-continuous and Y is
a subspace of Z, then g : X — Z defined by g(x) = f(x) for all z € X
18 pseudo strongly 0-continuous.

4.6 Theorem: If f : X — Y is pseudo strongly 0-continuous and
f(X) is reqular Gs-embedded in Y, then f : X — f(X) is pseudo
strongly 0-continuous.

4.7 Theorem: Let f : X — Y be a function. Then the following
statements are true.

(a) Let {U, : o € A} be a O-open cover of X and suppose that
fo = flUs is pseudo strongly 6-continuous for each . Then f is
pseudo strongly 0-continuous.

(b) Let {F;:i=1,...,n} be a 0-closed cover of X and suppose that for
each i =1,...,n, f; = f|F; is pseudo strongly 0-continuous. Then f is
pseudo strongly 0-continuous.

Proof: (a) Let V be a regular F,-set in Y. Then f~'(V) =
U{f, (V) : @ € A}. Since each f, is pseudo strongly 6-continuous,
each f; (V) is f-open in U, and hence in X. Since arbitrary unions
of f-open sets is f-open, f~1(V) is #-open and so f is pseudo strongly
f-continuous.

(b) Let F be any regular Gs-set in Y. Then f~Y(F) = UL, f, ' (F).
Since each f;(i = 1,...,n), is pseudo strongly #-continuous, f; ' (F) is
a O-closed set in F; and hence in X. Since finite union of 6-closed
sets is f-closed, f~!(F) is f-closed in X and so f is pseudo strongly
f-continuous.

4.8 Lemma ([29]): Let {X, : o € A} be a family of spaces and let
X = [[Xa be the product space. If x = (z,) € X and V is a requ-
lar F,-set in the product space containing x, then there exists a basic
reqular Fy-set [[V, such that x € [V, C V, where V,, is a reqular
F,-set in X, for each a € A and V, = X, for all but finitely many
a € A.

4.9 Theorem: Let {f, : X — X, : a € A} be a family of func-
tions and let f: X — [[,cn Xa be defined by f(x) = (fo(x)) for each
x € X. Then fis pseudo strongly 0-continuous if and only if each f,
15 pseudo strongly 6-continuous.

Proof: Suppose f is pseudo strongly #-continuous. Then for each
«a, we have f, = m, o f, where m, denotes the projection map
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Ty - HaeA Xo — X,. So, in view of Corollary 4.3, each f, is pseudo
strongly 6 continuous.

Conversely, suppose that each f, : X — X, is pseudo strongly 6-
continuous. To prove that f is pseudo strongly #-continuous, it suffices
to prove that f~1(U) is f-open for each regular F,-set U in the prod-
uct space [ [, o, Xo. Since arbitrary unions and finite intersections of
f-open sets is f-open, in view of Lemma 4.8 it is sufficient to prove
that f~1(S) is 6-open for every subbasic regular Fj,-set S in the prod-
uct space [],cp Xa- Let Ug X [[,cp Xao be a subbasic regular F,-set
in [Toey Xo Then f1(Us x Tl Xa) = £1(75 ' (U3)) = £7(Us) is
f-open in X and so f is pseudo strongly -continuous.

4.10 Corollary: Let f: X — Y be a function and g : X — X XY de-
fined by g(z) = (z, f(x)) for each x € X, be the graph function. Then
g 1s pseudo strongly 0-continuous if and only if f is pseudo strongly
-continuous.

Proof: The graph function can be written as g = 1x X f, where 1y
denotes the identity mapping defined on X.

4.11 Theorem: Let {f, : X, = Y, : o € A} be a family of functions
and let f: ][ cpn Xa = [laen Yo be defined by f((24)) = (fa(za)) for
each (o) € [[oen Xa- Then fis pseudo strongly 0-continuous if and
only if each f, is pseudo strongly 6-continuous.

Proof: Suppose that f is pseudo strongly #-continuous and let Vj
be a regular Fy-set in Y. Then Vg x ([[,.5Ya) is a subbasic regu-
lar Fi-set in the product space [], ., Yo. In view of pseudo strongly
f-continuity of f, f~1 (Vs X ([1azsYa)) = f71(Ve) X (Iosp Xa) is a
6-open set in [] X,. Consequently, f~1(V3) is a f-open set in Xz and
hence f3 is pseudo strongly #-continuous for each 8 € A.

Conversely, suppose that each f, is pseudo strongly #-continuous. Let
V=V x (I, 48 Y,) be a subbasic regular F,-set in the product space
[]Ya. Again since each f, is pseudo strongly #-continuous and since
FHV) = 7 Vs x (TMags Ya) = f5' (Ve) X (TTavp Xa), f7H(V) i 6-
open and so f is pseudo strongly 6-continuous.

4.12 Theorem: Let f, g : X — Y be pseudo strongly 0-continuous
functions from a space X into a Dgs-Hausdorff space Y. Then the
equalizer E = {x : f(z) = g(x)} of f and g is a 0-closed subset in X .

Proof: Let x € (X — E). Then f(z) # g(x), and so by hypothesis
on Y, there are disjoint regular F,-sets U and V' containing f(z) and
g(x), respectively. Since f and g are pseudo strongly f-continuous,
the sets f~1(U) and g~'(V') are #-open and contain the point x. Let
G = Y U)ng (V). Then G is a f-open set containing x and



136 D. SINGH

GNE =10. Thus E is 6-closed in X.

4.13 Corollary: The set of fized points of pseudo strongly 6-
continuous function into a Ds-Hausdorff space is 0-closed in X .

4.14 Theorem: Let f : X — Y be a pseudo strongly 0-continuous
function.  If X is 6 completely regular, then f is pseudo z-
supercontinuous.

Proof: Let x € X and let V be a regular F,-set containing f(x). Since
f is pseudo strongly #-continuous, there exists a 6 open set U contain-
ing = such that f(U) C V. In view of 6 complete regularity of X there
exists a continuous function h : X — [0, 1] such that h(x) = 0 and
h(X N\ U) =1. Then W = h7'[0,1) is a cozero set containing x and
contained in U, and f(W) C V. Thus f is pseudo z-supercontinuous.
4.15 Definition: Let f : X — Y be a function from a topological
space X into a topological space Y. The graph G(f) of f is said to
be 0-Ds-closed with respect to X x Y if for each (x,y) ¢ G(f) there
exists a 0-open set U containing x and a reqular F,-set 'V containing
y such that (U x V)NG(f) = 0.

4.16 Theorem: Let f : X — Y be a pseudo strongly 0-continuous
function from a space X into a Ds-Hausdorff space Y. Then G(f),
the graph of f is 0-Ds-closed with respect to X x Y.

Proof: Let (z,y) ¢ G(f). Then y # f(x). Since Y is Ds-Hausdorff,
there exist disjoint regular F,-sets V' and W containing f(z) and y,
respectively. Since f is pseudo strongly #-continuous, there exists a
6 open set U containing x such that f(U) C V C (Y — W). Conse-
quently, (U x W)NG(f) =0 and so G(f) is 0-Ds-closed with respect
to X xY.

5. TOPOLOGICAL PROPERTIES AND PSEUDO STRONGLY 6
CONTINUOUS FUNCTIONS

The following lemma will be of use in the sequel.

5.1 Lemma ([7] [9]): Let X be a topological space. A subset U of X
1s B-open if and only if for each x € U there exists an open set V
such thatx € V. CV C U.

5.2 Theorem: Let f : X — Y be a pseudo strongly 0-continuous
injection into a DsTy-space Y. Then X is Hausdorff. Moreover, if
Y is Ds-Hausdorff, then X is 0-Hausdorff.

Proof: Let 1,22 € X, x1 # x9. Since f is an injection, f(x1) # f(x2).
Now, since Y is a DgTy-space, there exists a regular Fj-set V' contain-
ing one of the points f(x1) and f(x2) but not both. For definiteness,
assume f(z1) € V. Since f is pseudo strongly 6-continuous, f~!(V))
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is a f-open set containing x;. By Lemma 5.1, there exists an open
set U such that (z;) € U C U C f~4(V)). Then U and (X \ U)
are disjoint open sets containing x; and w9, respectively and so X is
Hausdorft.

Now, if Y is Ds-Hausdorff, there exist disjoint regular Fj,-sets V;
and V5 containing f(z;) and f(x9), respectively. Then, in view of
Theorem 4.1, f~1(V}) and f~(V4) are disjoint #-open sets containing
1 and x, respectively and so X is a 6-Hausdorff space.

5.3 Theorem: Let f : X — Y be a pseudo strongly 6-continuous
surjection from a 6-compact space X onto a space Y. Then Y is a
Ds-compact space.

Proof: Let § = {B, : a € A} be a cover of Y by regular
F,-sets. Since f is pseudo strongly 6#-continuous, the collection
G = {fY(B,) : B, € 8} is a cover of X by f-open sets. Since X is
6-compact, there exists a finite subcollection {f~1(B,,)|i = 1,...,n} of
G which covers X. Now, since f is onto, {B,,|i = 1,...,n} is a finite
subcollection of S which covers Y. Hence Y is a Ds-compact space.
5.4 Theorem: Let f : X — Y be a pseudo strongly 6-continuous,
closed surjection defined on a weakly 6-normal space X. Then Y is
a weakly Ds-normal space.

Proof: Let A and B be disjoint regular Ggs-subsets of Y. Since
f is pseudo strongly #-continuous, f~*(A) and f~'(B) are disjoint
f-closed sets in X. Again, since X is a weakly #-normal space, there
exist disjoint open sets U and V containing f~'(A) and f~'(B),
respectively. Since f is a closed surjection, f(X \U) and f(X \ V)
are disjoint closed sets in Y. It is easily verified that Y ~ f(X \ U)
and Y ~ f(X \ V) are disjoint open sets containing A and B,
respectively. Hence, Y is a weakly Ds-normal space.

5.5 Theorem: Let f : X — Y be a pseudo strongly 6-continuous
injection which maps open sets in X to ds-open sets in Y. Then X
is a regular space.

Proof: To prove that X is a regular space, we shall show that every
open set in X is f-open. To this end, let U be an open set in X
containing x. Then by the hypothesis on f, f(U) is a ds-open set
containing f(z). Let f(U) = U,_, Va,where each V, is a regular Fj,-set
in Y. Since f is pseudo strongly 6-continuous, each f~1(V,) is open
in X. Since f is an injection, U = f~1(f(U)) = Uaerf 1 (Va). Again,
since an arbitrary unions of #-open sets is #-open, U is 6-open and so
X is a regular space.
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