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SOME APPROXIMATION PROPERTIES OF
¢-DURRMEYER-SCHURER OPERATORS
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Abstract. In recent years, there are many preoccupations in con-
struction and study of generalized version in g-calculus of well-known
linear and positive operators. In [5] is introduced a g-type of Schurer
Bernstein operators. We will propose a Durrmeyer variant of g-Schurer
operators of the form studied in [5]. Also, a Bohman-Korovkin type
approximation theorem of these operators is considered. The rate of
convergence by using the first modulus of smoothness is computed.

1. INTRODUCTION

It is well known the classical Bernstein operators B, : C[0,1] —
(0, 1] are defined for any f € C[0,1] by

Bu(fi2) = :Zopm,k(ﬁ)f (%) ,

where p,p(z) = (7)2"(1 — z)™ "
In [2], J.L. Durrmeyer introduced the integral modification of the
Bernstein operators:

Do) = (m+ 1) Y pata) [ ps(®rf(0)it
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Let p € N be fixed. In [7], Schurer introduced and studied the
operators

By, C[0,14 p] — C[0,1], defined by
m—+p
(1.1) Bo(f;x) mek ( ), where

() = (m ) e

In [1], D. Barbosu modified the operators (1.1) in Durrmeyer sense
as follows
~ m+p 1
Dm,p(f7 'T) = (m+p+1)z ﬁm,k(x)/ ﬁm,k(t)f(t)dtv where f S Ll[ov 1}

k=0 0

In recent years, there are many preoccupations in construction and
study of generalized version in g-calculus of well-known linear and
positive operators.

A. Lupag ([4]) introduced in 1987 a g-type of the Bernstein oper-
ators and in 1996 another generalization of these operators based on
g-integers was introduced by Philips ([6]).

We mention below certain basic definitions, which would be used
in the main results of this paper. Let ¢ > 0. For each nonnegative
integer k, the g-integer [k] and ¢-factorial [k]! are respectively defined
by

k

1—
1_qq y 4 7& 1a
k] =
k, q=1,

[K][k=1]---1], k>1,

1, k=0.
For the integers n, k satisfying n > k > 0, the g-binomial coefficients

are defined by '
HE =

k—1
(a+ b)f; = H(a + bg).
=0
For m,n > 0 the ¢-Beta function is defined as f,(m,n) :=
Jotm N1 — )i dgt.

We denote
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The g-analogue of integration (see [3]) in the interval [0, a] is defined

by
/O f(t)dqt = a(l — q) Zf(aqn>qn, 0<q<l.

Let p € N be fixed. For any m € N, f € C[0,p + 1], C. Muraru
([5]) constructs the class of generalized g-Schurer Bernstein operators
as follows

MOALE: ngpm ik ([[:;]]) , where

. m -+ S
D@5 7) = { A } 21— )yt w e 0,1].

Theorem 1.1. [5] The operators defined above satisfy the following
properties:

(1) B:n,p(eo;q;x) = 1;

(2) B, (er; ;) = 2t

[m]

(3) By (eai giw) = B (fm + pla? + o(1 — ),

where e;(z) = 27, j = 0,1,2 are the test functions.

2. ¢-DURRMEYER-SCHURER OPERATORS

In this section we propose a Durrmeyer variant of g-Schurer opera-
tors of the form studied in [5]. Let p € N be fixed. For any m € N,
f € C[0,p + 1] we introduce the following g-Durrmeyer-Schurer oper-
ators

(2.1)
m-—+p

Dy, (fiq;2) = % > g / @)k (q, qt)dqt,
=

where :

(22)  paalgr) = m [ m;p } 2M(p+ 1 —a)trh,

Theorem 2.1. The polynomials p;, . defined in (2.2) satisfy the fol-
lowing properties
m+p

1) Z ﬁ;,k(q; r) =
k=0
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m-+p

ooy xmtp]
(2) kZ:O[k]pm,k(qa T) = ol
(3) Z[k]zﬁ*m,k(q; T) = H {qm+p—1]2*+2(p+1)}.

Proof. Using the known identity

iﬂﬁ](hwwkl,

k=0
we have
m-+p m—+p
S it =3 [ () (=) 0
k=0
and
m+p m+p k mAp—k
~% . _ [m+p]! T T
Z[k]pm,k(%x) = [k—l]?[lm—z&)-p—k}! (ﬁ) (1 N ﬁ)
k=1 k=1 4
m+p—1 S L\ kL m+p—k—1
= Z [k [m+p—k—1]! <m> <1 o zﬁ)
k=0
m+p—1
_ x m+p—1 T b T Pl
= Im+plg D { K }(m) (1-5%),
k=0
= [m+ p]-%

p+1°

Applying the following well known property [k + 1] = 1+ g[k], we get

m+p . m+p [mtp—1] k m+p—k
;W%mm=[mﬂ;Hrﬁﬁ?@@(kﬁi
m+p—1 m k+1 +p—k—1
=t 30 Bt () (- ),
mip-2 m = k+2 = mtp—k—2
[m+p]{p+l+q I;) '[%%(1”1) (1_1’?>q }

m4p—2

" -9 = k42 . mtp—k—2
- [m+p]{p+1+q[m+pl] 3 { m+]f ](m) (1- m)q }
k=0
= [m—&-p]{pil +gm+p— 1]&}

= A {qm+p—12* +a(p+1)}
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Theorem 2.2. The q-Durrmeyer-Schurer operators defined in (2.1)
satisfy the following properties:

<1> D:n,p(eo; q; I’) = 17

* x(m 1
(2) Dj,(exiq;2) = Sty

% . q* [mAp] [mip—1]z*HpH) g(¢H1) 2 [m+pla+(p+1)2 (g+1)
(3) D (GQaQ7 ) [m+p+2][m+p+3] )

where ej(x) = a7, j =0,1,2 are the test functions.

Proof. For s =0,1,--- and by definition of ¢g-Beta function, we have

fop - (t)pmk(q qt)d t
— 1) fy e ((p+1)1) B (g, 9(p + 1)) dyt

S m_l_p 1 S m —
— (p_|_ 1) +1qk i fO tk+ (1 _ qt)q +p kdqt

— (p+1)*tigk m;p By (k+s+1, m+p—k+1)

(2.3)

_ s+1 k_[m+p]![k+s]!
= e+ D e

Using the above result we obtain

m—+p p+1
D:n,p(e(); q; J]) - [m;f;rl] Z q_kpjn k Q7 /0 ﬁjn,k(Q7 qt)dqt
m-+p
= Zﬁn,k(q; r) =
k=0
Using definition (2.1) of Dy,  and (2.3), for s = 1 one has

* m k *
D;, ,(taix) = Y0 TR B (0 @)

m T|m 1
= [mi*,;ig] P (L gk, (g5 7) = Clmttpit
and for s = 2, we have
(2.4)
2 m
Dy (%54:7) = g S [k + [k + 205, 4 (g, )

—mzw (L + )k + 1]+ ¢*[k] + ¢*[K]*} B 1 (0, @)

_ ¢ [maplmtp—1)z>+(p+1)q(g+1)*[mtplz+(p+1)*(¢+1)
[m~+p+2][m-+p+3] )

Remark 2.3. We have the following central moments
Dyt —xqx) = Dy (er;qix) —aDy, (€0 g x)
— (q [m+p] _ 1) la_i_ p+1

[mA4-p+2] [m+p+2]



82 C. V. MURARU AND A. M. ACU

Dy, ((t—x)%q2) = Dj,(exq;x) — 22Dy, (ex;q; ) +
+ xZD:%p(eo;q;x)

_ 4 _[m+p|[m~+p—1] [m+p] 2
N <q ot 2t prd 24 mpr T 1> v

2 [m+p] 2
+p+1) (q(q +1) [m+p+2][£+p+3] - [m+p+2]> x

+ (p+1)2 (g+1)
[m+p+2][m+p+3]*

Theorem 2.4. Let q,, € (0,1]. Then the sequence {Dy, (f;qm;x)}
converges to f uniformly on [0,1] for each f € C[0,p+ 1] if and only

Proof. The proof is based on the well known Korovkin theorem re-
garding the convergence of a sequence of linear and positive operators.
So, it is enough to prove the conditions

(2.5) nll_r}})o Dy, (€5 gm;x) = 2", i =0,1,2,

uniformly on [0, 1].

If g, — 1, then lim,, ,.[m] = 0o and for p a fixed natural number
lim,, 00 % = 1, lim,, 00 % = 1, hence (2.5) follows
from Theorem 2.2.

On the other hand, if we assume that for any f € C[0,p + 1],
1Dy, ,(f; @m; )} converges to f uniformly on [0, 1], then ¢, — 1. In
fact, if the sequence (g,,) does not tend to 1, then it must contain a
subsequence (g, ) such that g, € (0,1), gm, — qo € [0,1) as k — oo.
We have

lim Dy, (€15 Gmy; ) = (1 —qo)(p+ 1) + qor # 2.

k—o0

This leads to a contradiction. Hence, ¢, — 1.

3. THE RATE OF CONVERGENCE

We will estimate the rate of convergence in terms of modulus of
continuity. Let f € C[0,b]. The modulus of continuity of f de-
noted by ws(d) gives the maximum oscillation of f in any inter-
val of length not exceeding 6 > 0 and it is given by next relation
wy(0) = supy,_, <5 |f(y) — f(z)], =,y € [0,0] and posses the following
property
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Theorem 3.1. Let (¢,)m be a sequence satisfying g, — 1 asm — oo.
Then

Do (f5 @i ) = f(2)] < 207 (V/61m)
for all f € C[0,p+ 1], where
5 = Dy ((t = 202 G )
Proof. Since Dy, (eo;qm;-) = €, we have

‘D (fiqm;x)—f(z )‘

m—+p

p+1
= [mizt] Z G D (G )/ | £(t) = f ()] Brue(@ons Gt At
0
Using the follovvlng well known property of modulus of continuity

|ﬂw—fmﬂsMA®(“@ +Q

we get
1Dz, (f ami @) — f(2)]
m—+p p+
m 1 T
< Il qu i (Gmy @ )/0 <‘t r +1>pmk(Qm7Qm )dgnt

= (6_2D;kn,p ((t — x) G IL‘) + D:n,p(GOQ G :L‘)) ~wyr(0).
But, by Remark 2.3, limy, o0 D, , ((t = #)?; gm; ) = 0 because [m] —

00 as ¢m — 1. So, letting d,, = Dj, , ((t — x)? ) and taking 6 = /0.,
we get the result.
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