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Faculty of Sciences
Scientific Studies and Research
Series Mathematics and Informatics
Vol. 23 (2013), No. 1, 77 - 84

SOME APPROXIMATION PROPERTIES OF
q-DURRMEYER-SCHURER OPERATORS

CARMEN VIOLETA MURARU AND ANA MARIA ACU

Abstract. In recent years, there are many preoccupations in con-
struction and study of generalized version in q-calculus of well-known
linear and positive operators. In [5] is introduced a q-type of Schurer
Bernstein operators. We will propose a Durrmeyer variant of q-Schurer
operators of the form studied in [5]. Also, a Bohman-Korovkin type
approximation theorem of these operators is considered. The rate of
convergence by using the first modulus of smoothness is computed.

1. Introduction

It is well known the classical Bernstein operators Bm : C[0, 1] →
C[0, 1] are defined for any f ∈ C[0, 1] by

Bm(f ;x) =
m∑
k=0

pm,k(x)f

(
k

m

)
,

where pm,k(x) =
(
m
k

)
xk(1− x)m−k.

In [2], J.L. Durrmeyer introduced the integral modification of the
Bernstein operators:

Dm(f ;x) = (m+ 1)
m∑
k=0

pm,k(x)

∫ 1

0

pm,k(t)f(t)dt.

————————————–
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Let p ∈ N be fixed. In [7], Schurer introduced and studied the
operators

B̃m,p : C[0, 1 + p]→ C[0, 1], defined by

(1.1) B̃m,p(f ;x) =

m+p∑
k=0

p̃m,k(x)f

(
k

m

)
, where

p̃m,k(x) =

(
m+ p

k

)
xk(1− x)m+p−k.

In [1], D. Barbosu modified the operators (1.1) in Durrmeyer sense
as follows

D̃m,p(f, x) = (m+p+1)

m+p∑
k=0

p̃m,k(x)

∫ 1

0

p̃m,k(t)f(t)dt, where f ∈ L1[0, 1].

In recent years, there are many preoccupations in construction and
study of generalized version in q-calculus of well-known linear and
positive operators.

A. Lupaş ([4]) introduced in 1987 a q-type of the Bernstein oper-
ators and in 1996 another generalization of these operators based on
q-integers was introduced by Philips ([6]).

We mention below certain basic definitions, which would be used
in the main results of this paper. Let q > 0. For each nonnegative
integer k, the q-integer [k] and q-factorial [k]! are respectively defined
by

[k] :=


1−qk
1−q , q 6= 1,

k, q = 1,

[k]! :=

 [k][k − 1] · · · [1], k ≥ 1,

1, k = 0.

For the integers n, k satisfying n ≥ k ≥ 0, the q-binomial coefficients
are defined by [

n
k

]
:=

[n]!

[k]![n− k]!
.

We denote

(a+ b)kq =
k−1∏
j=0

(a+ bqj).

For m,n > 0 the q-Beta function is defined as βq(m,n) :=∫ 1

0
tm−1(1− qt)n−1q dqt.
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The q-analogue of integration (see [3]) in the interval [0, a] is defined
by ∫ a

0

f(t)dqt := a(1− q)
∞∑
n=1

f(aqn)qn, 0 < q < 1.

Let p ∈ N be fixed. For any m ∈ N , f ∈ C[0, p + 1], C. Muraru
([5]) constructs the class of generalized q-Schurer Bernstein operators
as follows

B∗m,p(f ; q;x) =

m+p∑
k=0

p∗m,k(q;x)f

(
[k]

[m]

)
, where

p∗m,k(q;x) =

[
m+ p
k

]
xk(1− x)m+p−k

q , x ∈ [0, 1].

Theorem 1.1. [5] The operators defined above satisfy the following
properties:

(1) B∗m,p(e0; q;x) = 1,

(2) B∗m,p(e1; q;x) = x[m+p]
[m]

,

(3) B∗m,p(e2; q;x) = [m+p]
[m]2

([m+ p]x2 + x(1− x)),

where ej(x) = xj, j = 0, 1, 2 are the test functions.

2. q-Durrmeyer-Schurer operators

In this section we propose a Durrmeyer variant of q-Schurer opera-
tors of the form studied in [5]. Let p ∈ N be fixed. For any m ∈ N ,
f ∈ C[0, p+ 1] we introduce the following q-Durrmeyer-Schurer oper-
ators
(2.1)

D∗m,p(f ; q;x) =
[m+ p+ 1]

(p+ 1)

m+p∑
k=0

q−kp̃∗m,k(q;x)

∫ p+1

0

f(t)p̃∗m,k(q, qt)dqt,

where

(2.2) p̃∗m,k(q;x) =
1

(p+ 1)m+p

[
m+ p
k

]
xk(p+ 1− x)m+p−k

q .

Theorem 2.1. The polynomials p̃∗m,k defined in (2.2) satisfy the fol-
lowing properties

(1)

m+p∑
k=0

p̃∗m,k(q;x) = 1;
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(2)

m+p∑
k=0

[k]p̃∗m,k(q;x) =
x[m+ p]

p+ 1
;

(3)

m+p∑
k=0

[k]2p̃∗m,k(q;x) =
[m+ p]

(p+ 1)2
{
q[m+ p− 1]x2 + x(p+ 1)

}
.

Proof. Using the known identity
n∑
k=0

[
n
k

]
xk(1− x)n−kq = 1,

we have
m+p∑
k=0

p̃∗m,k(q;x) =

m+p∑
k=0

[
m+ p
k

](
x
p+1

)k (
1− x

p+1

)m+p−k
= 1,

and
m+p∑
k=1

[k]p̃∗m,k(q;x) =

m+p∑
k=1

[m+p]!
[k−1]![m+p−k]!

(
x
p+1

)k (
1− x

p+1

)m+p−k

q

=

m+p−1∑
k=0

[m+p]!
[k]![m+p−k−1]!

(
x
p+1

)k+1 (
1− x

p+1

)m+p−k−1

q

= [m+ p] x
p+1

m+p−1∑
k=0

[
m+p−1

k

](
x
p+1

)k (
1− x

p+1

)m+p−k−1
q

= [m+ p] x
p+1

.

Applying the following well known property [k+ 1] = 1 + q[k], we get

m+p∑
k=1

[k]2p̃∗m,k(q;x) = [m+ p]

m+p∑
k=1

[k]
[m+p−1]!

[k−1]![m+p−k]!

(
x

p+1

)k (
1− x

p+1

)m+p−k

q

= [m+ p]

m+p−1∑
k=0

[k + 1]
[m+p−1]!

[k]![m+p−k−1]!

(
x

p+1

)k+1 (
1− x

p+1

)m+p−k−1

q

= [m+ p]

 x
p+1

+q

m+p−2∑
k=0

[m+p−1]!
[k]![m+p−k−2]!

(
x

p+1

)k+2 (
1− x

p+1

)m+p−k−2

q


= [m+p]

 x
p+1

+q[m+ p− 1]

m+p−2∑
k=0

[
m+p−2

k

](
x

p+1

)k+2 (
1− x

p+1

)m+p−k−2

q


= [m+ p]

{
x

p+1
+ q[m+ p− 1] x2

(p+1)2

}
=

[m+p]

(p+1)2

{
q[m+ p− 1]x2 + x(p+ 1)

}
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Theorem 2.2. The q-Durrmeyer-Schurer operators defined in (2.1)
satisfy the following properties:

(1) D∗m,p(e0; q;x) = 1,

(2) D∗m,p(e1; q;x) = qx[m+p]+p+1
[m+p+2]

,

(3) D∗m,p(e2; q;x)= q4[m+p][m+p−1]x2+(p+1)q(q+1)2[m+p]x+(p+1)2(q+1)
[m+p+2][m+p+3]

,

where ej(x) = xj, j = 0, 1, 2 are the test functions.

Proof. For s = 0, 1, · · · and by definition of q-Beta function, we have

(2.3)

∫ p+1

0
es(t)p̃

∗
m,k(q; qt)dqt

= (p+ 1)
∫ 1

0
es ((p+ 1)t) p̃∗m,k (q, q(p+ 1)t) dqt

= (p+ 1)s+1qk
[
m+ p
k

] ∫ 1

0
tk+s(1− qt)m+p−k

q dqt

= (p+ 1)s+1qk
[
m+ p
k

]
βq (k+s+1,m+p−k+1)

= (p+ 1)s+1qk [m+p]![k+s]!
[k]![m+p+s+1]!

.

Using the above result we obtain

D∗m,p(e0; q;x) = [m+p+1]
(p+1)

m+p∑
k=0

q−kp̃∗m,k(q;x)

∫ p+1

0

p̃∗m,k(q, qt)dqt

=

m+p∑
k=0

p̃∗m,k(q;x) = 1.

Using definition (2.1) of D∗m,p and (2.3), for s = 1 one has

D∗m,p(t; q;x) =
∑m+p

k=0
(p+1)[k+1]
[m+p+2]

p̃∗m,k(q;x)

= p+1
[m+p+2]

∑m+p
k=0 (1 + q[k])p̃∗m,k(q;x) = qx[m+p]+p+1

[m+p+2]

and for s = 2, we have
(2.4)

D∗m,p(t
2; q;x) = (p+1)2

[m+p+2][m+p+3]

∑m+p
k=0 [k + 1][k + 2]p̃∗m,k(q, x)

= (p+1)2

[m+p+2][m+p+3]

∑m+p
k=0 {(1 + q)[k + 1] + q2[k] + q3[k]2} p̃∗m,k(q, x)

= q4[m+p][m+p−1]x2+(p+1)q(q+1)2[m+p]x+(p+1)2(q+1)
[m+p+2][m+p+3]

.

Remark 2.3. We have the following central moments

D∗m,p(t− x; q;x) = D∗m,p(e1; q;x)− xD∗m,p(e0; q;x)

=
(
q [m+p]
[m+p+2]

− 1
)
x+ p+1

[m+p+2]
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D∗m,p((t− x)2; q;x) = D∗m,p(e2; q;x)− 2xD∗m,p(e1; q;x) +

+ x2D∗m,p(e0; q;x)

=
(
q4 [m+p][m+p−1]

[m+p+2][m+p+3]
− 2q [m+p]

[m+p+2]
+ 1
)
x2

+(p+ 1)
(
q(q + 1)2 [m+p]

[m+p+2][m+p+3]
− 2

[m+p+2]

)
x

+ (p+1)2(q+1)
[m+p+2][m+p+3]

.

Theorem 2.4. Let qm ∈ (0, 1]. Then the sequence {D∗m,p(f ; qm;x)}
converges to f uniformly on [0, 1] for each f ∈ C[0, p+ 1] if and only
if limm→∞ qm = 1.

Proof. The proof is based on the well known Korovkin theorem re-
garding the convergence of a sequence of linear and positive operators.
So, it is enough to prove the conditions

(2.5) lim
m→∞

D∗m,p(ei; qm;x) = xi, i = 0, 1, 2,

uniformly on [0, 1].
If qm → 1, then limm→∞[m] =∞ and for p a fixed natural number

limm→∞
[m+p]

[m+p+2]
= 1, limm→∞

[m+p][m+p−1]
[m+p+2][m+p+3]

= 1, hence (2.5) follows

from Theorem 2.2.
On the other hand, if we assume that for any f ∈ C[0, p + 1],
{D∗m,p(f ; qm;x)} converges to f uniformly on [0, 1], then qm → 1. In
fact, if the sequence (qm) does not tend to 1, then it must contain a
subsequence (qmk

) such that qmk
∈ (0, 1), qmk

→ q0 ∈ [0, 1) as k →∞.
We have

lim
k→∞

D∗mk,p
(e1; qmk

;x) = (1− q0)(p+ 1) + q0x 6= x.

This leads to a contradiction. Hence, qm → 1.

3. The rate of convergence

We will estimate the rate of convergence in terms of modulus of
continuity. Let f ∈ C[0, b]. The modulus of continuity of f de-
noted by ωf (δ) gives the maximum oscillation of f in any inter-
val of length not exceeding δ > 0 and it is given by next relation
ωf (δ) = sup|y−x|≤δ |f(y)− f(x)|, x, y ∈ [0, b] and posses the following
property

ωf (λδ) ≤ (1 + λ)ωf (δ).
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Theorem 3.1. Let (qm)m be a sequence satisfying qm → 1 as m→∞.
Then ∣∣D∗m,p(f ; qm;x)− f(x)

∣∣ ≤ 2ωf (
√
δm)

for all f ∈ C[0, p+ 1], where

δm = D∗m,p
(
(t− x)2; qm;x

)
Proof. Since D∗m,p(e0; qm; ·) = e0, we have∣∣D∗m,p(f ; qm;x)−f(x)

∣∣
= [m+p+1]

p+1

m+p∑
k=0

q−km p̃∗m,k(qm, x)

∫ p+1

0

|f(t)−f(x)| p̃m,k(qm, qmt)dqmt.

Using the following well known property of modulus of continuity

|f(t)− f(x)| ≤ ωf (δ)
(

(t−x)2
δ2

+ 1
)

we get∣∣D∗m,p(f ; qm;x)− f(x)
∣∣

≤ [m+p+1]
p+1

ωf (δ)

m+p∑
k=0

q−km p̃∗m,k(qm, x)

∫ p+1

0

(
(t−x)2
δ2

+ 1
)
p̃m,k(qm, qmt)dqmt

=
(

1
δ2
D∗m,p

(
(t− x)2; qm;x

)
+D∗m,p(e0; qm;x)

)
· ωf (δ).

But, by Remark 2.3, limm→∞D
∗
m,p ((t− x)2; qm;x) = 0 because [m]→

∞ as qm → 1. So, letting δm = D∗m,p ((t− x)2;x) and taking δ =
√
δm,

we get the result.
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