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Abstract.  One associates to a  Lagrangian nonholonomic mechanical system 
Σ  a canonical semispray *S  on the phase space TM, which has the integral 
curves given by the evolution equations of Σ . The Lagrange geometry of the 
system Σ  is the geometry of semispray *S . We study h- and v- 
electromagnetic tensors and then we apply the Ricci identities for the 
gravitational potentials. 
 

1.  INTRODUCTION 
 

The geometrization of holonomic mechanical systems was done by Levi-
Civita, while, in 1926, Gh. Vrănceanu, by introducing the notion of 
Riemannian honholonomic space realized a first geometric model for the 
nonholonomic mechanical system.  

In this paper, we study the gravitational field of Lagrangian nonholonomic 
mechanical systems: 
(1.1)                              ( ) ( ) ( )( ), , , , , ,σΣ = iM L x y F x y Q x y ,                                                  

where ( )( ), ,=nL M L x y  is a Lagrange space, ( ), &iF x x  are external forces and 

the Pfaff equations ( ) ( ), 0σ σ= =i
iQ x dx a x dx , ( 1,...,σ = +m n ) are the 

kinematic constrains of the system. 
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The equations of evolution of the system Σ  are Lagrange equations: 

(1.2)               
( ) ( ) ( )

( ) ( )
1

, ,
  ,

, 0,

σ
σ

σ= +

σ σ

⎧ ⎛ ⎞∂ ∂− = λ +⎪ ⎜ ⎟⎪ ⎜ ⎟∂ ∂ =⎝ ⎠⎨
⎪

= =⎪⎩

∑ i

i

n
iii i i

m
i

d L L x a x F x y dxdt y x y
dt

Q x dx a x dx

                     

where ( )σλ x  are Lagrange multipliers. 
We study only scleronomic systems associating to them a canonical 

semispray *S , whose integral curves are given by the evolution equations (1.2). 
The vector field *S  is a dynamical system on TM.  
We denote with ( ),ijg x y  the fundamental tensor of the Lagrange space 

( )( ), ,=nL M L x y  and with ( ),ijg x y  its contravariant part. As it is known, 
21

2
∂=

∂ ∂
ij i j

Lg
y y

, rank =ijg n  on { }\ 0TM  and ijg  has constant signature. 

External forces ( ),iF x y  determine a d-covariant vector field and  

(1.3.)                                        
∂ ∂

= −
∂ ∂

j i
ij i j

F FF
y y

                                                                        

is an antisymmetric d-tensor field, named elicoidal tensor of system Σ . 
The functions that determine the constrains of the system 

( ) ( ) ( ), ,   1,...,σ σ= σ = +i
iQ x y a x y m n  

are scalars with respect to the changes of the coordinates on TM. 
So, ( )σia x  are n-covariant fields on M and  

(1.4.)                                 ( ) ( )
1

,σ
σ

σ= +
λ∑

n

m
x Q x y                                                                      

is also a scalar function on TM. The functions ( )σλ x  are the Lagrange 
multipliers. 

In [7] and [8] we studied the canonical semispray and nonlinear connection 
of system Σ . 

The canonic semispray *S  of  the system will be determined by a vector field 
*S  on the phase space 

(1.5.)                               ( )* *2 ,∂ ∂= −
∂ ∂

i i
i iS y G x y

x y
.                                                            
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 The integral curves of the canonic semispray *S  are given by the evolution 
equations of the system Σ . 

We defined Lagrange geometry of system Σ  as being Lagrange geometry on 
the phases space TM of the canonic semispray *S . 

 The nonlinear connection *N  of *S  is called canonical nonlinear 
connection of system Σ . 

 Theorem 1.1. The canonical nonlinear connection *N  of system Σ , has the 
coefficients: 

(1.6.)                                
*

* 1
4

σ σ⎛ ⎞∂∂ ∂= = − + λ⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

ii i
i i

j jj j j
aG FN N

y y y
.                                              

Let “ | ” and “| ” h and v covariant derivates defined by *N - linear connection. 

Theorem 1.2. [2]. There exists only one *N - linear connection 

( ) ( )* * ,Γ = i i
jk jkC N L C  without h and v-torsions, having the properties: 

(1.7.)                              
*

*

|

* * * * * *

0, | 0

0, 0,

= =

= − = = − =

ij kij k

i i i i i i
jk jk kj jk jk kj

g g

T L L S C C
                                           

where *

* *
* * * *

|
; |

δ ∂
= − − = − −

δ ∂
ij ijs s s s

sj ik is jk ij sj ik is jkkk kij k

g g
g g L g L g g C g C

x y
. 

Theorem 1.3. The connection ( )*ΓC N  has the coefficients given by 

generalized Christoffel symbols: 

(1.8.)                                

* **
*

*

1
2

1
2

⎛ ⎞δ δδ
⎜ ⎟= + −
⎜ ⎟δ δ δ⎝ ⎠

∂ ∂⎛ ⎞∂= + −⎜ ⎟
∂ ∂ ∂⎝ ⎠

hj jki ih hk
jk k j h

hj jki ih hk
jk k j h

g ggL g
x x x

g ggC g
y y y

                                          

This *N - linear connection ( )*ΓC N  will be called the *N  - canonical 

metrical connection of Lagrangian nonholonomic mechanical system Σ . 
Now, we can use the h- and v-covariant derivatives with respect to 

connection ( )*ΓC N . Also, we observe that in the particular case of 

nonholonomic mechanical systems, which have the properties: 
( ) ( ) ( ) ( ), , ,= =ij ij i ig x y g x F x y F x . 
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2. GRAVITATIONAL FIELD AND H- AND V-ELECTROMAGNETICS TENSORS 
 

The canonical metrical connection ( )*ΓC N  of the nonholonomic 

mechanical system Σ  allows to determine the h- and v-deflection tensor fields: 

(2.1.)                                  
*

* *
|

| .

= = −

= = δ +

i i h i i
j hj jy

i i i h i
j j j hj

D y y L N

d y y C
                                                                 

 Using the formulas of the coefficients *i
hjL  and i

hjC  we obtain 

1
2

∂ ∂⎡ ⎤∂= + + − =⎢ ⎥∂ ∂ ∂⎣ ⎦
⎡ ⎤= + + −⎣ ⎦

hj sji s i s ih l l lhs
j sj j s hl l l

s i s ih l l l
sj j hsl s hjl h sjl

g ggD y L y g K K K
y y y

y L y g K C K C K C

 

 
and  

= δ + = δ +i i s i i s ih
j j sj j shjd y C y g C . 

Then, the covariant deflection tensors are given by: 

(2.2.)    
( )

.

⎧ = = + + −⎪
⎨

= = +⎪⎩

r s i s l l l
ij ir j ir sj j isl s ijl i sjl

r s
ij ir j ij sij

D g D g y L y K C K C K C

d g d g y C
                                

But, these tensors satisfy fundamental identities for Liouville vector field iy . 
Then, we have: 
Theorem 2.1.  h- and v-covariant deflection tensors ijD  and ijd  satisfy 

(2.3.)                        

* *
* *
|

*
* *

| |

| |

| | .

⎧ − = −⎪
⎪⎪ − = − −⎨
⎪

− =⎪
⎪⎩

s r
ij ik s jk ir jkk j

s s s
ij k ik sijk is jk is jkj

s
ij k ik j sijk

D D y R d R

D d y P D C d P

d d y S

                                          

These identities give the Lorentz equations for electromagnetic tensorial 
fields for Lagrangian nonholonomic mechanical system Σ . 

Definition 2.1. The following d-tensors 

(2.4.)                                           
( )

( )

1
2
1
2

= −

= −

ij ij ji

ij ij ji

D D

f d d

F
                                                                

are h- and v-electromagnetic tensors of Σ . 
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From (2.2) we see that v-deflection tensor ijd  is symmetric. Therefore we 
have: 

Proposition 2.1. The v-electromagnetic tensor f of nonholonomic 
mechanical system Σ  vanishes. 

We study only h-electromagnetic tensor ijF  for determining the Lorentz 
equations that are satisfied. 

We observe that the d-tensor ijF  do not coincide with the elicoidal tensor ijF  
from (3.1). 

So, from (2.2), ijF  is given by 

(2.5.)                         ( ) ( ){ }1 2
2

= − + −r r s l l s
ij ir sj ir si j isl j jslg L g L y K C K C yF .                             

We deduce: 
1
4

σ σ⎛ ⎞∂∂= + λ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

jj
j

i i i
aFK

y y
 

and we obtain 

( )1 1
2 4

σ σσ σ
⎡ ⎤⎛ ⎞ ⎛ ⎞∂ ∂∂ ∂= − + + λ − + λ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

l ll l
s r r s

ij ir sj jr si isl jslj j i i
a aF Fy g L g L y C C

y y y y
F

where =l il
ig FF  and = h

isl il slC g C  and we obtain 

(2.6.)  ( )1 1
2 4

σ σσ σ
⎡ ⎤⎛ ⎞ ⎛ ⎞∂ ∂∂ ∂= − + + λ − + λ⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

l ll l
s r r

ij ir sj jr si ir jrj j i i
a aF Fy g L g L g g

y y y y
F .      

From Theorem 2.1, (2.4) and Bianchi identities for ( )*ΓC N  we have 

Theorem 2.2. The h-electromagnetic tensor ijF  of nonholonomic 

mechanical system Σ  with respect to ( )*ΓC N  satisfies the following 

generalized Maxwell equations: 

(2.7.)    
* * *

*
| | |

| | | 0.

+ + = −

+ + =

∑
C

s r
jkij k jk i ki j isr

ij k jk i ki j

y RF F F

F F F
                                                       

We remark that, if the electromagnetic tensor ijF  does not depend of iF  and 

σa , it is given by  

(2.8.)            ( )1
2

= −s r r
ij ir sj jr siy g L g LF .                                                        
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Then, we have * =i i
j jN N  and the Maxwell equations are those that appear, in 

general, in Lagrange spaces theory. 
The nonholonomic mechanical system ( ) ( ) ( )( ), , , , , ,Σ = M L x y F x y Q x y  

has the gravitational potentials given by the system of functions 

(2.9.)      
2

* 1
2

∂=
∂ ∂ij i j

Lg
y y

.                                                                

We remark that this field do not depend on the external forces ( ),iF x y  and 

on the nonholonomic constrains ( ) ( ), σ=
i

iQ x y a y y . So that, the gravitational 

potentials ( )* ,ijg x y  do not depend on the Lagrange 

multipliers ( )1,...,σλ σ = +i p n . 
These fact results from  

(2.10.)           ( )* ,=ij ijg g x y                                                                       

where ( ),ijg x y  is the fundamental tensor of the Lagrange space associates to 

system Σ , ( )( ), ,=nL M L x y . 
The Theorem 1.2.  shows that the canonical metrical connection 

( ) ( )* * ,Γ = i i
jk jkC N L C  has the properties 

(2.11.)        *
|

0, | 0= =ij kij k
g g                                                                    

and it is unique in the following conditions: 
* 0, 0= =i i
jk jkT S . 

We rewrite the coefficients of the connection ( )*ΓC N : 

(2.12.)    

* **
* 1

2

1
2

⎧ ⎛ ⎞δ δδ⎪ ⎜ ⎟= + −
⎜ ⎟δ δ δ⎪ ⎝ ⎠⎨

∂ ∂⎛ ⎞⎪ ∂= + −⎜ ⎟⎪ ∂ ∂ ∂⎝ ⎠⎩

jh jki ih kh
jk k j h

jh jki ih kh
jk k j h

g ggL g
x x x

g ggC g
y y y

                                              

where *i
jkL  is given by  

(2.13.)    ( )
* = +

= + −

i i i
jk jk jk

i ih l l l
jk k hjk j hjl h jkl

L L

g K C K C K C

U

U
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We apply the Ricci identities to the fundamental tensor ijg  and we use 
(2.11.): 

(2.14.)     
* *

* *

0 0

0; 0

= + =

+ = + =

ijkh jikh

ijkh jikh ijkh jikh

R R

P P S S
                

where  

(2.15.)    
* * * *

*

; ;= =

=

l l
ijkh jl ikh ijkh jl ikh

ijkh jl ik

R g R P g P

S g S
               

We must calculate the curvature tensors * *,i i
jkh jkhR P  with the tensors of the 

connection ( )ΓC N . 

So, we suppose that ( )ΓC N  is the metrical connection of the associate 

Lagrange space nL . Therefore we have: 

(2.16.)    

1
2

1
2

δ δ⎛ ⎞δ= + −⎜ ⎟δ δ δ⎝ ⎠
∂ ∂⎛ ⎞∂= + −⎜ ⎟

∂ ∂ ∂⎝ ⎠

jh jki ih hk
jk j k h

jh jki ih hk
jk j k h

g ggL g
x x x

g ggC g
y y y

   

and 
 
(2.17.)                                        | 0, | 0= =ij k ij kg g                                                           

(2.18.)                                        0, 0= =h h
ij ijT S                                                            

(2.19.)    
0, 0

0.

+ = + =

+ =
ijkh jikh ijkh jikh

ijkh jikh

R R P P

S S
                                          

The Ricci tensors of ( )ΓC N  are: 

(2.20.)                             ' ''; ,= = =h h h
ij ijh ij ijh ij ihjR R P P P P                                          

and the curvature scalars are: 
(2.21.)     ,= =ij ij

ij ijR g R S g S .                                           
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