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EINSTEIN EQUATIONS IN LIE ALGEBROIDS

MIHAI ANASTASIET AND MANUELA GfRI‘U

Abstract. A Lie algebroid endowed with a Riemannian metric has
a canonical connection of Levi-Civita type. We associate to it the
Einstein tensor field and using it we construct the Einstein equations.
Some particular cases are discussed.

INTRODUCTION

When the physical space-time is modeled by a four Lorentz manifold
(M, g), the Einstein equation Ric — 1/2Rg = 8knT, where Ric means
the Ricci tensor and R is the scalar curvature, provides a relationship
between the geometry of space-time given by g and the matter and
energy encoded by the tensor 7. The Einstein equation can be writ-
ten for any dimension and any signature. Moreover, there are a lot of
other generalizations of it obtained replacing the Levi-Civita connec-
tion with a connection with torsion or replacing M with the manifold
TM in the so-called Finsler-Lagrange field theories ( [6] ) or with the
total space of a vector bundle,[1].
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In the construction of the Einstein equation the main ingredient is
a linear connection V in T'M compatible with ¢ i.e. Vg = 0 and
without torsion. When one tries to extend this construction to any
vector bundle ' endowed with a pseudo-Riemannian metric g, the
compatibility condition Vg = 0 does not uniquely determine V since
is not possible to associate to V a torsion. This difficulty is overcame
if we confine ourselves to a particular class of vector bundles : Lie
algebroids.

The notion of Lie algebroid had appeared in several contexts, see [5]
and the various geometrical structures associated to it were studied,
for instance, in [3, 4, 7].

In this paper we describe the construction of the Einstein equation
for any Lie algebroid and we discuss some particular cases. Although
of geometrical interest, the simplicity of this construction diminishes
the hope for strong applications to Physics. More elaborate construc-
tions applied to particular Lie algebroids with supplementary struc-
tures proved to be more useful to this aim, see [8], [9]

1. LIE ALGEBROIDS

1.1. Preliminaries on vector bundles. Let £ = (E,m, M) be
a vector bundle of rank m. Here F and M are smooth ie. C%
manifolds with dimM = n, dimE = n+m, and 7 : £ — M is a
smooth submersion. The fibres E, = 7~ (x), x € M are linear spaces
of dimension m which are isomorphic with the type fibre R™.

Let {(Ua,®a)}taca be an atlas on M. A vector bundle atlas is

{(Uy, 0o, R™)} with the bijections ¢, : 7 1(U,) — U, X R™ in the
form ¢q(u) = (7(u), Pa,r@)), Where @orw) @ Erwy — R™ is a bijec-
tion. The given atlas on M and a vector bundle atlas provide an atlas
{(m71(U,), ®a) }aea on E.
Here @, : 71 (U,) = ¢a(U,) x R™ is the bijection given by @, (u) =
(Va(m(w)), Parw(w)). For x € M, we put ¢,(z) = (z') € R and
if (Us, ) is another local chart such that x € U, N Up # ¢, we set
Ys(x) = 7' and then 5 0 ¢! has the form

oxd

Let (eq) be the canonical basis of R™. Then ¢, (e,) = €4(2) is a
basis of E, and u € F, has the form u = y%,(x).

(1.1) T =71'(x", - 2"), rank ((995 ) =n.
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We take (27, y*) as coordinates on E. For the bundle chart (Ug, @5, R™)
we put gogi(ea) = &4(x) and then u = y*c,(x). If we set g,(z) =
M?(x)&, with rank(M?(z)) = m it follows that g = Mg (z)y®. Thus
the mapping ®5 o &' has the form
o OF
T =74z, - 2"), rank (6mj) =n
" = Mg(z)y’, rank(M(z)) = m.

(1.2)

The indices i, j, k, ... and a,b, c... will take the values 1,2,...n and
1,2, ...m, respectively. The Einstein convention on summation is im-
plied.

We denote by F(M), F(E) the ring of real functions on M and
E respectively, and by x(M), respectively I'(E), x(E) the module of
sections of the tangent bundle of M, respectively of the bundle £ and of
the tangent bundle of E. We recall that the vertical bundle VE — E
is the union of the fibres V,E = kerw,, over u € E, where 7,, is
the differential of w. A basis of local section of VE — FE is given by

(arl)

1.2 Lie algebroids.
Let be £ = (E,m, M) a vector bundle and let us assume that

(i) The space of its sections I'(§) is endowed with a Lie algebra
structure |, [;

(ii) There exists a bundle map p : E — TM (called the anchor
map) and this induces a Lie algebra homomorphism (also de-
noted by p) from I'(§) to x(M).

(iii) For any smooth functions f on M and any sections sy, sy €
['(£) the following identity is satisfied

1, fs2] = fls1, s2] + (p(51) f)s2-

Definition 1.1. The triplet A = (&, ],], p) with the properties (i),
(i) and (iii) is called a Lie algebroid.

Examples:

(1) The tangent bundle (7'M, 7, M )with the usual Lie bracket and
p equal to the identity map form a Lie algebroid.

(2) Any integrable subbundle of TM with the Lie bracket defined
by restriction and p the inclusion map is a Lie algebroid.
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(3) Let (F,q, M) be any vector bundle. On F’ we have the vertical
distribution v — V,, F' =Kerq, ,, u € F', where g, denotes the
differential of ¢q. This distribution is integrable. If we regard it
as a subbundle of T'F', accordingly to Example 2 a Lie algebroid
is obtained.

Locally, we set

(13 plse) = Ph(a) o

A semispray S for the tangent bundle 7 : TM — M is a vector
field on T'M which at the same time is a section in the vector bundle
7. : TTM — TM, that is we have 77y (S(u)) = w and 7, ,(S(u)) = wu,
Yu € T'M, where 77, is the vector bundle projection TT'M — T M.
It follows that 7. ,(S(u)) = Tram(S(w)), Yu € TM.

This equation suggests the following

Definition 1.2. Let A = (£ = (E,p, M), [,],p) be a Lie algebroid.
A wvector field S on E will be called a semispray if

(1.4) Pu(S(u)) = (po7e)(S(u), Vu e E

where 75 : TE — E 1s the natural projection.

Let c: I — M, I CR beacurve on M and let ¢: I — FE be any
curve on I such that p o¢ = ¢. Denote by ¢ the vector field that is
tangent to c.

Definition 1.3. We say that ¢ is admissible if

(&) = p(@).

[Sq, Sp] = Ly (T)se.

An admissible curve will be also called an A— path. Its projection
on M will be called the base path of it. The A—path ¢ is called vertical
if p(c(t)) = 0. In this case the curve ¢ reduces to a point and the curve
¢ is contained in the fibre in that point.

In local charts on M and E, we have c(t) = (z°(t)), ¢(t) = (2'(t), y*(1))

A da’ 0 dy“ 0

dc(t) = . —,tel.
and &(t) it or i oy’ €

It results

Lemma 1.1. The curve ¢ is admissible if and only if
dmi i a
) = A0y 1), Ve T
and it is a vertical A—path if and only if

(1.5)
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(1.6) palz®))y(t) =0,  tel01].

Again in local charts, let be S = Xii + Y“% a vector field on

ox’ Yy
E.
This is a semispray if and only if

(1.7) X'(2,y) = po()y".
By (1.7) and Lemma 1.1 easily follows that a vector field on E is a
semispray if and only if all its integral curves are admissible curves.

2. CONNECTIONS IN LIE ALGEBROIDS

Let A = (&,[,],p) be a Lie algebroid with £ = (E,p, M) and let
(F,q, M) be any vector bundle.

Definition 2.1 An A—connection in the bundle (F, ¢, M) is a map-
ping D :T'(E) x I'(F) — I'(F), (s,0) — Dso with the properties:

1) Dg,+s,0 = Ds,0 + Dy, 0,
Dst' = fDSO’,
DS(Ul + 0'2) = D80'1 + D502,
Dy(fo) = p(s)fo + fDso,

for S,81,82 € F(E), 0,01,02 € F(F), f € ./—"(M)

Notice that a T'M —connetion in the vector bundle (F), ¢, M) is noth-
ing but a linear connection in this vector bundle. And a T'M —connetion
in the tangent bundle is a linear connection on M.

Definition 2.2 An A—connection in the bundle £ = (E,p, M) is
called a linear connection in the Lie algebroid A.

Let (04), a, 3,7, ... = k :=rank of (F,q, M), a local basis in I'(F).
Then a local section o has the form o = 2%, and (2®) are the coor-
dinates in the fibres of (F,q, M).

For s = y%s, and 0 = 2%0,, by the Definition 2.1 we have Dyo =

2)
3)
)

0z%
Y (,02 szi + zo‘Dsaaa) and if we put

(2.1) Dy, 00 =T% 03,

) B
(2.2) Dyo = y“(DazB)ag, Dz’ = pl ° + I8 22
T
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For a linear connection D in the Lie algebroid A = (&, [,], p) we get
N P

(2.3) Dyo = y*(Da2®)sp, D2t = szai 4+ T 2°.

x’L

ca

3. RIEMANNIAN METRICS IN LIE ALGEBROIDS

Let A = (&, ],],p) be a Lie algebroid with £ = (E,p, M) and a
vector bundle (F,q, M) endowed with an A— connection D whose
local coefficients are (I',).

A Riemannian metric in (F,q, M) is a mapping ¢ that assigns to
any x € M a scalar product g, in F, such that for any local section
01,09 € T'(F), the function x — g,(01,02) is smooth. Locally, we
set g:(0a,08) = gap(x) and so g,(01,02) = gag(x)z?zg if 01 = 204,
oy = 25 og.

The operator of covariant derivative D can be extended to the tensor
algebra of (F,q, M) taking D, f = p(o)f, assuming that it commutes
with the contractions and behaves like a derivation with respect to ten-
sor product. It comes out that if w is a section in the dual (F*, ¢*, M)
then

(Dsw)(0) = p(s)w(o) —w(Dso), sel(F), oel(F)

and if g is a section in L?(F,R), then
(Dsg)(o1,02) = p(s)g(o1,02) — g(Dso1,02) — g(o1, Dso2),
s € I'(F), o109 € I'(F).

Definition 3.1. We say that the Riemannian metric g is compatible
with the A—connection D if Dyg = 0 for every s € T'(E).

By (3.1) the condition of compatibility between g and D is equiva-
lent to

(3.1)

p(s)g(o1,02) = g(Dso1,02) + g(o1, Dso2),
SEF(E), 01,09 GF(F)

Locally, (3.2) is written as follows
i 99a
(3.3) Pa(fc)a—xf = 10a(2)9,8(7) + T3o () 9o ().
If (F,q, M) coincides with (E,p, M) we have

Theorem 3.1. There exists an unique linear connection V in the
Lie algebroid A such that

(1) ng = 07

(3.2)
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(i) Vs, 80 — Vg, 81 = [s1, 82, S, 51,52 € I'(F).
It is given by the formula

29 (Vs 52, 83) =p(s1)g(s2, 83) + p(s2)g(s1, 83) — p(s3)9(s1, 52)

(3.5) +9([ss, 51], 52) + g([s3, 52], 51) + 9([51, 52], 3)

and its local coefficients are given by
(3.6)
1 0G4 - OGba : OGpe
re — = ad i : i ¢ _ 5 :
be 29 ( b al’l +pc 61’7’ Pd 81‘7’

+ L?lcgeb + LZbgec - Licged) .

Proof. In the condition (i) written for sy, s9, 53 € I'(F) we cyclically
permute s, S9, s3 and so we obtain two new identities. We add these
and from the result we subtract the first. Using (ii) some terms cancel
each other and we get (3.5). Writing (3.5) in a local basis of sections
we find (3.6). The uniqueness follows by contradiction.

If we put

(37) Tv(Sl, 82) = V8132 — V5281 — [81, 82], S1, 89 € F(E)

we get a section in the bundle L(E, E; FE) that may be called the
torsion of V.

The connection V given by the Theorem 3.1 is called the Levi-Civita
connection of A.

We stress that the Theorem 3.1 says that given g there exists and
is unique V such that Vg = 0 and Ty = 0.

Now we give a different proof of this theorem.

Given g we may associate to it the energy function £ : F — R,
E(s) = g(s,s), s € E. Locally, £(z,y) = gup(2)y*y’, s = y*s,.

1 0%¢
The energy function £ is a regular Lagrangian on F i.e. det (— ) =

2 Oy oyb
det(gas()) # 0.
In [2], we associated to any regular Lagrangian L on a Lie algebroid
a semispray on F i.e. a vector field

with
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1 %L
2 Oy OyP

Taking L = € in (3.8), a direct calculation in which L%y°y? = 0 is
used, shows that the semispray associated to £ has the form

where gq, = and (g) is the inverse of the matrix (ga).

.0 0
. — o0 I c,d_~
(3 9) S Pl ot cd(x)y Y 8ya7

with I'%, given by (3.6). These coefficients determines V. They are
symmetric in bottom indices, hence Ty = 0. The uniqueness of V
follows by contradiction.

By (3.9) it follows

Theorem 4.2 The integral curves of S are just the geodesics of the
Levi-Clivita connection V in the Lie algebroid A.

4. EINSTEIN EQUATIONS IN LIE ALGEBROIDS

Let A = (&,].,.],p) be a Lie algebroid with £ = (E,p, M) endowed
with a metric ¢ which is non-degenerate but of arbitrary signature.
The Theorem 3.1 still holds for this metric (called pseudo- Riemannian
or semi-Riemannian) and we shall denote by V the linear connection
given by (3.5) or equivalently by (3.6). The torsion of V vanishes.
The curvature of V is defined by
(4.1)

R(Sl, 52)83 = V31V5253 — V32V5153 — V[51752]83, S1, S92, 83 € F(E)

The following properties of Ry are immediate :

o R(s1,89)s3 = —R(s2,81)83.
o R(s1,52)s3 + R(s2,53)s1 + R(s3,51)82 = 0.

In a local basis {o,} of sections in &, we obtain
(4.2) R(o,,0p)0. = R.,00,

where
JOTg, LT

(4.3) R = pq Dri b a;ia +T4rg, — Ty — Li TS,

The contraction C( Z ) provides the Ricci tensor field Ric(s, o)
whose local coordinates are given by

(4.4) Ric(o,, 04) = Ricea = Ry
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The function R locally given by
(4.5) R(o¢,0,) = g°°Riceq,
is called the scalar curvature of V.
Definition 4.1. The equation
(4.6) Ric — %Rg = 8wKT

is called the Einstein equation.

In the equation (4.6), the left hand side is the Einstein curvature
tensor E that is constructed using the metric g. On the right hand
side we have a tensor field T' called the stress-energy-momentum tensor
and represents the matter and energy that generate the gravitational
field of potentials (g,). The constant « is the gravitational constant.
Locally, (4.6) looks as follows

1
(46’) RiCab — éRgab = 87T/€Tab.

In the empty space (no matter, no energy) we have T, = 0. Contract-
ing (4.6”) with g% one yields R = 0 and so it simplifies to

(4.67) Ricg, = 0.
1
We set E,, = Ricy, — §Rgab and Ef = g*°E,. The divergence of E
is defined by
(4.7) divk = By,

where ; denotes the covariant derivative and we have
Lemma 4.1. divE = 0.
The proof is standard. It is based on the second Bianchi identity

(Vs B) (51, 52) + (Vs R) (52, 83) + (Vs R) (53, 51) = 0,

written in a basis (o,) of local sections in FE.
By Lemma 4.1 necessarily we must have

(4.8) divl’ = 0 (assuming the Einstein equation holds).

The equation (4.8) is called the continuity condition.
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Remarks.

(1)

(2)

(4.9)

The standard framework of the theory of the gravitational field
is obtained when E = T'M, p =identity, [,] is the usual bracket
of vector fields and g is a pseudo-Riemannian (Lorentz) metric
on M.

Let £ = (VT'M, 1y, TM) be the vertical bundle over T'M and
i: VTM — TTM the inclusion map. Then (¢,1,[,]), where
[,] is the usual bracket of the vertical vector fields is a Lie
algebroid. A pseudo-Riemannian (Lorentz) metric ¢ in it is
nothing but a generalized Lagrange metric as this was defined
in [6]. If (z',y") are local coordinates on T'M, a local basis of
sections of £ is i i =1,2,...,n and the components of g

oy )’
iven by th tri = 0 9 By th
are given by the matrix (g;;(z,y)) == | ¢ a7 0y ) ) y the
general formula (3.6), the local coefficients of the Levi-Civita
connection V of ¢ are given by
i — L i (aghj OGnk agjk) .

o7 oyt T oy oyt

The curvature S of V remembers the vertical curvature from
the theory of generalized Lagrange metrics and the Einstein
equation derived from it refers to vertical part. When g is a
Finsler metric, the condition Ric= 0 implies the vanishing of
the curvature tensor i.e. V is flat. Thus a Finslerian gravita-
tional theory using only the vertical curvature fails.

Let E be a k— dimensional subbundle of T'M. This is called
also a distribution of rank k£ on M. This distribution is involu-
tive if is closed under the usual bracket [.,,] of vector fields. In
this case A = (§,1,[.,.]) with £ = (E,n,M) and i : E — TM
the inclusion as anchor is a Lie algebroid. By the Frobenius
theorem the involutive distribution £ C T'M is integrable and
so every point of M is contained in a leaf of dimension k of
it. A pseudo-Riemannian metric in the Lie algebroid A defines
a pseudo-Riemannian metric on each leaf. The Einstein equa-
tion is then living on such a leaf immersed in M. For instance,
in the dimension four if £ = 3 the leaves could be the slices
t = constant and one gets a gravitational field theory in a three
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dimensional space. A kind of converse of the Kaluza-Klein pro-
cedure of extending the number of dimensions,appears.
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