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ON CONFORMAL TRANSFORMATION OF A
QUARTIC FINSLER SPACE

OTILIA LUNGU AND VALER NIMINEŢ

Abstract. In this paper we consider the conformal transformation
of a quartic Finsler space. We obtain the conformal change of Cartan’s
connection.

1. Introduction

Let M be an n-dimensional, real C∞ manifold and F : TM →
R+, F (x, y) = 4

√
ahijk (x) yhyiyjyk be the fundamental function of

the Finsler space QF n = (M,F ), called quartic Finsler space. In
[2] Knebelman initiated the conformal theory of Finsler spaces and
Matsumoto and Hashiguchi developed this theory. The conformal
change is defined as F (x, y) = eσ(x)F (x, y), where σ (x) is a function
of position only, known as conformal factor.

In the present paper we investigate the conformal change for the
quartic Finsler spaces. We obtain the relations between Cartan con-
nection associated toQF n = (M,F ) and Cartan connection associated
to QF

n
=
(
M,F

)
.
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2. Preliminaries

LetM be an n-dimensional, real C∞ manifold. Denote by (TM, τ,M)
the tangent bundle ofM and let F n = (M,F (x, y)) be a Finsler space,
with the fundamental function

(2.1) F : TM → R+, F (x, y) = 4
√
ahijk (x) yhyiyjyk ,

where ahijk (x) are the components of a symmetric covariant tensor
field of order 4.The manifold M equipped with the metric(1.1) is called
a quartic Finsler space and is denoted by QF n. We define the tensors
aijk (x, y), ajk (x, y) and ak (x, y) as follows:

(2.2)

 ahijk (x) yh = Faijk (x, y)
ahijk (x) yhyi = Fajk (x, y)
ahijk (x) yhyiyj = Fak (x, y)

.

The normalized supporting element li = ∂F
∂yi

is

(2.3) li = ai
and the angular metric tensor hij = F ∂2F

∂yi∂yj
is

(2.4) hij = 3 (aij − aiaj) .
The fundamental tensor of the QF nspace is
(2.5) gij = 3aij − 2aiaj.
The contravariant tensor gij is given by
(2.6) gij = 1

3
(aij + 2aiaj) ,

where aij = (aij)
−1and ai = airar = li.

The Cartan covariant tensor C with the components Cijk = 1
2

∂gij
∂yk

is
written as

(2.7) Cijk = 3
F

(aijk − aijak − ajkai − akiaj + 2aiajak) .
The generalized Christoffel symbols of the metric (1.1) are

(2.8) Γshijk = 1
6
asp
(
∂aijkp
∂xh

+
∂ajkph
∂xi

+
∂akphi
∂xj

+
∂aiphj
∂xk
− ∂ahijk

∂xp

)
From (1.5) we obtain
(2.9) F 2 = gijy

iyj = 3aijy
iyj − 2aiy

iajy
j.

We also have
(2.10) aiy

i = 1
F 3aijkhy

jykyhyi = 1
F 3F

4 = F.
So,
(2.11) F 2 = 3aijy

iyj − 2F 2,
or,
(2.12) F 2 = aijy

iyj.
The tensor aij (x, y) is called the basic tensor, because we can con-

struct a Finsler connection based on aij instead of gij.
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Theorem 1. In a quartic Finsler space QF n there exists an unique
connection CΓ =

(
Gi
j, F

i
jk, U

i
jk

)
which verifies the following axioms:

a) ∇haij = 0;
b) ∇vaij = 0;
c) T ijk = F i

jk − F i
kj = 0;

d) Sijk = U i
jk − U i

kj = 0;

e) Di
j = yi |j= 0.

This connection has the coefficients expressed by
(2.13) U i

jk = Ci
jk + 2

3F
(ajk − ajak) ai

and
(2.14) F i

jk = ais
[
fsjk − 1

F

(
Gi
k (ajsi − ajsai) +Gi

j (askj − askaj)−Gi
s (akjs − akjas)

)]
,

where
(2.15) fsjk = 1

2

(
∂asj
∂xk

+
∂ajk
∂xs
− ∂aks

∂xj

)
.

3. Main results

Let QF n = (M,F ) and QF
n

=
(
M,F

)
be two quartic Finsler space

on the same manifold M . If there exists a scalar field σ (x) satisfying
F (x, y) = eσ(x)F (x, y), then the change F −→ F is called conformal.

Proposition 2. By a conformal transformation, the Finsler quartic
space QF n is transformed to a Finsler quartic space QF

n
and we have

(3.1)


ahijk = e4σ(x)ahijk
aijk = e3σ(x)aijk
ajk = e2σ(x)ajk
ak = eσ(x)ak

and

(3.2)


ahijk = e−4σ(x)ahijk

aijk = e−3σ(x)aijk

ajk = e−2σ(x)ajk

ak = e−σ(x)ak

From (2.8), (3.1) and (3.2), by a direct calculation we get the fol-
lowing result

Proposition 3. Under the given conformal transformation F −→ F ,
the Christoffel symbols change as follows:

(3.3) Γ
p

hijk = eσΓphijk+
4
6

(
∂σ
∂xh

aijkp + ∂σ
∂xi
ajkph + ∂σ

∂xj
akphi + ∂σ

∂xk
aiphj − ∂σ

∂xp
ahijk

)
.
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We give the main result concerning the conformal change of Cartan’s
connection.

Theorem 4. The conformal change of Cartan’s connection of a Finsler
quartic space is given by

(3.4)

{
F
i

jk = F i
jk + U i

jk

C
i

jk = Ci
jk

,

where

U i
jk =

(
δij
∂σ

∂xk
+ δik

∂σ

∂xj
− ajkσi

)
+

+
1

12

[
4
(
atrjσ

raikt + atrkσ
raijt − airtσratjk

)
−

−8

(
σ0a

i
jk

F
− airjσrak − airkσraj + arjkσ

rai

)
+

+2
(
δijarσ

rak + δikarjσ
r − ajkσi

)]
(3.5)

Proof. From (1.15), (2.1) and (2.2) we find the conformal transforma-
tion of fijk:

(3.6) f ijk = e2σ
(
fijk + aij

∂σ
∂xk

+ ajk
∂σ
∂xi
− aki ∂σ∂xj

)
.

Contracting this expression with yk, yj and yi successively we get
(3.7) f ij0 = e2σ

(
fij0 + σ0aij + F ∂σ

∂xi
aj − F ∂σ

∂xj
ai
)

(3.8) fi00 = e2σ
(
fi00 + F 2 ∂σ

∂xi

)
(3.9) f000 = e2σ (f000 + F 2σ0)
Contracting (3.6) with yiyk we obtain
(3.10) f 0j0 = e2σ

(
f0j0 + 2σ0aj − F 2 ∂σ

∂xj

)
From (3.6), (3.7), (3.8), (3.9), (3.10), (3.1) and (3.2) we obtain the

conformal change of F i
jk and Ci

jk.
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