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ON CONFORMAL TRANSFORMATION OF A
QUARTIC FINSLER SPACE

OTILIA LUNGU AND VALER NIMINET

Abstract. In this paper we consider the conformal transformation
of a quartic Finsler space. We obtain the conformal change of Cartan’s
connection.

1. INTRODUCTION

Let M be an n-dimensional, real C*° manifold and F : TM —
Ry, F(z,y) = anjk (x) y"y'y/y* be the fundamental function of
the Finsler space QF" = (M, F), called quartic Finsler space. In
[2] Knebelman initiated the conformal theory of Finsler spaces and
Matsumoto and Hashiguchi developed this theory. The conformal
change is defined as F (z,y) = @ F (x,y), where o (x) is a function
of position only, known as conformal factor.

In the present paper we investigate the conformal change for the
quartic Finsler spaces. We obtain the relations between Cartan con-
nection associated to QF™ = (M, F') and Cartan connection associated

to QF" = (M. F).
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2. Preliminaries

Let M be an n-dimensional, real C* manifold. Denote by (T'M, T, M)
the tangent bundle of M and let F = (M, F'(x,y)) be a Finsler space,
with the fundamental function

(2.1) F:TM — Ry, F (z,y) = /ang () yyyiy* |

where ay;ji, (v) are the components of a symmetric covariant tensor
field of order 4. The manifold M equipped with the metric(1.1) is called
a quartic Finsler space and is denoted by QF". We define the tensors
aijk (z,9), ajx (x,y) and ay (z,y) as follows:

Qhijk (93) yh = Faijk (l’a y)

(2.2) anijr, (1) y"y' = Fagy (x,y)
anigr () y"y'y’ = Fay, (2,y)
The normalized supporting element [; = g;; is
and the angular metric tensor h;; = F 83? a}; = is
(24) hij =3 (CLij - aiaj) .
The fundamental tensor of the (QFspace is
(25) 9ij = ?)CLZ']‘ - QCLZ'CL]‘.
The contravariant tensor g% is given by
(2.6) 9" = % (a¥ 4 2d'a?),
where a¥ = (a;;) " 'and o’ = a”a, = I'.
The Cartan covariant tensor C with the components Cjj, = %gzi,f is
written as
(27) Cijk = % (aijk — CLijCLk — (ijai — akiaj -+ 2aiajak) .
The generalized Christoffel symbols of the metric (1.1) are
(2.8) Dhie = 5a™ <ag;j:p + &ggff * o+ ag;z}hi + agﬂlj - 8%2130
From (1.5) we obtain
(2.9) F? = giy'y’ = 3aijy'y? — 2a:y ;v
We also have
(2.10) ay’ = %aijkhyjykyhyi = %F‘l =T
So,
(2.11) F? = 3a,y'y’ — 2F?,
or,
(2.12) F? = ay'y.

The tensor a;; (x,y) is called the basic tensor, because we can con-
struct a Finsler connection based on a;; instead of g;;.
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Theorem 1. In a quartic Finsler space QF™ there exists an unique
connection CT = (G%, Fiy, Uk ) which verifies the following azioms:
CL) Vhaz-j = O;
b) V”aij = 0;
C)I?k:F}?]c_Fz%ZO;
d) sz'k = ]lk - Ullcj = 0;

This connection has the coefficients expressed by
(2.13) Ul = Cly + 55 (a5, — aja) o
and

(2};14) Fiy = a [foe — + (G (a5 — aj505) + G (ag; — aspa;) — GL (agjs — agjas))]
wnere

Oag; Oa; a
(2.15) fsjr = % <6xkj + o — %) :

3. Main results

Let QF" = (M, F) and QF " = (M, F) be two quartic Finsler space
on the same manifold M. If there exists a scalar field o () satisfying
F (z,y) = @ F (z,y), then the change F — F is called conformal.

Proposition 2. By a conformal transformation, the Finsler quartic
space QF™ is transformed to a Finsler quartic space QF  and we have
Ahijr = 640Ex;ahzjk

= 3o(x

Qijk = € Qijk
3.1 Y J
( ) aji, = eQU(m)ajk

L Ek = e"(‘”)ak

and
( ahijk — 6—4U(x)ahijk
ik — o—30(x) gisk
(32) ajk — e—ZU(x)ajk
ak — efo'(x)ak

\

From (2.8), (3.1) and (3.2), by a direct calculation we get the fol-
lowing result

Proposition 3. Under the given conformal transformation F — F,
the Christoffel symbols change as follows:

. — ooT?P 4 (90 . 9o o 4 090 . _ 0o .
(3.3) Dhije = € Thijuts (agc_hamkp t gui Uikph T 5.7 Qkphi + 5% Qiphj — 55 ahwk) .
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We give the main result concerning the conformal change of Cartan’s
connection.

Theorem 4. The conformal change of Cartan’s connection of a Finsler

quartic space is given by
(3.4) { Fon = Bt e

Ci =0l
where
1 . ‘ '
(3 5) +E |:4 (aijara;@t + a/ikO'TCL;t — a:«to-r(l?k) o
ook, o N
-8 ( 7 On0 Ok G070y + ax0"a ) 4

+2 (6§arorak + 8jap0" — ajkai)}

Proof. From (1.15), (2.1) and (2.2) we find the conformal transforma-
tion of f”k

(36) Tijk = 620 (fz'jk + aij% + ajk% — aki%) .
Contracting this expression with y*, 47 and y' successively we get
(37) fL]O = 620 (fz'jo + O'oaz'j + F%aj — F%ai)

(3.8) fiﬂz e* (fioo + F*2%)

(3.9) fooo = €7 (fooo + F200)

Contracting (3.6) with y'y* we obtain

(3.10) fojo = €% (fojo + 200a; — F22%)

From (3.6), (3.7), (3.8), (3.9), (3.10), (3.1) and (3.2) we obtain the
conformal change of F}; and C,. &
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