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Abstract. We prove a differentiability result for monotone Sobolev
functions on doubling metric measure spaces supporting a Poincaré in-
equality. This generalizes a result used by Rickman in proving the dif-
ferentiability of quasiregular mappings. Our main tools are a Stepanov
differentiability theorem in doubling metric measure spaces supporting
a Poincaré inequality, proved in 2004 by Balogh, Rogovin and Ziircher
and a Sobolev embedding theorem on spheres proved by Hajtasz and
Koskela.

As an application, it is shown that continuous quasiminimizers for
the p— energy integral with p > () — 1 are almost everywhere Cheeger
differentiable, where @ is the doubling exponent of the underlying
metric measure space.
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1. INTRODUCTION

The study of Sobolev spaces and p—harmonic functions on met-
ric measure spaces led to the definition of a concept of differentia-
bility in the setting of metric measure spaces. In his seminal paper
[2] Cheeger proved that every metric space with a doubling measure
supporting a Poincaré inequality admits a strong measurable differen-
tiable structure, with which Lipschitz functions can be differentiated
almost everywhere. We recall that quasiconformal theory and non-
linear potential theory have been successfully extended to doubling
metric measure spaces supporting a Poincaré inequality.

Balogh, Rogovin and Ziircher [1] used Cheeger’s extension of Rade-
macher differentiability theorem to prove a generalization of this re-
sult, the following extension of Stepanov’s differentiability theorem.

Theorem 1.1.[1] Let (X, d, ) be a doubling metric measure space.
Assume that there exists a strong measurable differentiable structure
{(Xa,@a)} for (X,d,p) with respect to LIP(X), such that the sets
X are mutually disjoint. Then each function f: X — R is u—a.e.
differentiable in S(f) = {x € X : Lip f(z) < oo} with respect to the
structure {(Xa, ©a)}-

We will assume that (X, d, ) is a doubling metric measure space,
where the measure y is Borel regular positive and finite on ball, ) > 1
is a homogeneous dimension of X and 1 < p < oo.

If a function u belongs to the Sobolev space W7 (Q2), where 2 C R™
is a domain and p > n, then w is differentiable almost everywhere in €2,
by Cesari-Calderén theorem [16, Lemma VI.4.1]. The applications of
Stepanov’s differentiability theorem given in [1] include the following
extension of Cesari-Calderén theorem to doubling metric spaces: if
u : X — R is a measurable function and ¢ € L] (X), with p > @,
such that the pair (u,g) satisfies a weak (1,p)—Poincaré inequality,
then Lipu(z) < oo at every Lebesgue point of ¢g” [1, Theorem 4.1].
In particular, u is differentiable almost everywhere in X. Moreover, u
has a locally (1 — @Q/p) —Holder continuous representative.

The condition p > n is not necessary for the differentiability of func-
tions u € WP (Q), where Q C R" is a domain. Rickman [16, Lemma
VI1.4.4] proved that every monotone Sobolev function u € W'P(Q)
with p > n — 1 is differentiable almost everywhere, using a method
of Véisald [19] which is an n—dimensional version of a technique used
by Gehring and Lehto [4]. An important consequence of this result is
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the differentiability a.e. of quasiregular mappings [16, Theorem 1.2.4],
that was proved for the first time by Reshetnyak [14].

Onninen [13] proved a sharp integrability condition on the partial
derivatives of a weakly monotone Sobolev function on a domain in
R"™, that guarantees the differentiability a.e. of the function. Unfor-
tunately, the methods from the proofs of Rickman and Onninen are
unlikely to be extended to the setting of metric measure spaces.

In this paper we extend Rickman’s result to doubling metric mea-
sure spaces supporting a Poincaré inequality, using Theorem 1.1 and a
Sobolev embedding theorem on spheres proved by Hajtasz and Koskela
[6, Theorem 7.1].

2. PRELIMINARIES

There are several definitions for the monotonicity of real functions
in domains in R", definitions that can be extended to the setting of
metric measure spaces.

Let 2 C R” be a domain. A continuous function u : {2 — R is said to

be monotone in the sense of Lebesgue if supu < supu and infu > infu
D 9D D oD

for every bounded domain D with D C Q. The continuity of v implies

supu > supu and infu < infu for every set D with D C Q. Every
D oD D oD
continuous and open real function on a domain €2 C R™ is monotone

in the sense of Lebesgue.
Onninen [13] says that a continuous function u : 2 — R is monotone
in the sense of Lebesgue if

1 < d infu > infu.
(1) s%pu_saquu and infu > infu

for each ball B with B C €. This definition is less restrictive than
the above one.

For every real function u on a set B from a topological space, supu =
B

max{supu, supu} and infu = min{infu, infu}. Inequalities (1)
B 0B B B dB
show that the restriction to B of a monotone continuous function u
satisfies a maximum principle and a minimum principle.
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Let u be a real function in a set X. For every nonempty set A C X,

the oscillation of w on A is defined by osc(u, A) = sup |u(z) — u(y)|-
z,y€A

Note that osc(u, A) = supu — igfu.
A

In [16] a continuous function v : U — R in an open set U C R" is
called monotone if

(2) osc (u, D) = osc (u,0D)

for every bounded domain D with D C U. Note that osc(u, D) >
osc (u,0D) for every continuous function u : U — R and each set D
with D C U.

If u: U — R is continuous and monotone in the sense of Lebesgue,
then wu satisfies (2).

Let (X,d) be a metric space. The ball B(z,r) and the sphere
S (x,7) of center € X and radius r > 0 are defined by B (z,r) =
{y € X :d(y,x) <r}, respectively S (z,7) = {y € X : d(y,z) =r}.
By the continuity of the distance d(x,-) on X, we have 0B (z,r) C
S (x,r). It is possible to have S (z,r) empty or to have S (x,r) differ-
ent from 0B (z,r), for example in discrete spaces.

In [6, p. 34] it is said that a function u : X — R is monotone if

(3) osc(u, B (z,1)) < osc(u, S (z,7))

for every x € X and r > 0. It is implicitely assumed that S (x,r) is
non-empty.

We will say that the metric space (X, d) has the (NESS) property if
small spheres are nonempty, i.e. for each zy € X there exists R (xg) >
0 such that S (z,7) is nonempty wehenever 0 < r < R (xg).

In the setting of metric spaces with (NESS) property we will replace
inequalities (1) by

< : S
“ supye < gupgeend o= Juk
where x € X and 0 < r < R(x).

Definition 2.1. Assume that the metric space (X, d) has (NESS)
property. Let Q C X be an open set and v : Q@ — R. We say
that u is locally monotone (respectively, locally monotone in the sense
of Lebesgue) at zq € Q if there exists a positive number R (u,z)
such that (3) holds (respectively, inequalities (4) hold for all 0 < r <
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R (u,xg). We say that u : Q — R is locally monotone (locally mono-
tone in the sense of Lebesgue) if it is locally monotone (locally mono-
tone in the sense of Lebesgue) at each point zy € X.

Obviously, every function that is locally monotone in the sense of
Lebesgue is also locally monotone.

We will need a connection between strong extremum principles and
the property of a function to be locally monotone in the sense of
Lebesgue.

Lemma 2.2. Let X be a proper metric space with (NESS) property.
Let Q C X be an open set and u : 0 — R be a continuous function.
If the restriction of u to an arbitrary ball B C Q2 has neither a global
maximum, nor a global minimum, then u : 2 — R is locally monotone
in the sense of Lebesque.

Proof. Let zp € X and let R = R (x) be a positive number such
that, for each 0 < r < R, the sphere S (x¢,r) is nonempty and the
closed ball D (zg, ) = B (xg,7)US (z9,7) C €, for . Since X is proper,
D (xq,r)is compact.

The restriction of the continuous function u to D (xq, r) has a global
maximum u (zy) and a global minimum u (x,,). If xp € B (xo,7),
then the restriction of u to B (xg,r) has a global maximum, namely
u (xpr). This contradiction shows that x5, € S (0, 7), therefore

sup u < sup u =u(xpy)= sup u.
B(zo,r) D(zo,r) S(zo,r)

Similarly, inf w > inf u. O
B(zo,r) S(zo,r)

In what follows, we assume that (X, d, ) is a metric measure space,
i.e. the metric space (X,d) is equipped with a measure p, that is
assumed to be Borel regular, positive and finite on balls. If B :=
B(z,r) and 0 > 0 then B stands for B(z,or).

In order to describe the scaled oscillations of a function v : X — R
which is not necessarily Lipschitz, we use the upper Lipschitz constant
defined by

1
Lipu(z) = limsup— sup |u(z) —u(y)].
r—=0  TyeB(a,r)
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Note that Lipu(z) = lim sup% if z is a limit point of X and
y—x ’
y#T

Lipu(x) = 0 if x is isolated ([2], [1]).

Let 1 < p < oco. The p—modulus of a family of paths I" in X,
denoted by Mod,(T), is the number inf [ pPdp, where the infimum is
P x

taken over all non-negative Borel measurable functions p such that for
all rectifiable paths v which belong to I' we have [ pds > 1 [17].
g

The concept of upper gradient is a basic one in the "first-order
calculus” on metric measure spaces, playing the role of a substitute
for the length of the gradient of a real-valued C'—function on an
Euclidean domain. A non-negative Borel measurable function ¢ is
said to be an upper gradient of v : X — R in X if for all rectifiable
paths v : [a,b] — X the following inequality holds

(5) u(y(a) — u(y(b))] < / gds.

Y

A non-negative Borel measurable function g is called a p—weak up-
per gradient of w if (5) holds for all rectifiable paths 7 : [a,b] — X
except a family of zero p—modulus [17].

The Newtonian spaces N'?(X), 1 < p < oo [17] are Sobolev-type
spaces on metric measure spaces, based on the notion of (weak) upper
gradient. Let N'?(X) be the collection of all real-valued p—integrable
functions u on X that possess a p—integrable p—weak upper gradient.
This space can be endowed with the seminorm |ullg., = [lull, +
inf ||g||,, where the infimum is taken over all p—integrable p—weak

upper gradients g of u. If u and v are functions in Nl’p, we set u ~ v
if |lu —v||1, = 0. Then ~ is an equivalence relation. The quotient
space N'?(X) := N'“(X), ~ equipped with the norm lull yrp ==
||| 51, » is the Newtonian space corresponding to the index p. Let Q
be an open subset of X. The Newtonian space N'?(Q) is defined in an
obvious way. As in [11], we say that a function u : Q — R belongs to
the local Newtonian space N,oP(Q) if u € L2 _(Q) and u has a p—weak
upper gradient g € L} ().
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The metric measure space (X, d, p) is said to be doubling if there is
a constant Cy > 1 so that

(6) p(B(x,2r)) < Cap(B(z,7))

for every ball B(z,r) in X. By the doubling condition (6) there
exist some constants C, > 0 and ) > 0 such that

u(B(x,r)) \?
@) uU%%ﬂw)zc%(m)

whenever z € B(zg,19) and 0 < r < ry. Every such @ is called
a homogeneous dimension (a doubling exponent) of the given metric
measure space.

The metric space (X, d) is said to be proper if every closed bounded
subset of X is compact. Under the assumption that p is doubling, X
is proper if and only if it is complete [5, Theorem 4.5].

Let u € L},.(X) and g be a measurable non-negative function on X.
Let p > 0. The pair (u,g) is said to satisfy a weak (1,p)—Poincaré
inequality if there exist some constants C'p > 0 and 7 > 1 such that

1/p

1 1 »
®) ﬁﬁﬁzm“”%”“gcﬂ uvB»/ﬁd“

7B

for every ball B = B (x,r) in X. Here up = ﬁ J udp [6, page 9].
B

We say that the metric measure space (X,d, u) supports a weak
(1, p)— Poincaré inequality (for locally integrable functions) if there
exist some constants Cp > 0 and 7 > 1 such that a pair (u, g) satisfies
(8) whenever u € L}, (X) and g is an upper gradient of u.

If (X,d,n) supports a weak (1,p)—Poincaré inequality and u €
L; .(X) has a p—integrable p—weak upper gradient g then (8) holds,
since g is the limit in LP(X) of a sequence of upper gradients (g,) of

u and each pair (u, g,) satisfies (8).

Remark 2.3. If (X, d, u) supports a weak (1, p)—Poincaré inequal-
ity for some p > 0 then (X,d,pu) supports a weak (1,q)—Poincaré
inequality for every ¢ > p, by Holder inequality.
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Remark 2.4. In a metric measure space supporting a Poincaré
inequality every ball whose complement is non-empty has a non-empty
boundary, in particular the metric space has (NESS) property [18, p.
25].

The essence of Cheeger’s study on the infinitesimal behavior of Lip-
schitz functions on doubling metric measure spaces can been syn-
thetized in the following theorem, that extends Rademacher diffe-
rentiability theorem.

Theorem 2.5. [8], [1] Let (X,d, p) be a doubling metric measure
space supporting a weak (1,p) —Poincaré inequality for some 1 < p <
oo. Then there exists a countable collection {(Xa, ¥a)}taca of mea-
surable sets X, C X with positive measure and Lipschitz coordinates
Yo = (pL, ..., goév(a)) : X — RN@ with the following properties:

(1) XA\ U Xa) = 0;
ac
(11) There exists a non-negative integer N such that N(«a) < N for

each a € A;

(15i) If f: X — R is Lipschitz , then for each (X4, . ) there ezists a
unique (up to a set of zero measure) measurable bounded vector valued
function d*f : X, — RN such that

(9) lim lfly) — f(z) —d*f(x) - (paly) — @u(T))]

yoo d(y, x)

:O’

7

for p—almost every x € X, where ” -7 is the usual inner product

on RN(@)

If a metric measure space (X, d, i) satisfies the conclusion of Theo-
rem 2.5, it is said that the space admits a strong measurable differen-
tiable structure and the collection {(X4, ©a)}aca is said to be a strong
measurable differentiable structure for the space.

A function f : X — R (not necessarily Lipschitz) is said to be
Cheeger differentiable at x € X,, with respect to the strong mea-
surable differentiable structure {(Xs, ©a)}aca if there exists a vector
d® f(x) € RV such that (9) holds for f at x [1].
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3. DIFFERENTIABILITY OF MONOTONE SOBOLEV FUNCTIONS

The main tool we use in extending Rickman’s lemma to doubling
metric measure spaces is a Sobolev embedding theorem on spheres
proven by Hajlasz and Koskela ([6], Theorem 7.1):

Lemma 3.1. [6] Let (X, d, 1) be a doubling metric measure space,
with a homogeneous dimension Q. Assume that the pair (u, g) satisfies
a weak (1,p)—Poincaré inequality for some p > Q) — 1, where u is
in L} (X) and g is a measurable non-negative function on X. Let
xg € X and let rg > 0 such that S(xzo,7) is nonempty for every
0<r<ry Then:

(i) The restriction of u to S(xo,r) is uniformly (1—(Q—1)/p)— Hdélder
continuous for almost every 0 < r < ry;

(i1) There exist a constant Cy > 0, depending only on p, @, Cp, Cy, Cy
and a radius ro/2 <1 < ry such that:

(10)

1/p

_ - 1
u(z) —u < Oyd(z,y) @ V/ppl@=D/p / >
|u(z) (y)| < Cid(x,y) o Bl 5] e

B(x0,57r0)

for every x,y € S(xg,r).

In what follows, we say that a function u : X — R is monotone if
osc(u, B(xg,r)) < osc(S(xo, 7)),

for every xg € X and every r > 0 such that S(z,7) is non-empty (see
6], page 36).

Theorem 3.2. Let (X,d,pn) be a doubling metric measure space,
with a homogeneous dimension Q. Assume that for every point xy €
X there exists R(xg) > 0 such that S(xq,r) is non-empty for every
0 <r < R(xg). Let u € L}, (X) be a locally monotone function and
g € L} (X) be a nonnegative function, where 1 < p < oco. If p > Q—1
and the pair (u,qg) satisfies a weak (1,p)—Poincaré inequality, then
Lipu(z) < oo for p— a.e. x € X.

If X admits a strong measurable differentiable structure, then u is
differentiable u— a.e. with respect to this structure.

Proof. Fix zg € X. If zq is isolated, then Lipu(xzy) = 0 < oc.
Assume that xg is a limit point of X.
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Let R := R(u,x() be a positive number as in Definition 2.
For every z € B(xo, R/2) there exists a positive integer k = k(2)
such that

(11) 27" 1R < d(z,20) < 27"R.

Apply to v Lemma 3.1 with ry = 27*+1 R. There exists a radius r with
27%"R < r < 27*1R such that (10) holds for every x, y € S(zo,r). It
follows that

1/p

1 p
(12)  osc(u, S(zg, 7)) < 2C)r (Bleo 5r0)) / gPdpu

B(z0,5710)

Since u is a locally monotone function, |u(z) — u(xg)| < osc(u, B(zg, 7)) <
osc(u, S(xo,7)). Using this inequality together with (11) and (12) we
get

1/p

[u(z) —w(@o)| _ o1 1 P
d(z, xg) <2G w(B(zo,57710)) / g"dp

B(z0,57r0)

From (11) and the choice of 7 it follows that
B(xg,5710) C p(B(x0, Ad(2,20))) C B(xg,10770), where A = 207. By
the doubling property of i we obtain pu(B(zg, Ad(z, z0))) < Cau(B(xg, 5779)).
Therefore,

(13)

1/p
|U(Z) B U<I'0)| < 03 1 / gpdﬂ :

d(Z,LEo) /,L(B(;Uo,)\d(z,.’lfo)))
B(zo,A\d(z,20))

where 03 = 22k+1C1 (Cd)_l/p.
Assume that z( is a Lebesgue point of gP. Taking lim sup for z — x,

z # x in (13) we obtain

Lipu(xg) < Csg(xp) < 0.
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The second claim follows by Stepanov differentiability theorem,
Theorem 1.1. [

Corollary 3.3. Assume that (X,d,u) is a doubling metric measure
space supporting a weak (1,p)— Poincaré inequality with 1 < p < 0.
Let @ be a homogeneous dimension of (X,d,p). If p > @Q — 1 then
every locally monotone function u € le’f(X) satisfies Lipu(x) < oo
for n— a.e. x € X, in particular it is differentiable p—a.e. with
respect to any strong measurable differentiable structure for (X, d, u).
Proof. Let u € NLP(X), 1 < p < oo. Thenu € LF_(Q) C L}, (Q)
and there exists a weak p— upper gradient g € Lj (X) of u. Since
(X, d, ) supports a weak (1, p)—Poincaré inequality, the metric space
(X,d) has the (NESS) property and the pair (u,g) satisfies a weak
(1, p)—Poincaré inequality. If, in addition, u is locally monotone and

p > ) — 1, then all the assumptions of Theorem 3.2 are met. [J

4. ON THE REGULARITY OF QUASIMINIMIZERS

If 1 < p < oo then each function v € N'P(X) has a minimal
p—integrable p—weak upper gradient in X, denoted by g,, in the sense
that if g is another p—weak upper gradient of u, then g, < g p—a.e.in
X [2, Theorem 2.18].

Let ©Q be an open subset of X. If u € Ni)’f(Q) with 1 < p < o0,
then u has a minimal p—weak upper gradient g, in €2, in the following
sense: whenever D is an open set with D C €, if g, p is a minimal
p—weak upper gradient of w in D, then ¢, = g, p p—a.e.in D [10].

The p—capacity of a set E C X is defined by C,(E) = irulf /| R
where the infimum is taken over all functions v € N'?(X) with u =1
on E. The Newtonian space with zero boundary values Nol’p(E) is

the set of functions v : E — R for which there exists a function
@ € N(X) such that & = u y—almost everywhere in £ and

Co({xr € X\ £ :u(z) #0}) =0.

A representative in N7(Q) of a function u € N-P(Q) is obtained
by modifying v on a set of zero p—capacity.

In what follows, 1 < p < oo and €2 C X is an open set.

A function v € NLP(Q) is said to be a quasiminimizer (for the

Dirichlet p— energy integral) on  if there exists a constant K > 1



60 MARCELINA MOCANU

such that for all bounded open sets € with € C Q and for each
v € NWP(QY) with u — v € NyP(Q') we have

/ gndp < K / gydp,

Q' N{u#v} Q' N{u#v}

where g, and g, are the minimal p—weak upper gradients of u and v
respectively.

In particular, every p—harmonic function is a quasiminimizer with
K = 1. A representative in N?(Q) of a quasiminimizer u € N,J?(Q)
is also a quasiminimizer.

Kinnunen and Shanmugalingam [11] studied the regularity of quasi-
minimizers of the p—energy integral, under the assumptions that the
space (X, d, ) supports a weak (1,q) —Poincaré inequality with 1 <
q < p. Kinnunen and Shanmugalingam proved that, for every quasi-
minimizer u € N2P(Q) in ©, the functions u and (—u) belong to the
De Giorgi class DGp(?) [11, Proposition 3.3] and derived from this
result several regularity properties of quasiminimizers. Each function
u with u, (—u) € DG, () is essentially locally bounded [11, Theo-
rem 4.3] and has a representative in Nllo’f (Q) that is locally a—Holder
continuous for some 0 < o < 1 not depending on u [11, Theorem 5.2].
Moreover, quasiminimizers satisfy the following strong extremum prin-
ciple [11, Corollary 6.4].

Lemma 4.1. Assume that the doubling metric measure space (X, d, )
supports a weak (1,q) —Poincaré inequality with 1 < q¢ < p. Let Q be
an open subset of X and suppose that u is a continuous non-constant
quastminimizer for the p—energy integral in €2. Then u does attain
neither its mazimum nor its minimum in €.

Remark 4.2. A deep theorem by Keith and Zhong [9] shows that
for every metric measure space (X,d,pu) that is complete, doubling
and supports a weak (1, p)—Poincaré inequality for some 1 < p < 0o
there exists £ > 0 such that (X, d, u) supports a weak (1, g)—Poincaré
inequality for every ¢ > p — e. Therefore, the results from [11] re-
main valid relaxing the assumption that (X,d,u) supports a weak
(1,q) —Poincaré inequality with 1 < ¢ < p to the assumption that
(X,d, ) supports a weak (1,p)—Poincaré, but supposing that the
metric space (X, d) is complete.
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From Lemma 4.1 and Lemma 2.2 we obtain the following lemma.

Lemma 4.3. Assume that the doubling metric measure space X
is complete and supports a weak (1,p) —Poincaré inequality with 1 <
p < oo. Let Q C X be open. Fvery continuous quasiminimizer u €
Nli’f(Q) of the p—energy integral is locally monotone in the sense of
Lebesgue.

Proof. Let u be a continuous quasiminimizer of the p—energy in-
tegral. If w is constant, then it is obviously locally monotone in the
sense of Lebesgue. Assume that u is non-constant. (X, d, i) supports
a weak (1, ¢) —Poincaré inequality for some 1 < ¢ < p, see Remark 4.2.
Then Lemma 4.1 implies that u does not attain neither its maximum
nor its minimum in §2.

X is doubling and complete, hence X is proper. Since X supports a
weak (1, p) —Poincaré inequality, X has (NESS) property, see Remark
2.4. Then u is locally monotone in the sense of Lebesgue, according
to Lemma 2.2. [

In [12] it is proved a higher integrability property for the minimal
weak upper gradient of a quasiminimizer for the p—energy integral,
u-sing an extension of Gehring lemma to doubling metric measure
spaces, proved by Zatorska-Goldstein [20]. Assume that @ > 1/2, X
satisfies weak (1, ¢) —Poincaré inequality for some 1 < ¢ < oo and that
q < p < 2Qq and, in addition, p < Qq/(Q — ¢) when ¢ < (. Then
there exists a positive constant ¢y such that for every quasiminimizer
u € N-P(X) and for each 0 < & < ggo we have g, € L7 (X) [12,
Theorem 5.

Assume that Q > 1 and X satisfies a weak (1, Q) —Poincaré inequal-
ity. We may assume that X satisfies a weak (1, ¢) —Poincaré inequality
for some ¢ such that 1 < ¢ < @, see Remark 4.2. Then the above re-
sult for p = @ implies that for every quasiminimizer u € Nl{)’? (X) we
have g, € L9 (X) for some € > 0. By Cesari-Calderén-type theorem

loc

[1, Theorem 4.1], Lipu(z) < oo for p—a.e. x € X.

Obviously, every u € Nllo’f (X) with p > @ satisfies the condition
Lipu(z) < oo for p—a.e. z € X.

It remains to consider the case p < ). We will give a simple proof
for the fact that, when p > Q—1, every continuous quasiminimizer u €
NP (X) of the p—energy integral satisfies the condition Lipu(x) < oo

loc

for p—a.e. x € X.
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Proposition 4.4. Let (X,d, i) be a complete doubling metric mea-
sure space, with a homogeneous dimension @, and supporting a weak
(1, p) — Poincaré inequality, where 1 <p < oo. If p > Q — 1, then ev-
ery continuous quasiminimaizer u € Nllo’f (X) of the p—energy integral
satisfies

(14) Lip (u) < oo pt — a.e. in X.

In particular, w s differentiable with respect to any strong differen-
tiable structure on X.

Proof. By Lemma 4.3, u is locally monotone in the sense of
Lebesgue, hence it is locally monotone. Since p > ) — 1, the claim
follows from Corollary 4.3. [J

Proposition 4.4 can be derived from a deeper known result. Very
recently, under the above assumptions on (X, d, ), where 1 < p < Q,
Gong and Hajtasz [3, Theorem 3.1] proved that every quasiminimizer
u € Nllo’f (X) of a certain functional more general than the p—energy
functional satisfies (14).

Remark 4.5. For p = ) Proposition 4.4 gives [12, Corollary 6].
It would be interesting to extend Proposition 4.4 to the case when
u € N-P(Q), where © is an open subset of X.
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