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SOME GENERALIZATIONS OF LOCAL CONTINUITY
IN IDEAL TOPOLOGICAL SPACES

ALI OZKURT

Abstract. In this paper, we consider generalizations of two forms
of local continuity of maps between topological spaces, with respect
to an ideal of subsets either in the domain or in the codomain. In
particular given an ideal I of subsets of a space Y, one-to-one mappings
f X — Y are investigated such that f|x, is continuous for some
closed Xy C X. Also we investigate continuity of mappings f : X — Y
if X is an ideal topological space. Our results provide some corollaries
for Baire spaces.

1. INTRODUCTION AND PRELIMINARIES

Let (X, 7) be a topological space. As it is well known a nonempty
family I of subsets of X is called an ideal if the two following conditions
are fulfilled: (1) If A€ I and B C Athen Be I. (2) If A€ I and
B € I then AU B € I. Observe that a family of sets is a filter if
and only if the family of the complements of these sets is an ideal. A
topological space (X, 7) with an ideal I is called an ideal topological
space which we denote by (X, 1, 1).
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One connection between an ideal and the topology on a given space
arises through the concept of the local function on a subset with re-
spect to the ideal.

For a subset A C X, A*={z € X :UNA ¢ I, for each neighbour-
hood U of 2} is called the local function of A with respect to [ and 7
[4]. Furthermore in an ideal space (X, 7,I) the following statements
are equivalent [6]

(1) X=X

(i) TN I={0}

(tir) ACA" VAer

The ideal spaces which satisfy X* = X are called Hayashi-Samuels
spaces [3]. For an ideal topological space (X, 7, I) there exists a topol-
ogy 7%, finer than, 7, which has B={U -V : U € T and V € [} as
a base. It is well known that Cl1*(A) = AU A* defines a Kuratowski

closure operator for 7* [3]. Ideals in general topological spaces were
considered in [3], and a more modern study can be found in [2].

2. I—CONTINUITY AT A POINT

Given an ideal I of subsets of a space (Y, ), we are interested in
characterizing one-to-one mappings, f : (X,7) — (Y, ¢, I), that admit
continuous restriction to a closed set Xg C X with an extra property
f(X —Xy) el

A notion of I—continuity was introduced by M.E. Abd El-Monsef
et al. [5]. For a newer paper dealing with I—continuity see [1].

In the present paper another version of /— continuity is introduced.

Definition 2.1. Let us say that f is [—continuous at x if, for every
neighborhood V' of f(x) in'Y, there exists a neighborhood U of x in X
such that f(U) =V € I. Let f:(X,7) = (Y,¢,I), we say that f is
I—continuous if f is [—continuous at every point of X.

Observe that if f is continuous function then f is I—continuous
function, since () € I.
On the other hand [—continuity does not imply continuity.

Example 2.2. f: (R, Twof) = (R, Teor, 1), f(x) = sinz, where Teof is
cofinite topology on R and I denotes the ideal of finite subsets of R.
It 1s easy to see that f is I—continuous but not continuous function.
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Theorem 2.3. Let Y be a regular space and f: (X, 7) = (Y, @, I) be

an [—continuous and one-to-one map. Then f|x, is continuous for
some closed Xo C X.

Proof. Let G = J{U : Uisopenin X and f(U) € [} and Xy = X —G.
Clearly X is a closed subset of X.

We will show that f|x, is continuous. Consider any point x € Xy
and any neighborhood V' of f(z) in Y. We need a neighborhood U of
x in X such that f(UN X,) C V.

First, using regularity of Y, we can select an open set W contain-
ing f(z) with CIW C V. Since f is I—continuous, there exists a
neighborhood U of = such that f(U) —W € I.

We will show that f(U N X,) C V. Take any 2’ € U N Xy; since
CIW C V, it will be enough to prove that f(z') € CIW.

Suppose that f(z') is not an element of ¢/W. Then there exists
an open neighborhood W' of f(x’) such that W N W’ = (). Since
f is I—continuous, there exists a neighborhood U’ of z’ such that
f(U") =W’ e I. Hence

[ A FU") = FU) A S U7 = (WAW') € (F(U) — W)U (F(U)
W') € I. Since f is one-to-one map, f(UNU’') = f(U)N f(U') € I.
On the other hand, we have f(UNU’') CY — f(Xy), by definition of
Xo.

We have reached a contradiction, because on the other hand, f(2') €
FUnU)n f(Xo). u

Remark 2.4. In Theorem 2.3 we need X, to be non-empty. If we

assume that f is bijective (one-to-one and onto), then Xq is non-empty
if and only if TN {f7'(A): A€ I} is not a cover of X.

Corollary 2.5. Let Y be a regular space and f : (X, 7) — (Y, ¢,I)
be an I—continuous and one-to-one map. If f(U) ¢ I for every non-
empty open set U in X then [ is continuous.

Proof. Since f(U) ¢ I for every nonempty open set U in X, we have
G={U:Uisopenin X and f(U) € I} = 0, therefore, by Theorem
2.3, f is continuous. |

Definition 2.6. An ideal I is said to be a o-ideal if it is countably
additive; that is, if I, € I for each n € N, then U{I, : n € N} € [.
For example the collection of all meager subsets (i.e. countable union
of nowhere dense sets) of a space is a o-ideal.
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Corollary 2.7. LetY be a reqular and hereditarily Lindelof space and
I be a o—ideal of subsets of Y. Then f(X — X,) € 1.

Proof. f(X —Xo) = f(G)=U{f(U):Uisopenin X and f(U) € I}.
Since Y is hereditarily Lindeldf, f(G) is a Lindelof subspace of Y. This
means that f(G) = J{f(U,) : n € N,U, isopenin X and f(U,) € I}.
Since [ is a o—ideal of subsets Y, it is countably additive. Therefore
J(X = Xo) = f(G) e I n

Corollary 2.8. Let Y be a regular Baire space and I be the o—ideal
of all meager subsets of Y. If f : X — Y is a bijection, open and
I—continuous map, then f is a homeomorphism.

Proof. We will only show that f is continuous. First observe that
a meager set in a Baire space has empty interior. Since Y is Baire
space and [ is a o—ideal of all meager subsets of Y, we have Y* =Y.
Therefore () is the only member of I that is open in Y. In addition;
since f is an open map, G = | J{U : U isopen in X and f(U) € I} = 0.
Therefore, by Theorem 2.3, we have X, = X and hence that of f is
continuous. Thus f is a homeomorphism. |

3. CONTINUITY OF MAPS ON IDEAL SPACES

In this section we investigate continuity of mappings, f : (X, 7,1) —
(Y, ), where [ is an ideal of subsets of X and Y is any topological
space.

Definition 3.1. A network N for a space Xis a collection of subsets
N of X such that whenever x € U with U open, then there ezists
NeN, withe € NCU.

So, a network is like a base, but its elements need not be open. In
some case a network can be "fattened up” to a base for a space, e.g.,
a compact space with a countable network has a countable base (See
7).

Let (X, 7, I) be an ideal space and given a space Y having a network
N and let f: (X,7,1) — (Y, ) be a function.

We will denote C(f,N) = {z € X : for every N € N, we have
f(z) € N implies z € Int(f~'(N))*}.

Proposition 3.2. If B is a base for' Y, then C(f,N) C C(f,B) for
any network N,
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Proof. Let z € C(f,N). Assume that f(x) € B for some B € 8.
Since N is a network for X, there exists an N € N such that f(z) €
N C B. This implies z € Int(f~'(N))* because of z being an element
of C(f,N). Since (f~*(N))* C (f~*(B))*, it can be easily seen that
x € Int(f~1(B))* and hence x € C(f,B). |

Theorem 3.3. Let B be a base for Y and C(f) be the set of points
of continuity of f. If X = X*, then C(f) C C(f,B).

Proof. Let @ € C(f). Then x € f~(B), for any B € B such that
f(xz) € B. Since f~!(B) is open, it suffices to show that f~'(B) C
(f~%B))*. Let y € f~'(B). Since X = X*, there is no nonempty
open set in I. This implies f~'(B) NV ¢ I for any neighborhood V'
of y. Thus y € (f~1(B))*. |

The fact that X = X* is necessary. For example; let I be the o-
ideal of meager sets in Q (the rational set) and let f: Q — R be any
constant function. Clearly C'(f) = Q, whereas C(f,B) = (.

Corollary 3.4. Let (X, 7,1) be an ideal topological space such that
X =X* Let f:(X,1,1) = (Y,p) be a function. If Y has a base B
and for some xo € X there exists an element B of B containing f(xq)
such that (f~Y(B))* has empty interior, then f is discontinuous at x.

Proof. Since (f~1(B))* has no interior for some B € B containing
f(zo), this implies C(f,B), hence that of, C'(f) is empty. [ |

This corollary is applicable for Baire space X and o—ideal of all
meager subsets of X.

Corollary 3.5. Let X be a Baire space and I be the o—ideal of all
meager subsets of X. Since a meager set has no interior in a Baire
space, this implies that X = X*. On the other hand if B is a base for
Y such that there exists an element B of B containing f(x) such that
(f~YB))* €I for each x € X, then C(f,B), hence that of, C(f) is
empty.
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