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GENERAL FIXED POINT THEOREMS FOR
MULTIVALUED MAPPINGS OF LATIF - BEG TYPE
IN G - METRIC SPACES

ALINA-MIHAELA PATRICIU AND VALERIU POPA

Abstract. In this paper two general fixed point theorems for multi-
valued mappings in GG - metric spaces satisfying a new type of implicit
relation which generalizes and improves Theorem 2.1 [1] are proved.

1. INTRODUCTION AND PRELIMINARIES

In [2], [3] Dhage introduced a new class of generalized metric space,
named D - metric spaces. Mustafa and Sims [5], [6] proved that most
of the claims concerning the fundamental topological structures on D
- metric spaces are incorrect and introduced an appropriate notion of
generalized metric space, named G - metric space.

In fact, Mustafa, Sims and other authors [7], [8], [9], [10] studied
many fixed point results for self mappings in G - metric spaces under
certain conditions. In [1], the authors extend the results by [17] for G
- metric spaces.

In [11], [12] and in other papers, Popa initiated the study of fixed
points for mappings satisfying implicit relations.
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Actually, the method is used in the study of fixed points in metric
spaces, symmetric spaces, quasi - metric spaces, ultra - metric spaces,
reflexive spaces, convex metric spaces, compact metric spaces, para-
compact metric spaces in two and three metric spaces, for single valued
mappings, hybrid pairs of mappings and set valued mappings.

Quite recently, the method is used in the study of fixed points for
mappings satisfying a contractive/extensive condition of integral type,
in fuzzy metric spaces and intuitionistic metric spaces. There exists a
vast literature in this topic which cannot be completely cited here. The
method unified different types of contractive and extensive conditions.
Some of the proofs of fixed point theorems are more simple.

Also, this method allows the study of local and global properties of
fixed point structures.

The study of fixed points in GG - metric spaces using implicit relations
is initiated in [13], [14], [15], [16].

2. PRELIMINARIES

Definition 2.1 ([6]). Let X be a nonempty set and G : X* — R, be
a function satisfying the following properties:

(G1) : G(z,y,2) =0ifx =y = 2,

(Gs) : 0 < G(x,y,y) for all x,y € X with z # v,

(G3) : G(z,z,y) < G(z,y,2) for all z,y,z € X with z #£ y,

(Gy) : G(z,y,2) = Gy, z,x) = G(z,z,y)... (symmetry in all three
variables),

(G5) : G(z,y,2) < G(z,a,a) + G(a,y,z) for all z,y,z,a € X (rec-
tangle inequality).

The function G is called a G - metric on X and the pair (X, G) is
called a G - metric space.

Note that if G(x,y,2) =0 then x =y = z [6].

Definition 2.2 ([6]). Let (X,G) be a G - metric space. A sequence
(x,) in X is said to be:

a) G - convergent if for € > 0, there exists € X and k € N such
that for all m,n >k, G(x, z,, z,,) < €.

b) G - Cauchy if for ¢ > 0, there exists £ € N such that for all
m,n,p >k, G(xp, Ty, x,) < €, that is G(zy,, Tm, z,) — 0 as m,n,p —
00.

¢) A G - metric space (X, G) is said to be G - complete if every G
- Cauchy sequence in X is GG - convergent.
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Lemma 2.3 ([6]). Let (X,G) be a G - metric space. Then, the fol-
lowing properties are equivalent:

1) the sequence (x,,) is G - convergent to x;

2) G(x,Tp, x,) = 0 as n — 0o;

3) G(xp,x,z) = 0 as n — oo;

4) G(Tm, Tp,x) — 0 as n,m — 0.

Lemma 2.4 ([6]). Let (X,G) be a G - metric space. Then, following
properties are equivalent:

1) (zy,) is G - Cauchy;

2) for e > 0, there exists k € N such that G(xp, Tpm, Tm) < € for
n,m > k.

Lemma 2.5 ([6]). Let (X,G) be a G - metric space. Then, the func-
tion G(x,y, z) is jointly continuous in all three of its variables.

Let (X, G) be a G - metric space. We denote by P(X) the family of
all nonempty subsets of X, and by Pg;(X) the family of all nonempty
closed subsets of X.

A point x € X is called a fixed point for a multivalued mapping
T:(X,G) = Poy(X) if @ € Tx. The collection of all fixed points of
T is denoted by Fix(T).

Quite recently, the following theorem is proved in [1].

Theorem 2.6. Let (X,G) be a complete G - metric space and T :
(X,G) = Poi(X) be a multivalued mapping. If for each x,y € X,
u, € T(x), there exists u, € T'(y) such that

G<ux)uy7uy) < hmaX{G(I7yay)7G<x7u$7u$)7
G, Uy, uy) + Gy, ug, uy
G(:%uy’uy)’ ( Y y) 2 (y )}’
where h € [0,1). Then T has a fized point.

Theorem 2.6 generalize and extend the results from Theorem 3.1
[17].

The purpose of this paper is to prove two general fixed point theo-
rems for multivalued mappings in G - metric spaces satisfying a new
type of implicit relation, which generalizes and improves Theorem 2.6.

(2.1)

3. IMPLICIT RELATIONS

Let §. be the set of all continuous multifunctions F'(tq, ..., ts) : Rﬂ —
R satisfying the following conditions:
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Definition 3.1. (F}) : F' is nonincreasing in variables t3, ty4, ts.
(Fy) : there exists h € [0,1) and g > 0 such that for all u,v,w >0
with F(u,v,v+w,u+ w,u+ v+ w,w) <0 we have u < hv + gw.

tstie

5}, where p €

Example 3.2. F(tl, ...7t6) =1 — pmax{tg,tg,t4,
0,1).

(F}) : Obviously.

(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u—pmax{v,v+w,u+w, FLE2Y < 0. If u > v, then u < p(utw). If
w = 0, then u(1 — p) < 0, a contradiction. Hence u < v which implies
u<plv+w)=hv+gw, where 0 <h=p<land g=p>0.

F)xa)mple 3.3. F(ty,....,t6) = 11 — pmax{ly, Bt BHEL where p €
0,1).

The proof is similar to the proof of Example 3.2.

Example 3.4. F(ty,...,tg) = t; — pmax {ty,t3,t4,1t5,ts}, where p €
[0.3)-

(F}) : Obviously.

(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u—pmax{v,v+w,u+w,u+v+w,w} =u—plu+v+w) <0 which
implies u < hv + gw, whereOSh:ﬁ < 1andg:ﬁ20.

Example 3.5. F(ty,...,tg) = t1 — aty — bty — cty — dts — etg, where
a,b,e,d,e >0 anda+b+c+2d+e < 1.

(F1) : Obviously.
(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u—av—b(v+w)—clut+w)—d(u+v+w)—ew < 0. Then u < hv+gw,

where 0 < h = ff(ﬁﬁ) <landg= bltc(t j‘g)e > 0.

Example 3.6. F(tl, ...,t6) = t1—atg—bmax{tg,t4}—cmax{t2,t5,t6},
where a,b,c >0 and a + b+ 2c < 1.

(F}) : Obviously.

(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u—av—bmax{v+w,ut+w}—cmax{v,u+v+w,w} < 0. If u > v, then
u—au—blu+w)—c2u+w) < 0. If w=0, then u[l—(a+b+2c)] <0,
a contradiction. Hence u < v which implies © < hv + gw, where
Ogh:“%tc<1andg:;’i_i20.
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Example 3.7. F(ty,...,ts) = t1 —ata—b(t3+t4) —cmin {t5, s}, where
a,b,c >0 and a + 2b < 1.

(F}) : Obviously.

(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u—av — b(u+ v+ 2w) — cw < 0, which implies v < hv + gw, where
0<h—“+b<1andg—2b+c>0

Example 3.8. F(tl, ...,tﬁ) = tl — atg — bmax{2t4 + t6, 2t4 + t5,t3 +
ts + te}, where a,b >0 and a + 5b < 1.

(F1) : Obviously.

(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u—av —bmax{2u + 3w, 3u+ v + 3w, u + 2v + 3w} < 0, which implies
u—av — b(3u + 2v + 3w) < 0. Therefore, u < hv + gw, where

a+2b 3b
0<h={F <land g= % >0.

Example 3.9. F(ty,....ts) = t] + 2 — (at3 + bt3 + ctf), where
a,b,c>0anda+b+c< }1.

(F1) : Obviously.

(FQ) Let u,v,w > 0 be and F(u,v,v +w,u+ w,u+ v+ w,w) =
u? + o — [au® + b(v + w)? + c¢(u + w)?] < 0, which implies u* —
lau? +b(v+w)? +c(u+w)?] < 0. Then u?— (a+b+c)(u+v+w)? <O0.

Hence u < va+ b+ c(u + v + w). Therefore, u < hv + gw, where
0<h=Yatbic 1 and g = athic >

1—va+b+c 1—-va+b+c —
Example 3.10. F(ty,...,ts) = 12 — pmax {3, tsty, tsts}, where 0 <
p<j.

(F1) : Obviously.

(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =
u? — pmax{v?, (v + w)(u + w), (u + v + w)w} < 0, which implies
u? —p(u+v+w)? < 0. Hence, u < hv + gw, where 0 < h = ‘[ <1

=~
and g = \(f > 0.

Example 3.11. F(t1,...,ts) = t; —pmax{ts, t3, 4, 2t4§“t6, 2t4§“t3, t5J3’t6 ,
where 0 < p < 1.

(F7) : Obviously.
(Fy) : Let u,v,w > 0 be and F(u,v,v + w,u + w,u+ v + w,w) =

u — pmax{v,v +w,u+ w, 2u4g3w7 2u+1§+3w7 u+v3+2w} - pmaX{u 4
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w,v—l—w,m} <0. Ifu>w, then u —p(u+w) <0. Ifw=20
we have u(1 — p) < 0, a contradiction. Hence u < v which implies
u < p(v+w). Then u < hv+gw, where 0 < h=p<landg=p > 0.

4. MAIN RESULTS

Theorem 4.1. Let (X,G) be a complete G - metric space and T :
(X, G) = Peu(X) such that for each v € X, u, € T(x) and for each
y € X there exists u, € T(y) satisfying the inequality

(41) ¢(G(um7uyauy>7G(x7y7y)aG(xauamul’)a
G(yv Uy, U’y)7 G(SE, uy7 uy)a G(.% Uy, ux)) S 0

where ¢ € F.. Then Fix(T) # ¢.

Proof. Let o € X be arbitrary and z; € T(z). It follows that there
exists x5 € T'(x1) such that

QS(G(:L'l, T, Jfg), G(..'L'(), xy, wl)a G(J:Oa Zy,
G(l‘l, T2, [Eg), G(ﬂfo, 9, 1'2), O) S O

By (G5) and (F}) we obtain

¢(G(x17x27x2)7G(x07xl7x1)7G(x07x17x1>7
G(xla x?v'T?)? G(l’o,l‘h Il) + G(Ilv L2, ‘732)7 0) <0.

Since ¢ € §. we have

x1)7

G(mla Ta, ZEQ) S hG('I"Oa Ty, xl)'
Similarly, by (4.1) we have that there exists z3 € T'(x3) such that

¢(G(I2J X3, 'T3)7 G(x17 T, x?)u G(xh X, x2>7
G(Jfg, xs, I3)7 G(mh xs, ng), 0) S O

By (G5) and (F}) we obtain

¢(G<I’2,x3,$3),G(fEl,.TQ,JZQ),G(.Tl,JZQ,(I}Q),
G(l’g, .1'3,1‘3), G(x17'r27$2) + G($2, €3, .Qfg), 0) S 0

Since ¢ € §. we have
G(Z'Q,ilfg,l'g) S hG($1,$2,$2) S h2G<£L'0,.CC1,.fL'1).

By induction we obtain a sequence (x,,) with g € X, x,, € T(x,_1),
n =12, ..and G(zn, Tpni1, Tnt1) < K"G(z9,21,21). For m >n > 1,
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repeating use of property (Gj) gives:
G(Tp, Ty Tr) < G(Tpy Tpa1s Tos1) + G(Tpa1, Toao, Tnas) + .ot
+ G(Tim—1, Tin, Trn)
< [B" 4+ B" L+ BTG (g, 21, 71)
1—~h
and so G(xp, T, Tym) — 0 as n,m — oo. Hence (z,,) is a G - Cauchy
sequence in X. Since (X, G) is G - complete, then (x,) is G - conver-
gent.

Let x = lim,,_,o, x,,. We prove that z is a fixed point of T'. Since
T, € T(x,-1), there exists u, € T(x) such that

¢(G<xnaunaun)aG(xn 1, T, SL’) G(xn 1, T ,LU),
Gz, Up,up), G(xp_1, Un, uy), G(T, Tp, x,)) <0

foreachn =1,2,....
By (F}) and (G5) we obtain

O(G(Tp, U, up), G(xn_1,2,2), G(xp_1,x,2) + G(x, 20, Tp),
Gz, xp, n) + G(xp, U, uy), G(Tp_1,x,x) + G(x, )y, )+
+G (2, Un, un), G(, T, 2,)) < 0.

Since ¢ € §. we obtain
G(xp, Un, up) < hG(Tp_1,x,7) + 9G (T, Ty, T4).
On the other hand, by (G5) we have
Gz, up,up) < G(x,zn,2,) + G(Tp, Up, uy)
< G(zyxn,xn) + hG(2p_1,x,2) + 9G (2, 0, Ty).

Letting n tend to infinity we obtain x = lim,,_,, u,. Since u,, € T'(x)
for all n € N and T'(X) is closed it follows that z € T'(z). Hence

< G(xo, 1, 21)

Fix(T) # ¢. O
Corollary 4.2. Theorem 2.6.
Proof. The proof it follows by Theorem 4.1 and Example 3.2. |

Theorem 4.3. Let (X,G) be a complete G - metric space and T :
(X,G) — Pou(X) such that for each v € X, u, € T(x) and for each
y € X there exists u, € T(y) satisfying the inequality

¢(G(u9€7 ul? uy)7 G(.T, iL', y)7 G(l’, .Z', uz)a

(4.2) G(y.y.uy), Gz, 7,u,), Gy, y,1,)) < 0
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where ¢ € F.. Then Fix(T) # ¢.

Proof. Let xp € X be arbitrary and x, € T'(xg). It follows that there
exists w9 € T'(z1) such that

¢(G($1,$171’2)7 G($071’07$1), G(m07I07x1>7
G(xla Z1, x2)7 G(‘r()? Zo, IQ): O) S O
By (G5) and (F7) we obtain
¢(G($1;1¢17$2)7 G(l’o,xo,wl), G(mo,xo,xl),
G(:Ela X1, x2)7 G(Jf(}, X, Il) + G(Ih X1, .7;2), 0) S 0
Since ¢ € §. we have
G(xl, xy, %2) S hG(l‘o, Xo, .131).
Similarly, by (4.2) we have that there exists x3 € T'(x3) such that
¢(G($2;$27$3)7 G(1’17$17$2), G(ﬂfih%l,xz);
G(JIQ, T, .Tg), G(.Th T, x3)7 0) S O
By (G5) and (Fy) we have
(b(G(SCQ, T2, ‘r3)7 G(.Tl, Xy, x2>7 G(Z‘l, Xy, x2>7
G(I‘Q, X, 'T3)7 G(Jl‘l, X1, IQ) + G(I27 X2, 133), 0) S 0
Since ¢ € §. we have
G(Z’Q,LEQ,SL’g) S hG($1,$1,$2> S h2G(SL’0,$0,.’E1).

By induction we obtain a sequence (z,)neny With zy € X, x, €
T(xp-1),n =12 ... and G(zp, Ty, Tni1) < h"G(x0, T, T1)-

As in Theorem 4.1, (z,) is a G - convergent.

Let x = lim,,_,o x,,. We prove that z is a fixed point of T

From xz, € T(x,_1), we have by the hypothesis that there exists
uy, € T'(z) such that

¢(G(xn7 Ly un)> G<xn—1a Tp—1, Zlf), G(xn—h Tp—1, $)7
G(a:, xZ, un); G(.Tn_l, Tp—1, un)a G(.ﬁlf, x, xn)) S 07
for each n = 1,2, ..., which implies by (F}) and (G5) that

QS(G(.’L’n, T un)a G(l‘n—lv Tp—1, [L’), G(zn—la Tp—1, ZL‘) + G({L’, x, xn)7
Gz, x,x,) + G2, Tpytn), G(Tp—1, Tn_1,x) + Gz, 2, 2,)+
+G (2, Ty uy), Glx, 2, 2,)) < 0.

Since ¢ € §. then
G(xnvxnvun) S hG(mn—laxn—lax) + gG(ﬂf,.T, xn)
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On the other hand, by (G5) we have

G(z,z,u,) < Gz,x,2,) + G(Tn, Tn, Un)
< G(z,z,x,) + hG(xp_1, Tpo1,x) + gG(x, 2, T4).

Letting n tend to infinity we obtain z = lim,,_, o, u,. Since u,, € T(x)
for all n € N and T'(X) is closed it follows that = € T'(z). Hence
Fix(T) # ¢. O

Corollary 4.4. Let (X,G) be a complete G - metric space and T :
(X,G) = Poi(X) be a multivalued mapping. If for each x,y € X,
u, € T(x) there exists u, € T'(y) such that

G(ug, Uy, uy) < hmax{G(z,z,y), G(z,z,u,),

G(x,x,uy) + G(yay7ux)} <0
9 >

where h € [0,1). Then T has a fized point.

(4.3)

G(y,y,uy),

Proof. The proof it follows from Theorem 4.3 and Example 3.2. [J

Remark 4.5. By Theorems 4.1, 4.3 and Examples 3.3 - 3.11 we 0b-
tain new particular results.
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