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COMMON FIXED POINTS FOR MAPS SATISFYING
A NEW RATIONAL INEQUALITY IN ORDERED
FUZZY METRIC SPACES

K.P.R. RAO!, P.R. SOBHAN BABU?, G.N.V. KISHORE? AND B. FISHER*

Abstract. In this paper, we prove some common fixed point results
for four and two mappings satisfying a rational contractive condition
in a partially ordered fuzzy metric space.

1. INTRODUCTION AND PRELIMINARIES

The theory of fuzzy sets was introduced by L.Zadeh [9] in 1965,
George and Veeramani [1] modified the concept of fuzzy metric space
introduced by Kramosil and Michalek [7], Grabiec [11] proved the
contraction principle in the setting of fuzzy metric spaces introduced
in [1]. For fixed point theorems in fuzzy metric spaces some of the
interesting references are [1,3,4,5,11,12-19]. In the sequel, we need the
following

Definition 1.1. ([2]). A binary operation * : [0,1] x [0, 1] — [0, 1]
is a continuous t-norm if it satisfies the following conditions
1) * is associative and commutative,
2) * is conlinuous,
3) ax1=ua forall a € [0,1],
4) axb < cxd whenever a < ¢ and b < d, for each a,b,c,d € [0, 1].
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Two typical examples of a continuous t-norm are a * b = ab and
a*b=min{a,b}.

Definition 1.2. ([1]). A 3-tuple (X, M, ) is called a fuzzy metric
space if X is an arbitrary (non-empty) set, % is a continuous t-norm
and M is a fuzzy set on X?x (0, 00), satisfying the following conditions
for each x,y,z € X and each t,s > 0,

(My). M(z,y,t) >0,

(Ms). M(z,y,t) =1 if and only if x =y,

(Ms). M(z,y,t) = M(y,,t),

(M), M(z,y.1) = M(y, 2,5) < M(z, 2t +5),
(Ms). M(z,y,.):(0,00) — [0, 1] is continuous.

Let (X, M,*) be a fuzzy metric space. For ¢ > 0, the open ball
B(z,r,t) with center x € X and radius 0 < r < 1 is defined by

B(z,rt)={ye X : M(z,y,t) >1—r}.

A subset A C X is called open if for each x € A, there exist ¢t > 0
and 0 < r < 1 such that B(z,r,t) C A. Let 7 denote the family of
all open subsets of X. Then 7 is called the topology on X induced by
the fuzzy metric M. This topology is Hausdorff and first countable.
A subset A of X is said to be F-bounded if there exist ¢ > 0 and
0 <r < 1 such that M(z,y,t) > 1 —r for all z,y € A.

Lemma 1.3. ([11]). Let (X, M,*) be a fuzzy metric space. Then
M (z,y,t) is non-decreasing with respect to t, for all x,y in X.

Definition 1.4. Let (X, M, %) be a fuzzy metric space. M is said
to be continuous on X* x (0,00) if

Hm M(x,, Yn, t,) = M(x,y,t)

n—o0
whenever a sequence {(Tp, Yn,tn)} in X% x (0,00) converges to a point
(z,y,t) € X% x (0,00), i.e., whenever
lim M(x,,x,t) = im M(y,,y,t) =1 and lim M(z,y,t,) = M(z,y,t).
n—oo n—oo

n—o0

Lemma 1.5. ([8]).Let (X, M, ) be a fuzzy metric space. Then M
is a continuous function on X? x (0,00).

Definition 1.6. ([1]). A sequence {z,} in a fuzzy metric space
(X, M, ) is said to be convergent to a point x € X
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if imy, oo M (2, x,t) = 1 for allt > 0. The sequence {x,} is said
to be Cauchy if limy, ;00 M (2, Tm,t) = 1 for allt > 0 . The space
(X, M,x) is said to be complete if every Cauchy sequence in X is
convergent in X .

Definition 1.7. ([6]). Let f and g be self mappings on a fuzzy met-
ric space (X, d). Then the mappings are said to be weakly compatible
if they commute at their coincidence point, that is, fx = gx implies

that fgr = gfx.

Very recently M. Abbas, T. Nazir and S. Radenovié [10] introduced
the new concepts in a partial ordered set as follows:

Definition 1.8. ([10]). Let (X, =) be a partially ordered set. A
mapping [ X — X s called dominating if v =X fx for all x € X.

Definition 1.9. ([10]). Let (X, <) be a partially ordered set and
f,9: X — X. The mapping f is called a weak annihilator of g if
fgxr <X x forallx € X.

Definition 1.10. Let (X, <) be a partially ordered set and (X, M, x)
be a fuzzy metric space. Then (X, M, *,<)is called an ordered fuzzy
metric space.

Several authors [3, 4, 5, 11, 13, 16 - 19] obtained fixed point theo-
rems in fuzzy metric spaces for a single map using one of the following
contraction conditions.

There exists k € (0, 1) such that for all z,y € X and for all £ > 0,
(1) M(Tz, Ty, kt) = M(z,y,t),
. M(x,y,t), M(x,Tz,t y, Ty, t),
(2) M(Tx, Ty, kt) > mm{ ( M(g)v Ty(, 2), M Zy,T(w 0 ) },
M (z,y,t), M(x, Tz, t), M(y, Ty, 1),
M(x,Ty,2t), M(y, Tz, 2t) }’
M(z,y,t), M(x, Tx,t), M(y, Ty,t),
M(z, Ty, at), M(y, Tz, (2 — a)t) } ’

(3) M(Tx, Ty, kt) > min{

(4) M(Tz, Ty, kt) > min{

Vae(0,2).
In all these types of theorems, the authors assumed that

(1) tlim M(x,y,t) =1, Vo,y € X.
—00

In this paper, we prove fixed point theorems for maps satisfying a new
rational inequality without using the condition (1).
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2. MAIN RESULTS

Theorem 2.1. .Let (X, M, *,=<) be an ordered fuzzy metric space
such that a xb > ab for every a,b € [0,1]. Let f,g,5, T : X — X be
mappings satisfying
(2.1.1) f and g are dominating maps and f and g are weak annihilators
of T and S respectively,

(2.1.2) f(X) C T(X), g(X) C S(X) and at least one of T(X) and
S(X) is a complete sub-space of X,

(2.1.3) the pairs (f,S) and (g,T) are weakly compatible ,

(2.1.4) there exists some 0 < & < 1 such that M (fx, gy,t) > L°(x,y,t),
for all comparable elements x,y € X,V t >0, where

M(fxz, Sz, t)« M(gy, Ty,t)
M(Sz,Ty,t) ’
M(fxz,Ty,2t)« M(gy, Sz, 2t)
M(Sz,Ty,t) } ’

L(z,y,t) = min {M(Sz, Ty,t),

(2.1.5) if for a non decreasing sequence {x,} with x, < y, for all n
and vy, — u implies that x,, < u for all n.

Then f,qg,S and T have a common fixed point in X. Further, if
we assume that the set of common fixed points of f,q,S and T is well
ordered then f,q,S and T have a unique common fized point.

Proof. Let xy € X. From (2.1.2), there exist sequence {z,} and
{yn} in X such that o, = fro, = T2op41 and Yopp1 = gTopp1 =
S$2n+2, n Z 0.

From (2.1.1), we have x9, < fxo, = TZo,11 < fTxon11 < Toni1 and
Tont1 = 9Tons1 = SToante <X §STont2 < Topyo. Thus z, < 2,4 for all
n > 0.

Case(a): Suppose Yo, = Yoms1 for some m, so that M (Yomi1, Yom,t) =
1. Then

M (Yom-+2; Yom+1, t) = M(f$2m+27 GTom+1, t)
Z L6($2m+27 Lom+1, t)7

where
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M(Sl‘Qm—i—Qa Tx2m+17 t)’

I . M(fzam+2,STam42,t)*M (9%2m+1,TT2m+1,t)
(Tam+2, Tom+1,t) = min M(S22m 12, T2m +1,0) ’

M(from42,TTam41,2t) * M(gTom+1,5Tam+2,2t)
L M (Szam+2,TT2m+1,t) J

M(y2m+17 Yom, t)a

. M (y2m+2,¥2m+1,t) * M(y2my1,y2m,t)
= nin M (y2m+1,Y2m,t) ’

M (y2m+2,Y2m,2t) * M (Y2m+1,Y2m+1,2t)
\ M(y2m+1 7y2m7t) )

Since
M (Yomt2: Yoms 2t) = M (Yamt2: Yom+1, ) * M (Y2ms1s Yom, t)
= M (Yom+2: Yom+1, 1),

we have L(Zomt2, Toms1,t) = M (Yoms2, Yom+1, ).
Thus

M (Yams, Yoms1, 1) > MO (Yoo, Yomsn, £,
which implies that yom,10 = Yomi1-
Suppose Yo;m—1 = Yo, for some m. Then

(2) M(y2m7 Yom+1, t) = M(fom; 9Tom+1, t) Z L(S(mea L2m+1, t)a

where
M(y2m—17 Yom, t)7

I . . M (y2m y2m—1,t) * M(Y2m41,Y2m,t)
($2m7$2m+17t> = min M (y2m—1,y2m,t) ’

M(y2m7y2m72t) * M(y2m+lay2m—1,2t)
\ M (y2m—1,Y2m,t) )

= M(y2m7 Yom+1, t)a

since a x b > ab and (My).
Thus

M(y2m7 Yom+1, t) 2 M§<y2m7 Yom+1, t)v
which implies that ys,, = yomi1-
Continuing in this way we can conclude that {y,} is eventually
constant. Hence {y,} is a Cauchy sequence in X.
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Case(b): Suppose that y, # y,.1 for each n. Then
(3)  M(yon, Yons1,t) = M(fon, gaps1,t) > L (2o, Tang1,t),

where

M (yan—1, Yon, t),

I . M(yan,y2n—1,t) * M(yan+1,y2n,t)
<x2n7 x2n+17 t) = min M(an—l »y2n7t) ’

M (y2n,y2n,2t) * M(y2ny1,y2n—1,2t)
\ M (y2n—1,y2n,t) )

Z min{M(ly2n717 y2n7 t)? M(y2n+l; y2'n7 t)};

since a * b > ab and (My).
If M (y2n+1; Y2n, t) < M(y2n—1,Y2n, 1), then

L<x2n> Lon+1, t) Z M<y2n+17 Yon, t)a

and from (3), we now have

(4) M(y2n+1a Yon, t) Z M5<y2n+1; Yon, t)a

a contradiction.
Hence from (3) , we have

(5) M(y2n+17 Yon, t) Z M6<y2n—17 Yon, t)

Now

(6) M (Yon, Yon—1,1) = M (2o, gron_1,t) > L (xon, Ton_1,1),

where

M (y2n—1,Y2n—2,1),

I N o= . M (y2n,Y2n—1,t) * M(y2n—1,Y2n—2,t)
<x2nyx2n—17 ) = nmm M (y2n—1,Y2n—2,t) ’

M (y2n,y2n—2,2t) * M(y2n—1,y2n—1,2t)
\ M(an—laan—Qat) )

Z min{M(an—la Yon—2, t)) M(y2n7 Yon—1, t)}a

since a * b > ab and (My).
If M(yon, Yyon-1,t) < M(y2n—1,Yon—2,t), then

L(zon, Tan—1,t) > M(yon, Yan—1,1t)
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and from (6), we have

M (yon, Yon—1,t) > M‘S(yzm Yon—1,1),

a contradiction. Hence from (6), we obtain

(7) M (Yan, yon—1:1) = M°(Yan—1, Yon—2,1t).
From (5) and (7), we get

M(yTU Yn+1, t) Z M[;(yn*la Yn, t)

for all n > 1. Hence

(8) M(yTH yn+17 t) 2 M(Sn (y07 y17 t)

for all n > 1.
Now for m > n and t > 0, there exists t; > 0 such that ¢; < ﬁ
Then

M(?Jma Yn, t) Z M(ym7 Yn, (m - n)tl)
> M (Yn, Ynt1,t1) * ]\{l(ynJrla Unt2,t1) * - 'j M (Ym—1,Ym, 1)
> M (yo, y1, t1) M (yo, y1,t1) - - M°™ (yo, y1, 1),

from (8) and so

MYy Yoy t) > MOHTTEHTT 1)

> M%(yo,yl,tl) — 1 asn — oo.

Thus {y,} is a Cauchy sequence in X.

Now assume that T'(X) is complete. Since {y2,} = {Txo,11} C
T(X), there exists y € T(X) such that ys, — y. Hence there exists
u € X such that y = Tu and since {y,} is Cauchy, we also have
Yont1 — Y. Now since xo, < fzo, and fzs, — y as n — oo, we
have from (2.1.5) that x5, < y. Since the dominating map f is weak
annihilator of T', we obtain

Topn <y =Tu < fTu < u.
Now we consider
(9) M (Yo, gu, t) = M(fron, gu,t) > L (z9,, u,t).
We have
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( M (Szay,, Tu,t),

. M(fxan,Sxan,t) * M(gu,Tu,t)
L<x2n7u7t) = min M(Sz2n,Tu,t) ’

M(fxon,Tu,2t) * M(gu,Szan,2t)

L M (Szon,Tu,t) )
. M(anaan—ht) * M(Q%?/at)
= minq M n—1, 7t ; )
{ (W1, 3:9) M (Yan—1,9;t)
M(y2n7 Y, Qt) * M(gu> Yon—1, Qt) }
M(an—b Y, t)

— M(gu,y,t), as n — 0.
Letting n — oo in (9), we get
M(y, gu,t) > M°(gu, y,t),

which implies that gu = y and since g and T' are weakly compatible,
we have gy = Ty.

Now
(10) M(y2nagy7t) = M(fx2n7gyvt) Z L5($2n,y,t),
where
( M(Sza,, Ty, t), )
. M(fxan,Sxon,t) * M(gy,Ty,t)
L(z2,,y,t) = min : M(QSmgn,Ty,t)gy =,

M(fzon,Ty,2t) * M(gy,Sxon,2t)
\ M(S$2any7t) /

. M(an) Yon—1, t) * 1
= min {M(yQTLb aqy, t)? M(yg gy t) )
M(yZna 9y, 2t) * M(gya Yon—1, Qt) }
M(an—la gy, t)
— M(y,gy,t), as n — oc.

Letting n — oo in (10), we get
M(y, gy, t) > M°(y, gy, 1),
which implies that gy = y. Thus
(11) Ty=ygy=y.



COMMON FIXED POINTS FOR MAPS..FUZZY METRIC SPACES 121

Since g(X) C S(X), there exists v € X such that y = gy = Sv.
Since the dominating map ¢ is weak annihilator of .S, we obtain

y =< gy=>5v=<gSv=<v

and so y < v.
Now

M(fu, Sv,t) = M(fv,gv,t) > L°(v,y,1),
where
M(fv,Sv,t) = M(gy,Ty,t)
M(Sv, Ty, t) ’
M(fv,Ty,2t) x M(gy, Sv,2t)
M(Sv,Ty,t) }
= min{l, M(fv,Sv,t), M(fv,Sv,2t)}
= M(fv,Sv,t).
Thus M(fv, Sv,t) > M?(fv, Sv,t) which implies that fv = Sv.
Since f and S are weakly compatible, we have fy = Sy.
Now suppose fy # y. Then

M(fy,y,t) = M(fy,gy.t) > L(y,y,1),

L(v,y,t) = min {M(Sv,Ty,t),

where
) M(fy,Sy,t) = M(gy,Ty,t
Howt) = mm{M(Sy’Ty’t)’ = J\Z(;y Ty Etg)]y ’ ),
M(fy,Ty,2t) * M(gy, Sy,2t)
M(Sv, Ty,t)
. {M(f t) 1 %1
= min Ly t), ——————
P M (fy gt
M(fy,y,2t) * M(y,fy,2t)}
M(fv,y,t)
= M(fy,y,t), since M(fy,y,2t) > M(fy,y,1).

Thus we have M (fy,y,t) > Md(fy,y,t) , a contradiction.
Hence fy =y. Thus

(12) Sy=fy=y

and from (11) and (12), we now see that y is a common fixed point of
f,9,S and T
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Similarly we can prove that y is a common fixed point of f, g, S and
T when S(X) is complete.

If the set of common fixed points of f, g, S and T is well ordered,
then the uniqueness of the common fixed point follows easily from
(2.1.4).

Now, we give an example to illustrate Theorem 2.1.

Example 2.2. Let X = [0,00) and M(z,y,t) = e"m?m, Ve,y e X
and t > 0 with a xb = ab, Ya,b € [0,1]. Suppose that < is the usual
ordering on R.

We define a new ordering” <7 on X as follows:

Ty y<uz Vr,ye X.

Then (X, M,*, <) is an ordered complete fuzzy metric space.
Define f,9,5,T: X = X as fr =In(1+ %), gz =In (14 ), Sz =

e® —1 and Tx = e** — 1.

Then f(X)=g(X)=[0,00) = S5(X) =T(X) and S(X) is complete.
Since fw=ln(1+§) <z and gr=In(l+z) < x we have v < fx

and x < gx respectively. Since

2z 1 T —x
fTx=In (e 2+ ) =In (ex%) =z + In(coshz) > z,

and

gSx = In(e”) = z,

we have fTx < x and gST < x respectively.

Since fx =Tz implies x =0 and fT0="Tf0 and gr = Sz implies
x = 0 and gS0 = Sq¢0, it follows that (f,S) and (g,5) are weakly
compatible pairs.

Example 1. From the Mean Value Theorem, we have

_f@—ew)l
M(fx,gy,t) = i
_ |log(1+%)—log(1+y)]

= € t

Z o \7—y|

- < |z— 2y|)

> Mz (Sxz, Ty,

> L%( 1)
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Thus all conditions of Theorem 2.1 are satisfied and clearly 0’ is the
unique common fized point of f,q,S and T.

Now we prove a similar theorem for Jungck type maps.

Theorem 2.3. Let (X, M,*, <) be an ordered fuzzy metric space
such that axb > ab¥ a,b € [0,1]. Let f and S be self mappings on X
satisfying
(2.3.1) f is a dominating map which is an annihilator of S,

(2.3.2) f(X) C S(X) and at least one of f(X) and S(X) is a complete
sub-space of X,

(2.3.3) the pair (f,S) is weakly compatible,

(2.3.4) M(fx, fy,t) > L%(x,y,t), for every two comparable elements
r,y € X, t>0and 0 <6 <1, where

M(fx,Sx,t)* M(fy,Sy,t)
M(Sz, Sy, t) ’

M(fxz,Sy,t)« M(fy,Sx,2t)
M(Sx, Sy, t) }’

L(z,y,t) = min {M(Sx, Sy, t),

(2.3.5) Further, suppose that for a non-decreasing sequence {x,} with
Tn < Yp for allm and y, — u implies that x, < u for all n.

Then f and S have a common fized point in X . If further we assume
that the set of common fixed points of f and S is well ordered then f
and S have a unique common fixed point.

Proof: Let 2o € X. From (2.3.2), there exists a sequence {z,} in
X such that fx, = Sz,y1, n=0,1,2,--+ Then, from(2.3.1), we have

Tp 2 fop =811 = [T <X T
for all n > 0.

Case(a): Suppose that fz,, = fr,.1 for some m. Then Sz, =
fTmy1. Hence x,,,1 is a coincidence point of f and S.

Let @ = Szpy1 = fxme1. Since the pair (f, S) is weakly compatible,
we have fa = Sa.

From (2.3.4), we have

M(Oé, SOZ,t) - M(fxm—&-l?faat) 2 L6(xm+17a7t)7
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where
( M(S.Terl,SOé,t),
A M(fem+1,5Cm+1,t) * M(fa,Sa,t)
L(merlu «, t) = min M (Szm+1,Sa,t) )

M(fzmi1,Sat) * M(fo,STm+1,2t)
L M(Szm41,Sa,t) )

1 %1
= 1 M
mm{ (cr, S, t), —M(a, S t)’
M(a, Sa,t) * M(Sa,a,2t)
M(a, Sa,t)

= M(a,Sa,t),

since a *x b > ab, Va,b € [0,1].
Thus M(a, Sa,t) > M°(a, Sa, t). This implies that Sa = o and so
fa = Sa = a. Hence « is a common fixed point of f and S.

Case(b): Suppose that fx, # fz,.1 for all n. Then

(13) M(fxn7fxn+17t) Z L6(fxn—17fxn7t)7
where
( M(fxnflafxn7t)7 )
. M(fxn,frn—1,t) * M(fTnt1,fTn,t)
L(:Enu Tn+1, t) = min M(}In—l»fxnvt) . ! >

M(fxn,fon,t) * M(fxnt1,fTn—1,2t)
\ M(fznflafxn:t) )

= min{M(frn,_1, fxn,t), M(fr,i1, fon,t)},

since a x b > ab and (M,).
If M(fepia, fen,t) < M(frn_1, fx,,t), then from (13), we obtain

M(fxn-i-lu fxmt) Z M6<f.l‘n+1,f1}n,t),

a contradiction. Hence

M(fxpi1, fan,t) > M‘S(fxn_l,fxn,t).

The rest of the proof follows as in Theorem 2.1.

The following example illustrates Theorem 2.3.
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Example 2.4. Let X = [0,00) and M(z,y,t) = e_@, Ve,y e X
and t > 0 with a b = ab, Ya,b € [0,1]. Suppose that < is the usual
ordering on R.

We define a new ordering” <7 on X as follows:

Ty y<uz VryeX.

Then (X, M,*, <) is an ordered complete fuzzy metric space.
Define f,S: X — X as fr =In(1+ %) and Sz = > — 1.
Then f(X) =[0,00) = S(X) and S(X) is complete.
Since fr =1In (1 + %) < x, we have r < fx and since

2x 1 x —x
fozzln(6 é+ ) :ln<F$E—ifL—)::x—%hﬂamhx)Z:m

2

we have fSx < x.

Since fx = Sz implies x = 0 and fS0 = Sf0, it follows that (f,S)
15 a weakly compatible pair.

From the Mean Value Theorem, we have

M(fI7 fy;t) ZB*M
_|10g(1+%)_10g(1+%)|
t

lz—yl
2t

v

e
o

<672 ‘z;y‘ ) i

M+ (Sz, Sy, t)

Li(x,y,1)

Thus all conditions of Theorem 2.3 are satisfied and clearly 0’ is the
unique common fized point of f and S.

v

(AVAN|

3. CONCLUSIONS

In this paper our results for four maps and two maps satisfying
new rational inequalities without condition (1), generalize and improve
some known results in existing literature in fuzzy metric spaces. We
also provided two examples to illustrate our main two theorems
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