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wB—SEPARATION AXIOMS

H. H. ALJARRAH, M. S. M. NOORANI AND T. NOIRI

Abstract The separation axioms are important and interesting con-
cepts in topological spaces. In this paper we introduce and investigate
some weak separation axioms by using the notion of wf3—open set.

1. INTRODUCTION

The notion of wf—open set was introduced by Aljarrah and Noorani
[3]. In [2, 3] w8 —T; and wf — Ty were defined, respectively, by replac-
ing the word "open” in the definition of Ty, Ty by "wf—open”. In this
paper, we offer some new low separation axioms by utilizing w—open
sets. We also obtain their fundamental properties. Throughout the
present paper, a space (X, 7) means a topological space on which no
separation axiom is assumed unless explicitly stated. Let A be a sub-
set of a space (X, 7). The closure of A and interior of A in (X, 7) are
denoted by CI(A) and Int(A), respectively. A subset A of a space
(X, 7) is said to be f—open [6] if A C Cl(Int(CI(A))).

Keywords and phrases: w3 —T; space for ¢ = 0, 1, 2; w3 — R; space
for: =0,1; wB — D; space for i = 0,1, 2; wf—open set.
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Recall that a subset A of a space (X, 7) is said to be wf—open
[3] (resp. w—open [5]) if for every = € A there exists a f—open (resp.
open) set U containing = such that U — A is countable. The comple-
ment of an w/—open set is said to be wf—closed [3]. The intersection
of all wf—closed sets of X containing A is called the wf—closure of A
and is denoted by wSCI(A). The union of all wf—open sets of X con-
tained in A is called the w/—interior of A and is denoted by wfBInt(A).
A subset A is called an wf—neighborhood of a point z € X [1] if there
exists an wf—open set U containing = such that U C A.
In this paper, first we give characterizations of wf — T; spaces for
1 = 0,1,2. Second, we give characterizations of w3 — R; spaces for
¢ = 1,2. Finally, we introduce the notion of D,g—sets as the differ-
ence sets of wf—open sets and investigate some preservation theorems.
We recall some definitions used in the sequel.

Definition 1.1. [4] A subset A C X is called a generalized wf—closed
set (briefly gwfB—closed) if wBCI(A) C U whenever A C U and U is
open in (X, 7). Note that every wf—closed set is gw/—closed.

Remember that a space (X, 7) is called an wf — Ty, [4] space if
every generalized wf—closed set is wf—closed.

Theorem 1.2. [4] A space (X, 7) is an wB — T19 space if and only if
every singleton is either closed or wfB3—open.

Lemma 1.3. [3] Let (X, 7) be a topological space. The following prop-
erties hold:

(i) The union of any family of wB—open sets is wB—open.

(i) The intersection of an wfB—open set and an w—open set is
wf—open.
Definition 1.4. [1] A function f : (X, 7) — (Y, 0) is called wf—irresolute
if f~1(V) is wB—open in (X, ) for every wB—open set V in (Y, o).
Lemma 1.5. [1] A function f: (X,7) — (Y,0) is wB—closed if and
only if wBCI(f(A)) C f(wBCI(A)) for each subset A of X.
Definition 1.6. [4] Let A be a subset of a space X. A point z € X is
said to be a wfB—limit point of A if for each wf—open set U containing
x, we have U N (A — {x}) # ¢. The set of all wf—limit points of A is
called the wf—derived set of A and is denoted by D,z(A).
Lemma 1.7. [4] If D(A) = D,3(A), then we have Cl(A) = wBCI(A),
where D(A) is the derived set of A.



wB—SEPARATION AXIOMS 89

2. wpB —T; SPACES

In this section we give some properties and characterizations of w3 —
Ty, wB — T and wpB — T5 spaces.

Definition 2.1. A space (X, 7) is said to be:

(i) wp — Ty if for each pair of distinct point x and y in X, there
exist an wfB—open set U such that x € U but y ¢ U or y € U but
x¢U.

(i) wfB — T [2] if for each pair of distinct point z and y in X, there
exist two wfB—open sets U and V containing z and y, respectively,
such that y ¢ U and x ¢ V.

(ili) wp — Ty [3] if for each pair of distinct point x and y in X, there
exist two wf—open sets U and V' containing x and y, respectively,
such that U NV = ¢.

Theorem 2.2. A space (X, 7) is wB — Ty if and only if wBCI({z}) #
wBCl({y}) for each x,y € X and x # y.

Proof. Necessity. Let (X, 7) be an wf — Ty space and z, y € X such
that © # y. Then there exists an wfB—open set U containing x, say
but not y, and therefore X — U is an wf—closed set which contains y
but not z. Since wBCI({y}) is the smallest w5—closed set containing
y, wBCl({y}) € X — U, and so « ¢ wBCI({y}). Thus, wBCI({x}) #

wBCl({y}).
Sufficiency. Suppose that z,y € X and = # y. Then by assumption,

wpCl({x}) # wBCIl({y}). Let z € X such that z € wBCI({x}) and z ¢
wpCl({y}), say. We claim that x ¢ wBCI({y}). For, ifx € wBCI({y}),
then wpBCI({z}) C wpCI({y}), which contradicts to z ¢ wBCI({y}).
Thus, z € (wBCIl({y})), but (wBCI({y}))¢ is an wl—open set that
does not contain y. Hence, (X, 7) is wfB — Ty. 1

Theorem 2.3. For a topological space (X, T), the following properties
are equivalent:

(i) (X,7) is an wp — Ty space.

(ii) For each x € X, {z} is an wPB—closed set.

(11i) Each subset of X is the intersection of all wf5—open sets con-
taining 1t.

Proof. (i) — (ii) Suppose that (X,7) is w8 — Ty and z € X. Let
y € {z}°. Then x # y and so there exists an w/S—open set U, such
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that y € U, but = ¢ U,. Therefore, y € U, C {z}°, ie. {z}°=U{U,:
y € {z}°} which is wf—open.

(ii) — (iii) Suppose that for each x € X, {x} is an wf—closed set.
Given A C X and define the set A* as follows: A* = N{U : A C
U and U is wf —open}. We will prove that A = A*. In general, A C
A*. Suppose that © ¢ A. Then A C X —{x} and X —{x} is wf—open.
Therefore, v ¢ A* and hence A* C A. So A = A*.

(iii) — (i) Let Af ={U :x € UandU is wf — open}. By hypothesis,
{z} = UQA* U. Therefore if y # = then y ¢ UQA* U and there exists

an wf—open set U such that z € U and y ¢ U. Analogously, if

x ¢ UﬂA U, and there exists an wf—open set U; such that y € Uy
1€A45

and x ¢ U;. This shows that (X, 7) is an wf — T space. &

Proposition 2.4. Let (X, 7) be a topological space.

(i) If (X, 7) is wB — Ty, then it is wf — T;—1, 1 =1,2.

(i) If (X, 7) is wB =Ty, then it is wfB —Ti_1/9, i = 1,1/2, provided
that D(A) = D, s(A).

Proof. (i) The proof is obvious.

(i) If ¢ = 1, then we claim that every wf — Ty space is wf — T4 /2. Let
(X, 7) bewp—Ty. Then by Theorem 2.3, for each x € X, the singleton
{z} is wB—closed. Therefore, by Lemma 1.7 and Theorem 1.2, (X, 7)
is wfB — Tyj. And if i = 1/2, we claim that every wf — Ty, space is
wph —Ty. Let x,y € X with z # y. By Theorem 1.2, the singleton {x}
is an wfB—open or closed. If {x} is wf—open, x € {z} and y ¢ {x}. If
{z} is closed, then X —{z} is open and hence wf—open, y € X —{z}
and x ¢ X — {z}. Therefore, (X,7) is wfB — To. 1

The converse of (i) in Proposition 2.4 need not be true in general as
the following example shows.

Example 2.5. Let X =R and 7 be a topology on X such that the all
wph—open set has the form (—oo,a) where a € R. For any two distant
point x, y where x < y, there exists an wfi—open set (—oo,y) such
that x € (—o0,y) but not y, which means that the space is wf — Ty.
However, there is no way of getting an wB—open set containing y to
exclude x. So that the space is not w3 — Ty.

Example 2.6. Let X = R and 7 be a topology on X such that every
wh—open set can we write as {U C R : R — U finite}. It is easy to
check that the space is wp — Ty. Howewver, it is not w3 — Ty because
the intersection of any two wB—open set are non empty.
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Definition 2.7. A topological space (X, 7) is said to be wf—symmetric
if for each z,y € X, x € wpCI({y}) implies y € wBCI({x}).

Proposition 2.8. Let (X, 7) be a topological space, then the following
properties hold:

(i) (X, 7) is wB—symmetric if and only if the singleton {x} is gwB— closed
for each x € X.

(i1) (X, 1) is wB—symmetric and wB — Tq if and only if (X, 7) is
wpB —Ty.

Proof. (i) Suppose that U is an wf—open set such that {z} C U but
wpCl({x}) ¢ U. This means that wBCIl({z}) N (X —U) # ¢. Let
y € wBCl({x}) N (X — U). Now we have z € wsCI({y}) C (X = U)
and x ¢ U. But this is a contradiction. Conversely, Assume that
r € wpCIl({y}) but y ¢ wBCI({x}). This means that (wBCI({z}))*
contains y. This implies that wBCI({y}) C (wBCIl({x}))¢. Now
(wBCU({z}))¢ contains = which is a contradiction.

(ii) Let z,y € X such that x # y. Since (X,7) is wfB — Ty, we
can assume that x € U and y ¢ U for some wf—open set U. Then
x ¢ wpCIl({y}) and hence y ¢ wBCIl({z}). Therefore, there exist an
wp—open set V such that y € V and « ¢ V. This shows that (X, 7) is
wfB—Ty. Conversely, by Theorem 2.3, every singleton set is wfB—closed
and therefore gwfB—closed . By (i) the space (X, T) is wf—symmetric.
Also, by Proposition 2.4, the space (X, 7) is wf — To. B

Theorem 2.9. Let (X, 7) be an wB—symmetric space. Then the fol-
lowing are equivalent:

(i) (X,7) is w8 — Ty.

(ii) (X, 7) is wB — Tyjs.

(111) (X, 7) is wfB — Ty.

Proof. The proof follows from Propositions 2.4 and 2.8. g

3. wB — Ry AND wf — R; SPACES

In this section we introduce separation axioms wf — Ry and wf — R;
in a topological space and study some of their properties.

Definition 3.1. A topological space (X, 7) is said to be
(i) wB — Ry if every wfB—open set contains the wf—closure of each
of its singletons.
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(ii) wp—Ry if for each points z,y € X with wpCl({z}) # wBCI({y}),
there exist disjoint wf—open sets U and V' such that wBCI({z}) C U
and wpCl({y}) C V.

Theorem 3.2. If (X, 7) is wf — Ry, then it is w5 — Ry.

Proof. Let U be an wf—open set and x € U. If y ¢ U, then = ¢
wpCl({y}) and thus wBCIl({z}) # wBCI({y}). So there exists an
wpf—open set V, such that wBCIl({y}) C V, and = ¢ V,. Thus, y ¢
wpCl({z}). Therefore, wsCI({x}) C U, hence (X,7) is wfS — Ro. I

Example 2.5 shows that the converse of Theorem 3.2 need not be
true in general, also we will see that in Corollary 3.22.

Theorem 3.3. A topological space (X, T) is wB — Ry if and only if
(X, 1) is wh—symmetric.

Proof. Necessity. Assume that (X, 7) is w8 — Ry. Let z € wBCI({y})
and let U be any wf—open set such that y € U. Then by hypothesis,
x € U. Therefore, every wf—open set which contains y contains .
Hence, y € wBCI({x}).

Sufficiency. Let U be an wfB—open set and x € U. If y ¢ U, then
x ¢ wBCIl({y}) and thus by assumption, y ¢ wBCI({z}). Therefore,
wpCl({x}) C U and hence (X,7) is wfS — Ro. I

Proposition 3.4. A topological space (X, 7) is w3 —T1 if and only if
one of the following hold:

(1) it is wf — Ty and wh — Ry.

(ii) it is wB — T1/2 and wPB — Ry.

Proof. (i) This follows from Proposition 2.8 and Theorem 3.3.
(i) This follows from (i) and Proposition 2.4. 1

It is clear from Proposition 3.4 (part i) that if (X, 7) is wf — Ty but
not wf — T4, then (X, 7) is not wf — Ry (see Example 2.5).

Proposition 3.5. For a topological space (X, T), the following are
equivalent:

(i) (X,T) is an wp — Ry space.

(ii)For each wf—closed set F with x ¢ F, then F C U and x ¢ U
for some wB—open set U.

(i1i) For any wf—closed set F' with x ¢ F, FNwpCl({x}) = ¢.

(v) For any x,y € X with x # vy, either wBCI({z}) = wBCI({y})
or wBCI({z}) NwBCI({y}) = ¢.
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Proof. (i) — (ii) Let F' be an wf—closed set such that z ¢ F. Then
by (i) wBCIl({z}) € X — F. Set U = X — wfCl({x}), then U is an
wph—open set with FF C U and = ¢ U.

(ii) — (iii) Let F' be an wf—closed set such that x ¢ F. Then by (ii),
there exists an wf—open set U such that F* C U and x ¢ U. Since U
is wp—open, U NwBCIl({z}) = ¢ and hence FF NwBCI({z}) = ¢.

(iii) — (iv) Let z,y € X and x # y such that wBCIl({z}) # wBCI({y}).
Then there exists a point z € wBCI({z}) such that z ¢ wBCI({y})
(or, z € wpCIl({y})) such that z ¢ wBCI({x}). Thus there exists
an wfB—open set V containing z such that y ¢ V and = € V. Thus
x ¢ wpCl({y}). Now by (iii), we have wSCI({z}) NwBCI({y}) = ¢.
The proof for the other case is similar.

(iv) — (i) Let V be an wf—open set with z € V. We need to show that
wpCl({x}) CV. Let y ¢ V. Then x # y and = ¢ wpCI({y}). Thus
wBCI({x}) # wBCI({y}). Hence by (iv), whCI({x}) NwBCI({y}) = 6
for each y ¢ V and hence (wgBCI({z})) N [yE)L(J VwﬂCl({y})] = ¢.

Again, since V is an wf—open set and y € X — V, we have y €
wpCl({y}) € (X — V). Thus we have X — V = ¥ VwﬁC’l({y}).
yeEX —

Therefore, we obtain (X —V)NwpBCI({z}) = ¢ and hence wsCI({x}) C
V.

Definition 3.6. Let A be a subset of a topological space and = € X.
(i) wB—kernel of A, denoted by ker,s(A), is defined to be the set
ker,z(A) =N{U : U is wB —openand A C U}.
(i) < x >3 =wPCI({z}) Nkeryp({x}).

Note that if there is no wf—open set containing A, then ker,g(A) =
X.

Lemma 3.7. Let (X, 7) be a topological space and A, B C X. Then
(i) A C B implies ker,3(A) C ker,z(B).
(1) ker,p(ker,z(A)) = ker,yz(A).
(111) keryg(A) = {z € X : wpCl({z}) N A # ¢}.
(iv) For each x € X, y € ker,z({z}) if and only if x € wBCI({y}).
(v) For each x € X, ker,g(< = >,3) = ker,z({z}).
(vi) For each x € X, wfBCIl(< z =,5) = wpCIl({x}).
(vii) For each wB—open set U C X, if x € U then < x >,5 C U.
(viii) For each wfB—closed set F C X, ifx € F then < x »,3 C F.

Proof. The proofs of (i) and (ii) are obvious.
(ili) Let = € kerys(A) and wBCIl({z}) N A = ¢. Hence v ¢ X —
wpCI({z}) which is an w—open set containing A. Hence = ¢ ker,5(A)
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which is a contradiction. Consequently, wBCI({x})NA # ¢. Next sup-
pose that x ¢ ker,,3(A), there exists an wf—open set U such that A C
Uand x ¢ U. Then (wBCI({z})) NU = ¢, thus wBCI({z}) N A = ¢.
We obtain the claim.

(iv) Suppose that y ¢ ker,g({z}). Then there exists an w/S—open set
V' containing z such that y ¢ V. Therefore, we have x ¢ wBCI({y}).
The proof of the converse case can be done similarly.

(v) The proof follows easily from Definition 3.6 and Lemma 3.7 (i) and
(ii).

(vi) The proof is quite similar to that of (v).

(vii) Since € U and U is an wfB—open set, we have ker,g({z}) C U.
Hence <z >=,5 C U.

(viii) Since x € F and F is an wf—closed set, we have that < z > 5 =
wpCl({z}) Nker,pg({z}) CwBCl({x}) C F. 1

Lemma 3.8. For any points x and y in a topological space (X, T), the
following statements are equivalent:

(1) kerys({a}) # kerus({y}).
(ii) wBCI({z}) # wBCI({y}).

Proof. (1) — (ii) Suppose that ker,s({z}) # ker,s({y}), then there
exists a point z € X such that z € ker,z({z}) and z ¢ ker,3({y}), it
follows from z € ker,g({z}) that z € wBCI({z}) by Lemma 3.7. By
z ¢ ker,g({y}), we have {y} NwBCI({z}) = ¢. Since x € wBCI({z}),
wpCl({z}) C wBCI({z}) and {y} NwpCIl({zx}) = ¢. Therefore,
wpCl({z}) # wBCI({y})-

(ii) — (i) Suppose that wBCI({z}) # wBCI({y}). There exists a point
z € X such that z € wBCI({z}) and z ¢ wBCI({y}). Then, there ex-
ists an wfB—open set U containing z such that + € U and y ¢ U, i.e

y & kery({x}). Hence keryg({z}) # kerus({y})- 0

Theorem 3.9. A topological space (X, 1) is wB — Ry if and only if for
any x, y € X, one of the following hold:
(i) wBCl({z}) # wBCI({y}) implies wBCI({z}) NwBCI({y}) = ¢.
(11) ker,g({x}) # ker,z({y}) implies ker,s({z}) Nker,s({y}) = ¢.

Proof. (i) Necessity. Suppose that (X, 7) is wf— Ry and x,y € X such
that wBCIl({x}) # wBCI({y}). Then, there exist z € wBCI({z}) such
that z ¢ wBCIl({y}) (or z € wBCIl({y}) such that z ¢ wBCI({z})).
There exists an wf—open set V in (X,7) such that y ¢ V and
z € V; hence x € V. Therefore, we have x ¢ wBCI({y}). Thus
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r € X —wfCl({y}) which is wf—open in (X,7), so wpCIl({z}) C
X —wpCl({y}) and wBCIl({x}) NwBCI({y}) = ¢. The proof for oth-
erwise is similar.

Sufficiency. Let V be wf—open in (X,7) and let x € V. We will
show that wfCI({z}) C V. Suppose that y ¢ V, i.e, y € X — V.
Then = # y and x ¢ wBCIl({y}). Thus wBCI({z}) # wBCI({y}). By
assumption, wpCIl({z}) NwBCI({y}) = ¢. Hence y ¢ wpCl({x}) and
hence wfCIl({x}) C V.

(ii) Necessity. Suppose that (X,7) is an wf — Ry space. Thus by
Lemma 3.8, for any points z,y € X if ker,s({z}) # ker,s({y})
then wpCIl({z}) # wBCI({y}). Now we prove that ker,z({z}) N
ker,s({y}) = ¢. Assume that z € ker,g({z}) N ker,s({y}). By
z € kerys({zr}) and Lemma 3.7, it follows that x € wpCI({z}).
Since x € wpCIl({z}), by (i) wBCI({z}) = wBCI({z}). Similarly,
we have wSCIl({y}) = wpCl({z}) = wpCIl({x}). This is a contradic-
tion. Therefore, we have ker,s({z}) Nker,s({y}) = ¢.

Sufficiency. Let (X, 7) be a topological space such that for any points
z,y € X, keryg({x}) # kerys({y}) implies ker,g({z}) Nker,s({y}) =
¢. If wpCl({x}) # wpBCl({y}), then by Lemma 3.8, ker,s({z}) #
ker,s({y}). Hence ker,z({z})Nker,s({y}) = ¢ which implies wBCI({z})N
wBCIl({y}) = ¢. Because z € wBCI({z}) implies that = € ker,z({z}).
Therefore, ker,g({z}) N ker,g({z}) # ¢. By hypothesis, we have
ker,z({z}) = ker,s({#z}). Then z € wpBCI({z}) NwBCI({y}) implies
that ker,z({z}) = ker,s({z}) = ker,s({y}). This is a contradiction.
Hence, wpCIl({z}) N wBCIl({y}) = ¢. By (i) the space (X,7) is a
wf — Ry space. 1

Theorem 3.10. For a topological space (X, T), the following proper-
ties are equivalent:

(i) (X, 7) is an wpB — Ry space.

(i) For any A # ¢ and an wB—open set U in (X,7T) such that
ANU # ¢, there exists an wfB—closed set ' in (X, T) such that ANE #
¢ and F CU.

(11i) For any wB—open set U in (X,7), U = U{F : Fiswf —
closed, FF C U}.

(iv) For any wpf—closed set F' in (X,7), FF = "{U : Uiswpf —
open, F C U}.

(v) For any v € X, wBCIl({z}) C ker,z({z}).
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Proof. (i) — (ii) Let A be a non-empty set of (X,7) and U be any
wph—open set in (X, 7) such that ANU # ¢. There exists x € ANU.
Since * € U and U is wf—open in (X,7), wpCl({z}) C U. Set
F =wpCl({z}), then F is wf—closed in (X, 7), F C U and ANF # ¢.
(ii) — (iii) Let U be any wf—open set in (X, 7), then U{F : Fiswf —
closedin (X, 7), F C U} C U. Let x € U, there exists an wf—closed
set Fin (X, 7) such that x € F and FF C U. Therefore, we have
x € F CU{F: Fiswf — closedin (X, 7), F C U} and hence U =
U{F : Fiswp — closedin (X, 7), F CU}.

(iii) — (iv) This is obvious.

(iv) = (v) Let € X and y ¢ ker,g({x}). There exists an wS—open
set Vin (X, 7) such that z € V and y ¢ V; hence wBCI({y})NV = ¢.
By (iv) (M{U : Uiswp —openin (X, 7), wBCIl({y}) CU}HNV = ¢
and hence there exists an wfB—open sets Uy such that wSCI({y}) C Uy
and z ¢ Uj. Therefore, wBCI({z}) NUy = ¢ and y ¢ wpCIl({z}).
Consequently, we obtain wBCI({z}) C ker,z({z}).

(v) — (i) Let U be any wfB—open in (X,7) and x € U. Suppose
y € ker,s({z}), then z € wpCI({y}) and y € U. This implies that
wpCl({z}) C ker,p({z}) C U. Therefore, (X, 7) is an wB— Ry space. 1

Theorem 3.11. For a topological space (X, T), the following proper-
ties are equivalent:

(i)(X,T) is an wB — Ry space.

(i1) If F' is wB—closed and x € F, then ker,z({z}) C F.

(11i) If v € X, then keryg({z}) C wpCIl({z}).

Proof. (i) — (ii) Let F' be wf—closed and = € F'. Then ker,z({z}) C
ker,3(F'). By (i), it follows from Theorem 3.10 that ker,z(F) = F.
Thus, ker,g({z}) C F.

(ii) — (iii) Since z € wpCI({x}) and wBCI({x}) is wh—closed, by (ii),
keryg({z}) € wACI({z}).

(ili) — (i) Let € wBCI({y}). Then by Lemma 3.7, y € ker,z({z}).
By (iii), y € wBCIl({x}). Therefore, x € wpCI({y}) implies that
y € wBCI({x}). Hence by Theorem 3.3 (X, 7) is wfB — Ro. &

Corollary 3.12. Let (X, 7) be a topological space, then the following
properties hold for all x € X :

(1) (X, 1) is wB — Ry if and only if wBCl({z}) = ker g({z}).

(11) If (X, 7) iswB—Ry and < x >=,3 = {z}, thenwBCIl({z}) = {z}.
Proof. (i) The proof follows from Theorems 3.10 and 3.11.
(ii) This is a consequence of (i). &
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Proposition 3.13. For a topological space (X, ), the following prop-
erties are equivalent:

(1) (X,7) is an wB — Ry space.

(i1) For each x € X, < x =5 = wpCIl({x}).

(i1i) For each x € X, < & >, is wB—closed.

Proof. (i) — (ii) By Corollary 3.12, wBC1({z}) = ker,z({x}) for each
x € X. Hence wBCI({z}) = wpCl({z}) Nker,s({z}) =< x =,p.

(i) — (i) Since wpBCl({z}) =< x =, p for each x € X, we have
wBCl({z}) C ker,p({z}). By Theorem 3.10, (X, 7) is wB — Ry.

(ii) «» (ili) This is a consequence of Lemma 3.7. g

Definition 3.14. A net {za},eca in a topological space (X, 7) is called
wfB—convergent to a point x € X, if for any wfB—open subset U of
(X, 7) containing z, there exists a, € A such that za € U for each
o, < .

Lemma 3.15. Let (X, 1) be a topological space and let x and y be
any two points of X such that every net in X wpfB—converging to y
wph—converges to x. Then x € wBCIl({y}).

Proof. Suppose that x, = y for each n € N. Then {z,},en is a
net in X that wf—converges to y. Thus by assumption {z,},en
wf—converges to x. Hence, x € wBCI({y}). 1

Theorem 3.16. For a topological space (X, 1), the following state-
ments are equivalent:

(1) (X, ) is an wB — Ry space.

(i) If x,y € X, then y € wBCl({zx}) if and only if every net in
(X, T) wph—converging to y wB— converges to x.

Proof. (i — ii) Let x,y € X besuch that y € wSCI({x}). Let {zataen
be a net in (X, 7) such that {xa}t,ea wB—converges to y. Since
y € wBCl({z}), by Theorem 3.3, x € wBCI({y}). Since {ra}tsea
wpf—converges to y and = € wBCIl({y}), {ra}taea wh—converges to
x. Conversely, let x,y € X such that every net in X wf—converging
to y wf—converges to x. Then = € wfCI({y}) by Lemma 3.15. By
Theorem 3.3 y € wBCI({x}).

(ii — 1) Assume that z,y € X such that y € wpCIl({z}). Suppose
that z, = y for each n € N. Then {z,}.en is a net in (X, 7) that
wp—converges to y. Since y € wBCI({z}) and {x, }nen wh—converges
to y, it follows from (ii) that {x,},en wB—converges to x. Thus,
x € wpCl({y}). Hence by Theorem 3.3, (X,7) is wf — Ro. i
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Theorem 3.17. For a topological space (X, 1), the following state-
ments are equivalent:

(1) (X,7) is an wB — Ry space.

(ii) For each x,y € X one of the following holds:
a) For any wB—open set U, x € U if and only if y € U.
b) There exist disjoint wB—open sets U and V' such that x € U and
yeV.

(111) If z,y € X such that wBCl({z}) # wBCIl({y}), then there exist
wph—closed sets Fy and Fy such that v € Fy, y ¢ F1, y € Fy, = ¢
F2 and X = F1 U Fg.

Proof. (i) — (ii) Let 2,y € X. Then wfBCI({z}) = wBCI({y}), or
wpCl({x}) # wpCl({y}). If wpCl({z}) = wBCI({y}) and U is an
wpf—open set, then x € U implies y € wfCI({z}) C U (as (X,7) is
wfh — Ry) and y € U implies x € wfBCI({y}) € U. Thus consider
the case wpCl({z}) # wBCI({y}). Then there exist disjoint wf—open
sets U and V such that z € wBCIl({z}) CU and y € wBCI({y}) C V.
(il) — (iii) Let z,y € X be such that wSCI({z}) # wBCI({y}). Then
x ¢ wpCl({y}) or y ¢ wBCIl({x}). Then by (ii), there exist disjoint
wpf—open sets U and V suchthat r e Uandy e V. Let Fi =X -V
and F5, = X — U. Then F; and F, are wf—closed sets such that
xEFl, ygéFl, yGFQ, $¢F2 andX:Flqu.

(ili) — (i) We shall first show that (X, 7) is an wf — Ry space. Let U
be an wf—open set such that x € U. We claim that wgCI({z}) C U.
For suppose y € wpCl({z})N(X —=U). Then wpCl({z}) # wBCI({y})
(for if wpCl({z}) = wBCI({y}), then y € U) and hence by (iii), there
exist wf—closed sets Fy and Fy such that z € Fy, y ¢ Fy, y € Fy, = ¢
Fyand X = FiUFy. Then y € Fy, — Fy C X — F; which is wf—open
and x ¢ X — Fy, which contradicts the fact that y € wBCI({z}).
Hence (X, 7) is an wf — Ry space. Now let p,q be points of X such
that wBCI({p}) # wpCIl({q}). Then by the given condition there
exists wf—closed sets Hy and Hy such that p € Hy, ¢ ¢ Hy, q €
Hy, p ¢ Hyand X = Hy U Hy. Thus p € X — Hy and ¢ € X — Hy,
where X — Hy and X — H; are disjoint wfB—open sets. Since (X, 1)
is wf — Ry, wpCIl({p}) € X — Hy and hence wfCI({q}) C X — H;.
Hence (X, 7) is an wf — Ry space. i

Lemma 3.18. A topological space (X, T) is wB — Ry if and only if
for each x,y € X with ker,g({x}) # kerys({y}) there exist disjoint
wph—open sets U and V' such that wpCl({z}) C U and wBCI({y}) C
V.
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Proof. This follows from Lemma 3.8. §

Theorem 3.19. For a topological space (X, T), the following are equiv-
alent:

(i) (X,7) is wB — Ts.

(ii) (X,7) is w8 — Ty and wf — R;.

(iii) (X, 7) is wB — T2 and wB — Ry.

(iv) (X, 1) is wf — Ty and wf — Ry.

Proof. (i) — (ii) This follows from Proposition 2.4 and Theorem 2.3.
(il) — (iii) This follows from Proposition 2.4.
(iii) — (iv) This follows from Proposition 2.4.
(iv) — (i) It follows from Theorem 3.2 and Proposition 3.4 that (X, 7)
iswf—Ty. Since (X, 7) iswf— Ry, by Theorem 2.3, (X, 7) iswf—Ts. 1

Corollary 3.20. For anwf— Ry topological space (X, T), the following
are equivalent.

(i) (X,7) is wB — Ts.

(1) (X,7) is wB — Ty.

(iii) (X, 7) is wB — T1j9

(iv) (X, 7) is wB — Ty.

It is clear from Proposition 3.4 and Theorem 3.19 that any topolog-
ical space that is w3 —T; but not w3 — Ty is wf — Ry but not wf — Ry
(see Example 2.6).

A point x of a topological space (X,7) is wf — #—accumulation
point of a subset A C X, if for each wf—open set U containing =z,
wpCIHU)N A # ¢. The set of all wf — f—accumulation points of A is
called the wf — #—closure of A and denoted by wBCIA(A). The set A
is said to be wf — f—closed if wBC10(A) = A. The complement of an
wf — @—closed set is said to be w3 — 6—open.

Theorem 3.21. For a topological space (X, 1), the following are equiv-
alent:

(i) (X, 1) is w8 — Ry.

(i1) For each x € X, <z =,3 = wBCIO({x}).

Proof. (i) — (ii) First we claim that wfCI10({z}) C< x =, for each
r e X. Foranyz € X, lety €<z >,5. Then < x >,5 #=< y >, and
since (X, 7) is wB — Ry, by Proposition 3.13 wBCI({z}) # wBCI({y}).
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It follows from assumption that there exist disjoint wf—open sets
U and V such that wSCI({z}) € U and wpCli({y}) € V. Since
UNwpCl(V) = ¢, {z} NwpCI(V) = ¢ and hence y ¢ wBCIO({x}).
This shows that wBCI0({z}) C< z >,p. Last we can obtain that
< & >, CwPClO({z}) by definitions.

(ii) — (i) For each x € X, < z >3 = wBCIO({z}) D wpCI({z}) D=
x >,p and hence < = >,3 = wBCIl({x}). By Proposition 3.13, (X, 7)
is wf — Ry. Suppose that wBCI({z}) # wBCIl({y}). Then, since (X, 7)
is wB — Ry, by Theorem 3.9 wBCI({z}) NwBCI({y}) = ¢ and hence
<& =N <Yy =, = ¢. By hypothesis, wBCI0({x}) NwBCIO({y}) =
¢. Since y ¢ wBC1O({z}), there exists an wf—open set U, such that
y € U, and wpCl(U,) N ({z}) = ¢. Let U, = X —wpCl(U,), then
z € U, and U, is wf—open. Since (X, 7) is wf — Ry, wBCI({y}) C U,,
wpCl({z}) C U, and U,NU, = ¢. This shows that (X, 7) iswB—R;. 1

Combining proposition 3.13 and Theorem 3.21, it is shown that the
converse of Theorem 3.2 is true.

Corollary 3.22. Suppose that wpBCl0({z}) C wBCl({x}) for any
point x of (X, 7). Then, if (X, 1) is wf — Ry, then it is wfB — Ry.

Proof. We note that wpCl({z}) C wBCIlA({x}) holds for any point =
of (X, 7). Let (X, 7) be an wf3 — Ry space. Using Proposition 3.13, we
have wBCI({z}) =< x >,p for any point x of (X, 7). It follows from
assumption that wBC10({x}) =< x >,z for any point z of (X, 7). By
Theorem 3.21, (X, 7) is w8 — Ry. 1

4. Dwg—SETS AND ASSOCIATED SEPARATION AXIOMS

The notion of D,,z—sets is introduced in this section as the difference
sets of wfB—open sets. Also we investigate some preservation theorems.

Definition 4.1. A subset A of a space (X, 7) is called a D, z—set if
there are two wf—open sets U and V such that U £ X and A =U-V.

We see from the above definition that every proper wf—open set U
is a D,s—set, by setting A = U and V = ¢. But the converse is not
true as the next example shows.

Example 4.2. Let X = R with the topology T = Teoe and A = Q, then
A is a Dyg—set (take U =QU (0,1) and V = (0,1)) but it is not an
wf—open set.

Definition 4.3. A topological space (X, 7) is said to be
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(i) wB— Dy if for any pair of distinct points z and y of X there exists
a D,g—set of X containing x but not y or a D,g—set of X containing
y but not z.

(ii) wp — Dy if for any pair of distinct points x and y of X there
exist a D g—set of X containing x but not y and a D, g—set of X
containing y but not x.

(iii) wB — Dy if for any pair of distinct points z and y of X there
exist disjoint D,g—sets U and V' of X containing x and y, respectively.

(iv) Weakly wf — Dy if n wpCl({z}) = ¢.

Proposition 4.4. For a topological space (X, T), the following state-
ments hold:

(i) If (X, 1) is wB — Ty, then it is wp — D;, i = 0,1, 2.

(i) If (X, 1) is wB — Dy, then it is wf — D;—1, i = 1,2.

(111) (X, 7) is wfB — Dy if and only if it is wB — Ty.

() (X, 1) is wB — Dy if and only if it is w3 — Ds.

(v) If (X, 7) is w8 — Dy then it is w3 — Ty.

Proof. The proofs of (i) and (ii) follow from definitions. And also the
sufficiency for (iii) and (iv) follows from (i) and (ii).
(iii) Necessity. Let (X,7) be w8 — Dy. Then for all distinct points
z,y € X, at least one of z, y, say z, belongs to a D,s—set U buty ¢ U.
Suppose that U = U; — Uy where Uy # X and Uy, Us; is wf—open in
(X, 7). Then x € U; and for y ¢ U we have two cases: the first one
if y ¢ Uy; so Uy contains x but does not contain y. In second case
y € Uy and y € Us; so Us contains y but does contain x. Hence, (X, 7)
is wpB — T.
(iv) Necessity. Let (X, 7) be w8 — D;. Then for all z,y € X such that
x # vy, we have D,g—sets such that x € Vi,y ¢ Vi,y € Vo and z ¢ V5.
Let Vi = Uy — Uy and Vo = Us — Uy. From x ¢ Vs, we have either
x ¢ Usor x € Us and x € Uy;. We discuss the two cases separately.

1. ¢ Us. From y ¢ V}, we obtain the following two subcases:
a) y ¢ Up. From ¢ € Uy — Uy we have x € U; — (U U Us) and
from y € U3 — Uy we have y € Us — (Uy U Uy). It easy to see that
(U — (UuU;)) N (Us — (U UU)) = ¢. b))y € Uy and y € Us. We
have x € Uy — Us, y € Uy and (U; — U,) N Uy = ¢.

2. x € Us and x € Uy. We have y € U3 — Uy, x € Uy and
(Us —Uy) N Uy = ¢. Hence, (X, 7) is wB — Ds.

(v) This follows from (i) and (iii). u

The following diagram summarizes the implications shown in Propo-
sition 2.4 and 4.4.
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Wﬁ—TQ —>W6—T1 %CL)B—TO
! ! 1
wﬁ—Dg (-)(A)B—Dl _>CL)/6_DO
From Example 2.5, we see that there exists an wf — Dy space which
is not wfB — T} and also an w3 — Dy space which is not w3 — Ts.

Proposition 4.5. Let (X, 7) be an wf—symmetric space. Then the
following statements are equivalent:

(i) (X,7) iswfB — Ty .

(1) (X,7) is w8 — Dy.

(iii) (X, 7) is wB — Ty )s.

(iv) (X, 7) is wB — T.

Proof. This follows from Theorem 3.3 and Propositions 3.4 and 4.4. g

Corollary 4.6. For an w3 — Ry space (X, T), the following are equiv-
alent:

(i) (X,7) is w8 — Ty.

(i) (X,7) is wB — Ty.

(111) (X, 7) is wfB — Dy.

Proof. This is an immediate consequence of Theorem 3.3 and Propo-
sition 4.5. 1

Definition 4.7. A point x of a topological space (X, 7) which has X
as the only wfB—neighborhood is called an wf—neat point.

Observe that if an wp — Ty space (X, 7) has an wf—neat points,
then it is unique, because if z and y are distinct wf—neat points in
X ,at least one of them, say z, has an wfB—neighborhood U containing
x but not y. Thus, U # X, a contradiction.

Theorem 4.8. Let (X, 1) be a topological space, then the following
statement hold:
(i) (X, 7) is wB— Dy if and only if it is wB—Ty and has no wBS—neat
points.
(i1) (X, T) is weakly wB— D1 if and only if it has no wB—mneat points.
(i1i) (X, T) is wB—Dy if and only if it is wB—Ty and weakly wB— D .
() (X,7) is weakly wB — Dy if and only if kerys({z}) # X for
every x € X.
Proof. (i) Necessity. Since (X, 7) is wf — Dy, each point z € X is
contained in a D,g—set W = U — V and thus in U. By definition
U # X. Hence, x is not an wf—neat point (X, 7) being wf — Ty
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follows from Proposition 4.4.

Sufficiency. Since (X, 1) is wfB—Ty, for each z,y € X such that x # y,

there exists an wf—open set U containing x, say but not y. Thus U is

a D,p—set, but (X, 7) has no wf—neat point, so y is not an wi—neat

point. Thus, there exists an wf—open set V containing y such that

V # X, and therefore, y € V—-U, 2 ¢ V—U and V —U is a D,p—set.

Hence (X, 7) is wf — D;.

(i) Necessity. Suppose that (X, 7) is weakly wf — Dy and that (X, 7)

has an wf—neat point y. Then y € wBCI({z}) for each x € X. This

is a contradiction.

Sufficiency. Suppose that (X, 7) has no wf—neat points and that

(X, 7) is not weakly w8 — D;. Then there exists y € QX wpCl({z})
xT

and thus any wf—open set containing y must be X, that is, y is an
wf—neat point of (X, 7). This is a contradiction.

(iii) This follows from (i) and (ii).

iv) Necessity. Suppose that (X, 7) is weakly wf — D;. Assume that
there exist a point y € X such that ker,3({y}) = X. Thus by Lemma
3.7,y € wQX wpCl({x}). This is a contradiction.

Sufficiency. Assume that ker,z({z}) # X for every z € X. If (X, 7)
is not weakly wf — D, then by Theorem 4.8, (X, 7) has an wf—neat
point y. Hence ker,s({y}) = X. This is a contradiction. &

Corollary 4.9. For an wf — Ty space (X, ), the following are equiv-
alent:

(i) (X,7) is w8 — Dy.

(i1) (X, 7) has no wB—neat points.

Now we study and give some preservation theorems for these sepa-
ration axioms.

Theorem 4.10. Let f : (X, 7) — (Y, 0) be an wpB—irresolute function.
Then the following properties hold:

(i) If U is a Dys—set in (Y,0) and f is surjective, then f~1(U) is
a D,g—set in (X, 7).

(i1) If (Y,0) is wB — Dy and f is bijective, then (X, T) is wf — D;.

Proof. (i) Let U be a D,g—set in (Y,0). Then exists an wf—open
sets Uy and Uy in (Y, o) such that U = Uy — Uy and Uy # Y. By
wf—irresoluteness of f, f~1(Uy;) and f~*(Us) are wfB—open in (X, 7).
Since U; # Y and f is surjective, f~1(U;) # X. Hence, f~1(U) =
Y U) — f7H(Us) is a D,p—set.
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ii) Suppose that (Y, o) is an wf — Dy space. Let z, y € X and = # y.
Since f is injective and (Y, o) is wf3 — Dy, there exist D,z—sets U, and
U, of (Y,0) containing f(x) and f(y), respectively, such that f(y) ¢
U, and f(z) ¢ U,. By (i), f~%(U,) and f~}(U,) are D,z—sets in
(X, 7) containing = and y, respectively, and y ¢ f~1(U,), x ¢ f~1(U,).
Hence, (X, 7) is wf — D1. &

Theorem 4.11. A topological space (X, T) is wB — Dy if and only if
for each pair of distinct points x,y € X, there exists an wB—irresolute
surjective function f : (X,7) — (Y,0), where (Y,0) is an wf — D,
space, such that f(x) and f(y) are distinct.

Proof. Necessity. For every pair of distinct points of (X, 7), it suffices
to take the identity function on (X, 7).

Sufficiency. Let x,y € X and x # y. By hypothesis, there exists
an wf—irresolute surjective function f from (X, 7) onto an wf — D
space (Y, o) such that f(z) # f(y). Thus by Proposition 4.4, there
exist disjoint D,s—sets U, and U, in (Y, o) such that f(x) € U, and
f(y) € U,. Since f is wf—irresolute and surjective, by Theorem 4.10,
f71(U,) and f~Y(U,) are disjoint D,g—sets in (X, 7) containing  and
y,respectively. Hence, (X, 7) is wf — D1. &

Theorem 4.12. If f : (X, 7) — (Y, 0) is an wB—closed injection and
(X, 1) is weakly wf — Dy, then (Y, 0) is weakly wp — D.

Proof. Since (X, 7) is weakly wf — Dy, n wpCl({z}) = ¢. Since f
Te

is an injection, ¢ = f( N, wpCl({z})) = ﬂXf(wﬁCl({x})). Since f is
re e

an wf—closed function, it follows from Lemma 1.5 that n wpCl({y}) C

yE

N wBCI{f(z)}) € N f(wBCI({x})). Hence, N wBCI({y}) = ¢,

zeX rzeX yey

that is, (Y, o) is weakly wf — D;. 1
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