”Vasile Alecsandri” University of Bacau
Faculty of Sciences

Scientific Studies and Research

Series Mathematics and Informatics
Vol. 25(2015), No. 1, 181-190

ON RANDERS SPACES OF CONSTANT CURVATURE

H. G. NAGARAJA

Abstract. In this paper we study the Randers manifolds of con-
stant curvature induced by generalized Sasakian space forms with dif-
ferent almost contact structures.

1. INTRODUCTION

A Finsler metric L(z,y) on an n-dimensional manifold M™ is called
an («, 8)-metric[9] L(a, B) if L is positively homogeneous function of «
and (3 of degree one, where o = a;;(x)y'y’ is a Riemannian metric and
B = b;j(x)y" is a 1-form on M™. Randers metrics are simplest (c, 3)-
metrics, which are expressed in the form F' = o + § with ||5]| < 1. In
Finsler geometry it is difficult to make classification of Finsler metrics
of constant curvature, but for the case of special Finsler metrics like
Randers metrics, a classification theorem was given by Yasuda and
Shimada[16] and Matsumoto and Shimada[l4]. But Bao and Rob-
les[8] found some errors in both the proofs and they gave a corrected
version of Yasuda and Shimada theorem which characterises Randers
spaces of constant curvature.

Keywords and phrases: Randers metric, constant flag curvature,
a-Sasakian, b-Kenmotsu, co-symplectic, ¢-sectional curvature, gener-
alized Sasakian space forms, constant negative curvature.

(2010) Mathematics Subject Classification: 53B40, 53C60.

181



182 H. G. NAGARAJA

Bejancu and Farran [6] gave a classification theorem for a class of
proper Randers manifolds of positive constant flag curvature. They
have shown that a Sasakian space form induces a Randers space of
positive constant curvature. Same authors in [5] proved that under
certain natural conditions, Randers manifolds of positive constant flag
curvature are diffeomorphic to odd dimensional spheres. Hasegawa et
al.[11] established that there are other almost contact structures that
induce Randers space of constant negative flag curvature and con-
stant curvature K = 0. Motivated by the above results, in this paper
we investigate a class of Randers manifolds induced by generalized
Sasakian space forms with a-Sasakian, b-Kenmotsu and co-symplcteic
structures.

2. PRELIMINARIES

2.1. Randers Metrics. A Finsler metric F' on a manifold M is a
function F': TM — (0,00) such that
(1) Fis C* on TM — {0}
(2) F, = Fjr,m is a Minkowski norm on 7, M:
F(z,\y) = A\F(z,y) for A\ >0
The fundamental tensor field is positive definite, (g;;(z,y)) >
%gyigyj )

Randers metrics are among the simplest Finsler metrics. Let F' =
a+ 3 be a Randers metric on a manifold M", where o = a;;(2)y'y’ is
a Riemannian metric and 8 = b;(z)y’ is a 1-form on M™ with ||3]| < 1
[9].The space R" = (M", «) is called the associated Riemannian space
with F™" = (M™, L(«a, 3)). The spray coefficients G* of F are given by

) 1 . 2F2 F2 ] 7
(1) o=t (TE e 0PN i 0G0
4 oyhoxk Oxh T Oy
The spray coefficients G of I and G'« of « are related by [17]

0, where g;; =

(2) G'=G' + Py' 4+ Q', where
e . .
P = 2_32 _307Ql :CKSB,
eij = T’Z'j + biSj + bjSi,
1 1
(3) rij = 5 (bis +bja), 15 = 5 (biyj — bjja),

i _ ik i pi
§; = a""spj, 85 = bis; = b'syy,

_ 3 R R R |
€00 = €Y Y, S0 = iy, Sg = S;Y7,
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where | denote the covariant differentiation with respect to the Levi-
Civita connection %, (x) of R™.

The spray coefficients G; are used to define Riemann tensor R; as
follows.

, 5 (GF 5 (G y"
i gh | (2R [ 21 h _ J_
(4) Ri=1 ((W(F) (th(F))’l 7

where
4] 0 0
(5) = — — Gl —.
oxt  Ox’ oy’
A Finsler metric F' has constant flag curvature X if
R') = \F?h',

(6)

where h'j, = hjk:gijv hij = (i — lily), li = ljgij-

The Ricci curvature and Ricci scalar are defined by

A 1
(7) Ric=R';;, R= Ric.
n+1
A Finsler metric F' has constant Ricei curvature if
(8) Ric = (n — 1)A\F?%

2.2. Almost contact metric structures and Generalized Sasakian
space forms. An n- dimensional Riemannian manifold(M, «) is said
to be an almost contact metric manifold if there exist on M, a (1,1)
tensor field ¢, a unit vector field &, a 1-form 7 satisfying

(9) @’ =—IT+n®En(E)=1,0=0, nop=0.
(10) a(¢pX,9Y) = a(X,Y) —n(X)n(Y),
(11) a(X,6Y) + a(¢X,Y) = 0,YX,Y € TM.

We denote an almost contact metric manifold by M(¢,&,n,a). An
almost contact metric manifold is called a contact metric manifold if
dn = ®, where ® is the fundamental 2-form on M given by ®(X,Y) =
a(X, ¢Y). An almost contact metric manifold M (¢, &, n,a) is called

e Sasakian manifold if
e Kenmotsu manifold if

(13) (Vx@)Y = —a(X,Y)E +1(Y)9X,
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e a (a,b)-trans-Sasakian manifold if
(14) (Vx9)Y = a(a(X,Y)§ —n(Y)X) + b(a(¢X,Y)§ —n(Y)oX),
where a and b are some functions.

In a trans-Sasakian manifold M, the following hold:
(15)
(Vx§) = —0X + B(X —n(X)S), (Vxn)Y =a(VxEY), VX € TM.

If b =0, M is said to be an a- Sasakian manifold and Sasakian mani-
folds are the examples of a- Sasakian manifolds with a = 1.

If a = 0,M is said to be an b- Kenmotsu manifold and Kenmotsu
manifolds are examples of b- Kenmotsu manifolds with b = 1.

If X isorthonormal to ¢ then the plane section {X,¢X} is called
¢-section and the curvature associated with this section is called ¢-
sectional curvature which is given by

(16) H(X) = K(X,¢X) = R(X,6X,X,0X).

A Sasakian manifold of constant ¢-sectional curvature c is called a
Sasakian space form M (c).
A Kenmotsu manifold of constant ¢-sectional curvature c is called a
Kenmotsu space form.
An almost contact metric manifold (M, ¢, &, n, a) is called a generalized
Sasakian space forms if the curvature tensor R is given by
(17)

R(X,Y)Z = fi{g(Y, Z2)X — g(X, Z)Y'}

+ fo{9(X, 02)0Y — g(Y, 0Z)pX + 29(X, pY )9 Z}

+ [s{n(Xn(2)Y = n(Y)n(Z2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E},
where f1, fo, f3 differential functions on M.

Sasakian space forms are examples of generalized Sasakian space forms
1 ; — ct3 _ _c—1
with constant functions f; = <=, fo = f3 = <.

3. RANDERS SPACES OF CONSTANT CURVATURE INDUCED BY
GENERALIZED SASAKIAN SPACE FORMS

Yasuda-Shimada[16] gave the following calssical theorem for Ran-
ders spaces of constant curvature.

Theorem 1. Let F" = (M, F = a+ 03),a =/ a;j(x)y'y?, f = bi(z)y’
be a Randers space. Then

[A] F™ has constant negative flag curvature X and curly, = b (bj;; —
bij) = 0 if and only if the Riemannian space (M, ) is of negative
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constant sectional curvature —A*. by; = Aa;; — bib;),

[B] F™ is flat (i.e. X =10 ) and curly; = 0 if and only if it is locally
Minkowski,

[C] F™ has constant positive flag curvature X\ and curly;, = 0 if and
only if the Riemannian curvature tensor R of the Riemanian space
(M, «) satisfies

Rping = Abrbjaz, — bibraij) + A(bibran; — bibjags,)
+ A1 — [|b]1*)(anjam — arnai;)
+ 2050051k — bijrbr); — bijbrin
and ||b]| is a constant and bjjx + by; = 0.
In an a-Sasakian manifold,
il = —aﬁbf%k;
nNifj + 151 = 0,
Mg = Ml = 2a¢]aju,
77i|j§i = 77i|jfj =0,
22) & (miy — my1:) = 0.

The expression for R in a generalized Sasakian space form is

N DN = =
_ O O o
—_ — —

(
(
(
(
(

f2
Rpijk = fi1 (anjaix — apgaij) — 2 (77i|j77h|k = M| Mk + 277i\lﬂ7j|k) +
(23) I3 (minjane — NpnjQik + MaNkQi; — NiMkan;) -

Suppose M is an odd dimensional almost contact metric manifold with
almost contact metric structure (¢, £, 7, a). Then we have a Riemann-
ian metric a and a 1-form n = n;(z)dx* on M. We can construct in a
natural way a Randers metric F' = a+ 3, where a =+/a;;(z)yiy’, f =
cni(x)y’, with 0 < ¢ < 1. Then F is a Randers metric on M which is
positive definite. This is because ||b]|* = ¢?||n||> = ¢* < 1. Further we
have

(1) [|b|| = ¢, a constant.

(2) (Veyd)Y = c(Veyn)Y = —ac a(¢Y,¢Y) # 0. ie. bis not

parallel.

Theorem 2 (P. Alegre and A. Carriazo, 2008). If M(f1, f2, f3) is
an a-Sasakian generalized Sasakian space form, then &(a) = 0 and
fi1 — f3 = a® holds. Further if M is connected then a is a constant.



186 H. G. NAGARAJA

If we choose f» = f3 = —c2a?, then from the above theorem, f; =

—a*(1 — ¢?). The equation (23) takes the form

ha‘jk = /\(1 - ||b||2) (ahjaik; - ahkaij)
(24) + A (277i\h77j|k — by|bgin — bh|jbi|k)

+ X (bibgan; + bjbyag — bibjan, — bpbray;) , withA = a*.
Thus by theorem 1, we conclude that

Theorem 3. Let (M,F = « + f3) be the Randers space induced by
a connected a-Sasakian generalized Sasakian space form M(f1, fa, f3),
where o =+/a;j(x)y'y?, B = ceni(2)y', where 0 < ¢ < 1. If fo = f3 =
—c%a? then the Randers space (M, F) is a Randers space of positive

constant curvature A = a®.

This theorem holds for ¢ = 1 also. But the Randers metric is not
positive definite. Randers-space of constant curvature 1. We define
on M,

* 2
ai; = a“ag;

25 & ’
(25) bi (x) = ab;(z)

Then the function F*(x,y) = aF(z,y) is a Randers metric on T M°.
1_9F?

Now from g;; = 25097 We get

95 = a*gij, 97" = =97, 17 = al;, 1" = =1,
(26) a . a
hiy = a’hij, h7* = Sh? R =1y

From (1),(4) and (6), it follows that the spray coefficients G** and the
Riemann tensor R*; are given by

(27) G*=G' R*;, = R';.

If F' is a Randers metric of constant curvature a?, then R'; = a? F?h’;.
Therefore R*; = R'; = a?F?h'; = F**h*;.

This shows that the Randers metric F™* is of constant curvature 1.
This Randers metric is positive definite also. Thus we can state

Theorem 4. Let (M, F = a + ) be the Randers space induced by
a connected a-Sasakian generalized Sasakian space form M(fi, fa, f3),

where a = \/a;j(x)y'yl, B = ni(x)y'. If fo = f3 = —c*a® then the

Randers space (M, F* = aF’) is a Randers space of curvature 1.
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In an b-Kenmotsu manifold, we have

(28) mi; = b(aij —miny),
(29) i + nj = blaig — nimy),
(30) mig — Ny = 0,
(31) i€ = i€ =0,
(32) & (miyy — i) =0

Suppose the Randers metric F' = o + 3, where oo =+/a;;(x)y'y?, B =
ni(x)y’ is induced by a b-Kenmotsu manifold. Then F is a Randers
metric on M which is not positive definite. For a Randers metric
F = a + ( induced by a b-Kenmotsu manifold, we have b; = n;, and
SO Sij = %(blb — bﬂl) = O,Si = bjSij = 0, rij = b(aij — blbj> and
eoo = 2c(a;; — b;b;), where ¢ =
Hence the spray coefficients G* and the Riemann tensor R'; of F' are
given by

2 ] 2 ; F . .
B = aRt 365 - 30 (% )

N

where y = bi|jyiyj> U= bi|j|kyiyjyka Tk = %(bi\j\k—buklj)yiyj = —%bj OéRi-
Suppose F' has constant Ricci curvature A and « has constant cur-
vature p. Then
Ric = (n — 1)\F?,
35 . e
(35) aR'y = pa? (5,"g - —yky2> , aRic = (n — 1)pa’.
Q
From (34), we obtain

(36) Ric:aRic+3(n_1)(<%>2_%)

and Ry = AF%5i + Try', where Tpy* = —AF2.

i.e. F' has constant curvature \.

From (36), it follows that F' has constant Ricci curvature A if and only
if

(37) pa? +3 <(%>2 - %) — AF2.

The above equation is equivalent to following two equations:
(38)  3x? =28V +4(\ — p)a* +4(6)\ — p)a?B? +4NG2
(39) U =4(p—2)\)a?B — 8%,
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The equation (39) in (38) gives
(40) 3% = 4\ — p)at + 42X\ + p)a’B — 12)6%

Differentiating covariantly and transvecting the resulting by 3*, we
obtain

(41) 3U = 4(p + 2))a’B — 24M5°.

From (39) and (41), we obtain u = 4\. Putting this in (40), we obtain
xX* = —4\(a® - 3?).
This shows that A is negative. Thus we have

Theorem 5. Let (M,F = «a + ) be the Randers space induced by
an b-Kenmotsu manifold, where o =+/a;;(x)y'y?, 8 = ni(x)y'. If F
has constant Ricci curvature A\ and a has constant curvature p, then
A= }lp and this A is negative.

We next see when a has constant curvature. We have,

(1) the ¢-sectional curvature of a generalized Sasakian space form
M (f1, f2, f3) is f1 + 3f2 [P. Alegre and A. Carriazo, 2008|.

(2) a Kenmotsu manifold of constant ¢-sectional curvature is a Rie-
mannian space form of constant sectional curvature —1 [Ken-
motsu 1972].

Thus if f; and f; are constants, then b-Kenmotsu generalized Sasakian
space form is a Riemannian space form of constant sectional curvature
—1. i.e. a has constant curvature —1. From the above discussions, we
have

Theorem 6. Let (M, F = o+ f3) be the Randers space induced by an
b-Kenmotsu generalized Sasakian space form with fi, fo as constants.
If F' has constant Ricci curvature A ,then o has constant curvature —1

and I has constant curvature A = —}I.

Let F = o + [ be a Randers metric induced by b-Kenmotsu mani-
fold.
Since b; = n;, from (29) and (30), we have
Sij = %(bi‘j —b;ji) = 0 and ego = 2c(a;; — bib;), where ¢ = g We have
the following theorem due to [Zhongmin Shen,2003]:

Theorem 7. Let F' = a+ [ be a Randers metric of constant curvature
K = X\ on a manifold M. Suppose that F satisfies egg = 2c(a?—[3%) for
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some scalar function c(x) on M and 3 is closed. Then A\ = —c* < 0. F

is either locally Minkowskian X\ = 0 or curvature in the form \ = —c?.

Thus it follows that if b = 0, then A = 0 and the Randers space
(M, F) reduces to a locally Minkowskian space.
If b # 0, then the Randers space (M, F') is of constant negative curva-
ture A\ = —%. Thus we state that

Theorem 8. If M is an b-Kenmotsu generalized Sasakian space form
with f1 and fy are constants and if the induced Randers metricF =
o+ B has constant Ricci curvature, then b must be equal to one.
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