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SURFACES GENERATED BY BLENDING
INTERPOLATION ON A TRIANGLE

ALINA BABOS

Abstract.
We use some interpolation operators of Lagrange, Hermite and Birkhoff
type in order to generate surfaces which satisfy some given conditions.

1. INTRODUCTION

There have been constructed interpolation operators of Lagrange,
Hermite and Birkhoff type on a triangle with all straight sides, starting
with the paper [5] of R.E. Barnhil, G. Birkhoff and W.J. Gordon, and
in many others papers (see, e.g., [4], [6], [7], [10], [11]). Further there
were considered interpolation operators on triangles with curved sides
(one, two or all curved sides), many of them in connection with their
applications in computer aided geometric design and in finite element
analysis (see, e.g, [1], [2], [8], [9], [18], [19], [20]).
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In [18] the authors have considered a standard triangle, T}, having
the vertices Vi = (h,0), V5 = (0,h) and V5 = (0,0), two straight sides
I'y, [y, along the coordinate axes, and the third side I'; (opposite to
the vertex V3), which is defined by the one-to-one functions f and g,
where ¢ is the inverse of the function f, i.e. y = f(z) and z = g(y),
with £(0) = ¢(0) = h and F a real-valued function defined on T}. (See
Figure 1).
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Figure 1.

They constructed certain Lagrange, Hermite and Birkhoff type op-
erators, which interpolate a given function and some of its derivatives
on the border of this triangle with one curved side, as well as some of
their product and Boolean sum operators.

In [1] we have introduced an Lagrange operator which interpolates
the function F' on cathetus, on the curved side, but also on an interior
line of the triangle Tj. We considered the case when the interior line is
a median. Then in [2] we have introduced Hermite and Birkhoff type
operators which interpolate a given function and some of its derivatives
on median of the same triangle (see Figure 2).



SURFACES GENERATED BY BLENDING INTERPOLATION 7

V2

hyy2)
©.) <)

V3 (x,0) M T, V1

Figure 2.

The aim of this paper is to use some interpolation operators defined
by us in [1], [2] and by the authors of [18], for construction of surfaces
which satisfy some given conditions such as, for example, the roof of
the halls (see, e.g., [3], [13]-[16]).

2. SURFACES GENERATED BY LAGRANGE, HERMITE AND
BIRKHOFF TYPE OPERATORS

Suppose that F is a real-valued function defined on ), and it has
all partial derivatives needed.

Let us consider the Lagrange interpolation operators LY and L3
defined by

(L{F)(w,y) = L5 F(2,0) + 5 F(w, f()),

z _ (2z—hty)lz—g(y)]
(L5F) (2, y) = e —
__Azfr—9@)] _p| hoy _2@z—h—y)
F(O,y) - (h—y)[h—y—2g(y)]F 2 ,y> - g(y)[2g(y)—h+y}F(g(y)’y)’

the Hermite interpolation operators Hi and Hj, corresponding to
the double nodes, defined by
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(HYF)(z,y) = LEwlU@2] gy o) 4 M FOD(z,0)

73(a) (z)
+ LB (i, f(z)) + LULFOD (g, f(z))
and

x _ Qa—h+ty)*[z—g()]*l9(¥) (y=h)+2x(y—h—29(y))]
(H2F)(ZL' y) (y—h)3¢3(y) F<0 y)
’ y—h)g°(y ’
z(2z—h 2[z— 2
+ (h:r;))%][%y?(y)] F(LO)(O,y)
1622 [z—g(y)]*[(h—y) (h—y—29(y)) —2(2z—h+y)?(h—y—g(y))]
T (h=y)3[h—y—29(y)]?
h— 822 [x—g(y)?](2x—h+y) 1(1,0) ( h=
F Ty’y + (h—y)g[g—y—Qg(y)]g F(10)<Ty’y
z2(2z—h+y)? 10g(y) —3h+3y)+2x(h—y—4
4+ =X +v) [g(zgg((y)g[%)(y)_;;); (h—y 9(y))]F(g(y),y)
2?[z—g(y)](2z—h+y)? 715(1,0
- g%(y)[29(y)—h+y|? F )(g(y),y),
and the Birkhoff interpolation operators BY and Bf defined by
(BYF)(x,y) = F(z,0) + yF O (z, f(x)),
z T —x — z(x—h
(BEF)(w,y) = F(0,y)+ 324U P00 (50, ) 4 £estod pa0) (g(y), )
A. Using the natural condition that the roof stays on its support, i.e.,

F1|F3 - 0,
F|V2M = 07
we get that
(LYF)(x,y) = e P (2, 0),
P z—h T—
(L2F)(l',y) - (QUZtZ—WF(an%
z—y)]?[f(z)+2 z)—y]?
(HYF)(x,y) = Lol @2 p (g 0) 4 dGE pO (5, )
2[y— x
+ S FO (@, f()),
r— 2 2 _ (1 —h—
(HZF)(z,y) = (2z—h+y)°[ g(y)(]ygg}(ngéz yf;)+2 (y=h 2g(y))]F<ij)

z(2z—h+y)?[z—g(y)]* 7,7(1,0)
+ e L 0)
82%[a—g(y)?)(20—h+y) 1(1,0) (u >
t hzwr 120
2?[z—g(y)](2z—h+y)? 12(1,0
e g L (9W)y).
We consider the blending function generated by the Boolean sum of

the operators L} and L%, i.e.,

T x)— z—h T—
(LY & LY) F)(z,y) = L50 F(x,0) + Epruliall (o, y)
f(z)—y (2z—h)(z—h)
- f(x)y h2 F(07 0)
In order to obtain a scalar approximation for F', in the second level

we use the following approximations:
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F(0,y) == (HYF)(0,y) = S22 g, ) 4 1) g0 g, 0)
+ LU PO (0, h),
z—h)2(z—h)? €T
F(x,0) := (H§ F)(x,0) = SR 089 p(0, ) +
a:(%—h});(w—h)Q F10(0,0)

} Sl Cah) p(10) (g 0) +
22 (z— x—h)?
e e Qe h)” p(L0)(p, 0).
We consider the interpolation operator
P =LYH} + LiHY — LL3,

with

_ | Ce—hty)(z—g(y)) (h—y)*(h+2y)
(PlF)<x7y) - [ (h_zz//)g(y)g . . 73 .

f(@)—y Qu=h)*(—h)*(h+6z) _ f(z)—y (2w—h)(@=h)
_I— h5 f

7@ w e | F0.0)

} L)y ae=h? @) p0)( )

f(z) bt
+ f(ffﬂ()x;y 8332(96—’;)42(2?0—’1)}7(1,0) (’_QL, 0)
n f(foz)x;y e h)@2—h)” p(1L0)(p, ()
i (2w—(’}zltz))(£):v(—)g(y)) y(hh—gy)2 FOD(0,0)
" (zx—(};tz))(gw(;)g(y)) yz(g;h) FO(0, h).

Example 1. Consider the function f(x) = vh? —x* with h =4 and
F: T, — R. In Figure 3 we plot the graph of the surface P, F' assigning

to the data (F(0,0), F(:9(0,0), F0-0 (g o) L FO(h0), FOD(0,0), FOD(0, b))
the values (4,—1,—1,—1,—1,1).
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Figure 3.
B. Using the conditions

F’Fs = F(O’l)lrs = F(LO)‘Fs = OvF’VzM = F(LO)leM = O?

we get that
(L{F)(x,y) = L54F (2, 0),
T 2x—h T—
(L3F)(w,y) = BGE P O,y), 2
(H;;'F)(x,y) _ [f(fv)*?}g([i)(x)JrZy]F(x’o) + y[f(;c?;)y} F(o,l)(g,;,())7
T z—h 2[z— 2 —h z(y—h—
TF)(z,y) = (2z—h+y)?] g(y)(]ygg}(ng(g%(y))+2 (y 2g(y))]F(ij)

(
z(2z—h+y)*[z—gW)]* 17(1,0)
+ gy b (0y).
We obtain the interpolation operator
Py = LYH + L3H} — LI,
with
_ | @e—hty)(a—g(®)) (h—y)*(h+2y)
(PQF)(x,y) - (hf;/)g(y)g . Y 73 Y

@)=y Qa—h)2(x—h)*(h+6) _ f(z)—y 2e—h)(z—h)
+ ey 7B — o F(0,0)
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2)—y z(2z—h)2(z—h)2
f( () )y ( 24( ) F(1’0)<0, O)
2x—h+y)(x— h—y)?
( 0 Z;));(y)g(y)) y( th) F(O,l)(o) 0)

Example 2. Consider the function f(x) = vVh? — 22, h =4 and F :
T, > R. In Figure 4 we plot the graph of the surface PoF assigning
to the data

(F(0,0), F®9(0,0), F©Y(0,0)) the values (4,0,0).

Figure 4.
C. We consider the conditions

F‘Fg, :OaF|V2M :07

and the interpolation operator
P, — LYB? + I3BY — LYI4,
with

_ | fl@)—y (2z—h+y)(x—g(y))
(BsF)(2,y) = | i + 0o

f(o)=y (2a=h)(a—h)
o we |F0.0)
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+ (z)—y :v(2h—:v)F(1,0) (@ O) + f(z)—y x(ii:yh)F(l’O)(hv O)

f(x)  hty 27 I(=@)
y(2z—h+y)(z—g¥)) 77(0,1)
+ (h—y)g(y) F <0’ h>'

Example 3. Consider the function f(x) = vh? —x* with h =4 and
F : T, — R. In Figure 5 we plot the graph of the surface PsF assigning

to the data (F(0,0), F(0) (%,O), FOO (R, 0)), FOV(0, h)) the values
(—1,-1,—1,1).
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Figure 5.
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