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COMMON FIXED POINTS FOR TWO PAIRS OF
WEAKLY COMPATIBLE MAPPINGS IN G - METRIC
SPACES

VALERIU POPA

Abstract. In this paper a general fixed point theorem for two
pairs of weakly compatible mappings satisfying implicit relations in G
- metric spaces, theorem which generalize and improve main results
from [11] is proved.

1. INTRODUCTION

Let (X,d) be a metric space and S,T : (X,d) — (X,d) be two
mappings. In 1994, Pant [23] introduced the notion of pointwise R -
weakly commuting mappings. It is proved in [24] that pointwise R -
weakly commutativity is equivalent to commutativity in coincidence
points.

Jungck [10] defined S and T to be weakly compatible if Sx = Tz
implies STx = T'Sz. Thus, S and T are weakly compatible if and
only if S and T' are pointwise R - weakly commuting.

In [7] and [8], Dhage introduced a new class of generalized metric
space, named D - metric spaces. Mustafa and Sims [15], [16] proved
that most of the claims concerning the fundamental topological
structures on D - metric spaces are incorrect and introduced an
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appropriate notion of generalized metric space, named G - metric
space. In fact, Mustafa, Sims and other authors studied many fixed
point results for self mappings in G - metric spaces under certain con-
ditions [17], [18], [19], [20], [21], [22], [33] and other papers. Quite
recently, new results are obtained in [3], [4], [5], [6], [9], [13], [31], [32].

Several classical fixed point theorems and common fixed point the-
orems have been recently unified by considering a general condition
by an implicit relation in [25], [26] and other papers. Actually, the
method is used in the study of fixed points in metric spaces, symmet-
ric spaces, quasi - metric spaces, ultra - metric spaces, convex metric
spaces, reflexive spaces, compact metric spaces, paracompact metric
spaces, in two or three metric spaces, for single valued mappings,
hybrid pairs of mappings and set valued mappings.

Quite recently, this method is used in the study of fixed points
for mappings satisfying an contractive condition of integral type, in
fuzzy metric spaces, probabilistic metric spaces and intuitionistic met-
ric spaces.

The study of fixed points satisfying implicit relation in G' - metric
spaces is initiated in [27], [28], [29], [30] and in other papers.

2. PRELIMINARIES

Definition 2.1 ([16]). Let X be a nonempty set and G : X3 — R,
be a function satisfying the following properties:

(G1) : G(z,y,2) =0ifx =y = 2,

(Gs) : 0 < G(x,x,y) for all z,y € X with x # v,
(G3) : G(z,z,y) < G(z,y,2) for all z,y,z € X with z # y,
(Gy) : G(z,y,2) = Gy, z,x) = ... (symmetry in all three variables),
(Gs) : G(z,y,2) < G(z,a,a) + G(a,y, z) for all z,y,z,a € X (rec-
tangle inequality).

The function G is called a G - metric on X and the pair (X, G) is
called a G - metric space.

Note that if G(x,y,z) =0 then z =y = z.

Definition 2.2 ([16]). Let (X, G) be a G - metric space. A sequence
() in (X, G) is said to be:

a) G - convergent if for € > 0, there is an z € X and k € N such
that for all n,m € Nyn,m >k, G(x,x,, z,) < €.

b) G - Cauchy if for € > 0, there is k € N such that for all n,m,p €
N, with n,m,p > k, G(z,, T, xp) < €, that is G(zy,, T, z,) — 0 as
n, m,p — 0.
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A G - metric space (X, G) is said to be G - complete if every G -
Cauchy sequence is G - convergent.

Lemma 2.3 ([16]). Let (X,G) be a G - metric space. Then, the
following properties are equivalent:

1) (zy,) is G - convergent to x;

2) G(xp, Tn, ) — 0 as n — 0o;

3) G(xp,x,x) = 0 as n — oo;

4) G(Tp, Tm,x) — 0 as n,m — 0.

Lemma 2.4 ([16]). If (X,G) is a G - metric space, the following
properties are equivalent:

1) (zy,) is G - Cauchy;

2) For e > 0, there ezists k € N such that G(xp, Tpm, xm) < € for all
m,n >k, m,n € N,

Lemma 2.5 ([16]). Let (X,G) be a G - metric space. Then, the
function G(x,y, z) is jointly continuous in all three of its variables.

Note that each G - metric generates a topology 7¢ on X [16] whose
base is a family of open G - balls Bg(z,¢) = {G(z,¢) : x € X, e > 0},
where Bg(x,e) ={y € X : G(z,y,y) <e} for all z,y € X and ¢ > 0.

A nonempty set A C X is G - closed if A = A.

Lemma 2.6 ([12]). Let (X,G) be a G - metric space and A a subset
of X. A is G - closed if for any G - convergent sequence in A with
lim,, .o z, = x, then x € A.

In [1], [14], [28], [29] and other papers some fixed point theorems
for weakly compatible mappings in G - metric spaces are proved.

Quite recently, in [11] a common fixed point theorem for two pairs
of weakly compatible mappings in GG - metric spaces is proved.

Theorem 2.7 ([11]). Let (X, G) be a G - complete metric space. Sup-
pose that {f, S} and {g, T} are weakly compatible pairs of self - map-
pings on X satisfying

G(fz, fx,9y) < hmax{G(Sz, Sz, Ty),G(fx, fx,Sx),

B0 Gy, 95.Ty), YIG (. f2,Ty) + Glay, gu, So))
and
(2.2) G(fx,qy,9y) < hmax{G(Sz,Ty,Ty),G(fx, Sz, Sx),

Glgy, Ty, Ty), 3[G(fz, Ty, Ty) + G(gy, Sz, Sz)]}

for allz,y € X, where h € [0,1). Suppose f(X) C T(X) and g(X) C
S(X). If one of T(X) or S(X) is a G - closed subspace of X, then

f,9,S and T have an unique common fixed point.
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The purpose of this paper is to prove a general fixed point theorem
for two pairs of weakly compatible mappings satisfying implicit rela-
tions in G' - metric spaces which generalizes and improves Theorem

2.7.

3. IMPLICIT RELATIONS
The following class of implicit relations is introduced in [29].

Definition 3.1. Let §g be the set of all continuous function
F(ty,...,t6) : RS — R such that

(Fy) : F is nonincreasing in variable 5,

(Fy) : there exists h € [0,1) such that for all w,v > 0 with
F(u,v,v,u,u+v,0) <0 we have u < hv,

(F3) : there exists k € [0, 1) such that for all ¢,¢' > 0, F(t,¢,0,0,t,t') <
0 we have t < kt'.

The examples 3.2 - 3.9 are presented in [29]. Examples 3.10, 3.11
are new examples.

t t
Example 3.2. F(ty,...,ts) = t; — kmax {tQ,tg,t4, 5;— 6}, where
kel0,1).

Example 3.3. F(tl, ...,t6> = tl — Cltg — btg — Ct4 — dt5 — €t6, where
a,b,c,d,e >0 and0<a+b+c+2d+e<1.

Example 3.4. F(tl,...,tﬁ) = tl — kmax {tg,tg,t4,t5,t6}, where k €
[0.3)-

t ty t t
Example 3.5. F(ty,...,tg) = t; — kmax {tg, 3;— 4, 5;_ 6}, where
ke [0,1).

Example 3.6. F(ty,....ts) = t2 — ty(aty + bts + cty) — dists, where
a,b,c,d>0and0<a+b+c+d<1.

ts5ts
E le 3.7. F(ty,....ts) = t? —at? —b———"—, wh b>0
xample (17 76) 1 aty 1+t3+t47wereaa =
and 0 <a-+b<1.

Example 3.8. F(ty,...,t) = t; —aty — bty — cmax{2ty, t5+1ts}, where
a,b,c>0and 0 <a-+b+2c<1.

Example 3.9.  F(t1,...,t6) = t —
2t te 2t ts t t
l{:max{tg,tg,t4, 4; 6 4;_ 3 5; 6}, where k € [0,1).
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Example 3.10. F(ty,...,tg) = t; —amax {ts, t3,t4} —(1—)(ats+bts),
wher60§a<1,0§a<%,0§b<%.

Example 3.11. F(t1,...,tg) = t; —max{aty, b(t3+2t4), b(ts+t5+16)},
where a € (0,1) and k € [0, %).

4. MAIN RESULTS

Theorem 4.1. Let (X,G) be a G - complete metric space. Suppose
that {f, S} and {g, T} are weakly compatible pairs of self mappings of
X satisfying

(41) ¢1(G(Sx7Ty7 Ty)? G(thgyhgy)? G(fl’, SI’, SfL’)7
G(gy,Ty,Ty),G(fx,Ty,Ty),G(gy, Sz, Sx)) <0,

(4 2) ¢2(G(T.Z'7 Syv Sy)a G(gl’, fya fy)v G(gZE, TZE, TZL‘),
' G(fy, Sy, Sy), G(gz, Sy, Sy), G(fy, Tz, Tx)) <0,

for all x,y € X, where ¢1, s € Fq.

Suppose that S(X) C g(X) and T(X) C f(X). If one of g(X) or
f(X) is a G - closed subspace of X, then f,g,S and T have an unique
common fized point.

Proof. Let xy € X be an arbitrary point of X. Since S(X) C g(X)
and T'(X) C f(X), there exists x1,29 € X such that Sxy = gx; and
Txy = frxg. Again, there exists x3, x4 € X such that Sz, = gx3
and Tx3 = fxy. Iteratively, for each n = 0,1,2,... we can choose
r, € X, y, € X such that

Yon = ST = GTont1, Yont1 = L' Topi1 = fTonio.
By (4.1) n =1, 2,... we have successively
o3} (G(Sl'zn, Twopi1, T$2n+1), G(filf2m 9Ton+1, 9$2n+1)7

G(f132m Stop, Sl’zn), G(QIQnH, Txop41, T$2n+1)7
G(f@m T$2n+17T$2n+1), G(9$2n+17 Swop, S$2n)) <0,

¢1(G(y2n, Yon+1, y2n+1)7 G(yzn—b Yon, Z/2n)7 G<y2n—17 Yon, yzn),
G(y2n7 Yon+1, y2n+1)7 G(an—la Yon+1, y2n+1)7 0) <0.
By (F}) and (G5) we have that

®1 (G(y2n; Yon+1, y2n+1), G(y2n—17 Yon, ?/2n)7
G (Y2n—1, Y2n Y2n), G(Yon, Yon+1, Yont1),
G (Y2n—1,Yon: Y2n) + G(Y2n, Yon+1, Yont1),0) < 0.

By (F,) we have
G(yZna Yon+1, y2n+1) S hG(y2n—17 Yon, y2n)7
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where h = max{hq, ha}.
Again, by (4.2) we have successively

¢2(G(T372n+17 S$2n+2, S$2n+2)7 G(g$2n+1, f9152n+2, f$2n+2),
G(Ql’zmh Txonyt1, TI2n+1)7 G(f952n+17 STonta, 5372n+2)7
G(g$2n+1, S$2n+2, SI2n+2)7 G(f$2n+2,T$2n+17TI2n+1)) <0,

¢2(G(y2n+1> Yon+2, y2n+2), G(?/Qm Yon+1, y2n+1), G(ana Yon+1, 3/2n+1),
G (y2n+17 Yon+2, y2n+2)7 G (y2n> Yon+2, y2n+2), 0) <0.

By (F1) and (G5) we have that

¢2(G(y2n+1, Yon+2, y2n+2>7 G(ym Yon+1, y2n+1),
G(y2n, Yon+1, y2n+1), G(y2n+1, Yon+2, y2n+2),
G(Y2n, Yont1, Yont1) + G(Yant1, Yont2, Yony2),0) < 0.

By (F3) we have
G(Yan+1, Y2n+2: Yont2) < MG (Y2, Yont1s Yont1),

which implies
G<yn7 Yn+1, yn+1> S hG(y'ﬂ—h Yn, yn)7 n = 17 27
Then

G(Yn, Ynt1: Ynt1) < WG (Yo, y1, Y1)

We will prove that {y,} is a G - Cauchy sequence in X. For n,m € N
with m > n we have repeating (G5) that

G(?Jnv Ym, ym) S G(yn: Yn+1, yn+1) + G(yn+1, Yn+2, yn+2) +
+ o+ G(ym—laymaym)
< [P AT L+ R G (Yo, v y1)
h
< G .
= 15 <y07y1>y1)

Letting n tends to infinity we obtain G(y,, Ym, Ym) — 0 as n,m —
oo. This implies that {y,} is a G - Cauchy sequence in X. Since (X, G)
is G - complete, there exists z € X such that y, — 2z as n — oo. This
implies that lim,, . Yo, = limy, o0 Yont1 = 2.

Suppose that g(X) is G - closed. It follows that z = gu for some
u € X. Using (4.1) we have successively

¢1(G(S$2n, TU, TU), G(wa’m qu, gu)a G(wana SIZTL’ SxQn):
G(gu, Tu,Tu), G(fron, Tu, Tu), G(gu, STan, Sa,)) < 0,

(ZSI (G(yQ’rm TU, TU), G(an—la qu, gu)) G(yQ’n—l; Yon, yQ’rL)?
G(gu, Tu,Tu), G(yon—1, Tu, Tu), G(gu, Yon, y2r)) < 0.
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Letting n tends to infinity we obtain
$1(G(z,Tu, Tu),0,0,G(z,Tu, Tu), G(z, Tu, Tu),0) <0,

which implies by (F3) that G(z, Tu,Tu) =0, i.e. z=Tu = gu.
Since {g, T} is weakly compatible, we have gz = gTu = Tgu = T'z.
Next we prove that z = gz = T'z.
By (4.1) we have successively

¢1(G(Sx2na TZ, TZ), G(fx2n7 gZ, gZ), G(fx2n; Sx2n7 SJ;Qn);
G(g92,Tz,Tz),G(fxo,, Tz, Tz),G(gz, Stap, Sxaey)) <0,

¢1 (G<y2n> TZ) TZ)7 G(yanla gz, gZ), G(yanla Yon, yZn)a
G(2,T2,Tz2),G(yan-1,T2,T2),G(92, Y2n, Y2n)) < 0.
Letting n tend to infinity we obtain
(G (2,92, 92),G(z,92,92),0,0,G(z, 92, 92), G(gz, 2, 2)) < 0.
If z # gz we obtain by (F3) that
G(z,9z,92) < kG(z,z, gz),
where k = max{kq, ko}.
By (4.2) we have successively

0o(G(Tz, Sxopn, Stan), G(g92, fron, fron), G(gz, Tz, Tz),
G(fr2n, STan, STan), G(92, STon, ST25), G(fr2n, T2, Tz)) <0,

ng(G(gZ, Yon, y2n)7 G(gza Yon—1, y2n—l)7 Oa
07 G(gZ, Yon, y2n>7 G(yanla gz, 92)) S 0.
Letting n tend to infinity we obtain
¢2(G(92ﬁ, Z, Z)> G<gza Z, Z)? 07 07 G(gZ, Z, Z)? G(Z, gz, gz)) S 0.
By (F3) we have
G(gz, 2,2) < kG(z, 9z, 92).
Hence
G(z,92,92) < kG(z, 2,92) < k*G(z, 92, g2)
which implies G(z, gz, g2)(1 — k*) < 0. Hence G(z,gz,gz) = 0, i.e.
2z = gz = Tz. Therefore, z is a common fixed point of g and 7.

Since T(X) C f(X), there exists v € X such that gz = 2 =Tz =
fv. Then, by (4.2) we have successively

$2(G(Tz,Sv, Sv),G(gz, fv, fv),G(9z, Tz, Tz),
G(fv, Sv, Sv),G(gz, Sv, Sv),G(fv,Tz,Tz)) <0,

¢2(G(z, Sv, Sv),0,0,G(z, Sv, Sv), G(z, Sv, Sv),0) <0,
which implies by (F3) that G(z, Sv, Sv) =0, i.e. z = Sv = fu.
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Since Sv = fv and {f, S} is weakly compatible we obtain Sz =
Sfv=fSv= fz. Hence, fz=S5z.

By (4.1) we have successively

¢1(G(S2,12,Tz),G(fz gz,92),G(fz,52,5z),
G(gz,T2,T2),G(fz,Tz,Tz),G(gz,52,52)) <0

01(G(fz,2,2),G(fz,2,2),0,0,G(fz,2,2),G(z, fz, fz)) <0
which implies by (F3) that

G(fz, z2,2) <kG(z, fz, [2).

By (4.2) we have successively

¢2(G(T’Z7 SZa SZ)? G(Q'za f’za fz)a G(gZ, TZ, TZ)?
G(fz,82,52),G(g9z,52,52),G(fz,Tz,Tz)) <0,

02(G(z, f2,f2),G(z, f2,f2),0,0,G(z, fz, f2),G(fz,2,2)) <0,
which implies by (F3) that

Gz, fz, f2) <kG(fz, 2 2) < k*G(z, fz, f2).

Hence G(z, fz, fz)(1 — k?) < 0 which implies G(z, fz, fz) = 0, i.e.
z = fz =5z Hence, z is a common fixed point of f, g, S and T.

Suppose that w is another common fixed point of f,g,S and T
Then by (4.1) we have successively

01(G (2, Tw, Tw),G(fz, gw, gw), G(fz,5%, 5%

)
G(gw, Tw, Tw),G(fz, Tw, Tw), G(gw, Sz,S5z)) <0,
01 (G(z,w,w),G(z,w,w),0,0,G(z,w,w),G(w, z,2)) <0,
which implies

G(z,w,w) < kG(w, z, 2).
Similarly, we have

G(w, z,z) < kG(z,w,w),
which implies

G(z,w,w)(1—k*) <0,

a contradiction. Hence z = w.

In the case T'(X) is a G - closed set of f(X), the proof is similarly

O
Remark 4.2. A similar theorem with Theorem 4.1 is obtained if one

of g(X) and f(X) is a G - complete subspace of X instead of one of
g9(X) and f(X) is G - closed.
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Corollary 4.3. Let (X,G) be a G - complete metric space. Suppose

that {f, S} and {g,T} are weakly compatible pairs of self mappings of

X satisfying

G(Sz, Ty, Ty) < hmax{G(fz,gy,9y), G(fx, Sz, Sx),
G(gy, Ty, Ty), 3G (fx, Ty, Ty) + G(gy, Sz, Sz)]},

G(Tx, Sy, Sy) < hmax{G(gx, fy, fy), G(gx, Tz, Tx),
G(fy. Sy, Sy), 5G9z, Sy, Sy) + G(fy, Tz, Tx)]} <0,
for all x,y € X and h € [0,1). Suppose that S(X) C g(X) and
T(X) C f(X). If one of g(X) or f(X) is a G - closed subspace of X,

then f,g,S and T have an unique common fixed point.

(4.3)

(4.4)

Proof. The proof it follows from Theorem 4.1 and Example 3.2 with
hi = hy = h. O

Remark 4.4. 1. In the proof of Theorem 2.1 2], page 4, lines 10
- 1 from the bottom, there exists some written mistakes and hence the
proof of the fact that the sequence {y,} is a G - Cauchy sequence is
not correct. Similarly, in the proof of Theorems 2.1 and 2.4 [11]. For
a correct form of Theorem 2.1 [11], I suggest the inequality

G(fz,9y,9y) < hmax{G(Sz,Ty,Ty),G(Sx, fz, fx),

1
G(Ty, 9y, 9y), 51G (S, 9y, 9y) + G(Ty, f, fx)]}
instead inequality (2) (2], [11].

2. Corollary 4.3 is a generalization of correct form of Theorem

2.1 [10] because h € [0,1) instead h € [0,3) and the fact that the
sequence {y,} is a Cauchy sequence is correct.
3. By Examples 3.3 - 3.11 we obtain new particular results.
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