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Abstract

In this paper, we obtain a Suzuki type common fixed point theorem
in partial G - metric spaces, for a pair of weakly compatible maps in
the sense of Jungck, by using a rational contractive condition. We
have given an example which supports our main result.

1. INTRODUCTION AND PRELIMINARIES

Matthews [11] introduced the notion of a partial metric space as
a part of the study of denotational semantics of data for networks,
showing that the contraction mapping principle can be generalized to
the partial metric context for applications in program verification.

Romaguera [10] proved that a partial metric space is 0-complete
if and only if every Caristi type mapping on X has a fixed point.
The result of Romaguera extended Kirk’s characterization of metric
completeness [17] to a kind of complete partial metric spaces.
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In 2005, Mustafa and Sims introduced a new class of generalized
metric spaces (see [19],[20] ) which are called G-metric spaces as
generalization of metric space (X,d). Many fixed point results on
such spaces for mappings satisfying different contractive conditons ap-
peared in ([4], [5], [7], [9], [14] — [16], [18], [20] — [23]).

In [6], Salimi and Vetro introduced the concept of a partial G-metric
space and proved some properties of partial G— metric spaces.They
also proved a fixed and common fixed point theorems of Suzuki type.
Now we present the following necessary known definitions.

Definition 1.1. (/20]) Let X be a nonempty set and let G : X X
X x X — RT be a function satisfying the following properties :
(G1): Gz, y,2)=0ifz=y==z,

(G2): 0 < G(x,z,y) for all x,y € X with x # y,

(G3): G(z,z,y) < G(z,y,2) for all z,y,z € X withy # z,

(Gy): G(x,y, 2) = G(z,2,y) = G(y,z,x) = ...,symmetry in all three
variables,

(G5): G(z,y,2) < G(x,a,a) + G(a,y, 2) for all z,y,z,a € X.

Then the function G s called a generalized metric or a G-metric on
X and the pair (X, G) is called a G-metric space.

Definition 1.2. (/11]) A partial metric on a nonempty set X is a
function p: X x X — R* such that for all z,y,z € X,

(p1) p(z,x) = p(z,y) =p(y,y) ==y,

(p2) p(z,2) < p(z,y),

(ps) p(z,y) = p(y, @),

(ps) p(x.y) < pla, ) +plz,y) — plz, 2).

The pair (X, p) is called a partial metric space (PMS).

Definition 1.3. ([6/) Let X be a nonempty set. A function P :
X x X x X — [0,400) is called a partial G-metric if the following
conditions are satisfied:

(Py): P(z,z,x)+ P(y,y,y) + P(z,2,2) < 3P(x,y, 2)for all x,y, z, €
X}

(P2) : 5P(x,x,2)+2P(y,y,y) < P(z,y,y) for all z,y, € X with x #
Y,

(Ps): P(z,z,y) — %P(IL’,.T,ZK) < P(z,y,z) —
x,y,z € X with y # z,

(Py): P(z,y,z) = P(z,z,y) = P(y,z,x) = - (symmelry in three
variables),

(Ps): P(z,y,2) < P(x,a,a)+P(a,y,z)—P(a,a,a) forany z,y,z,a €
X.

b\r
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%P(z, z, z) for all points
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Then the pair (X, P) is called a partial G-metric space (in brief PGMS)

Remark 1.4. It is shown in ([6]) that to every partial G-metric
space we can associate a G-metric defined by Gp(z,y,z) = 3P(x,y, z)—
P(z,z,z) — P(y,y,y) — P(2,z2,2).

Example 1.5. ([6]) Let X = [0,400) and define
P (z,y,2) = 3 (max{z,y} + max{y, 2} + max{z, z}),for all points x,y, z €
X. Then (X, P) is a PGMS.

The following proposition gives some properties of a partial G-
metric.

Proposition 1.6. (/6/) Let (X, P) be a PGMS. Then for all x,y, z,a €
X, the following properties hold:
(1) If P(x,y,2) = P(z,z,x) = P(y,y,y) = P(z,2,z2), then x =
Y=z

(17) IfP(a: y,z) =0 thenz =y =z
(1i1) If © # vy, then P(x,y,y) > 0;
(iv) P(x,y,z) < P(z,x,y) +P(x x,z) — P(z,x,x);
v) P(z,y,y) <2P(z,x,y) — P(z,x,x);
(vi) P(z,y,2) < P(z,a, a) + P(y,a,a) + P(z,a,a) — 2P(a,a,a) ;
(vii) P(x,y,z) < P(x,a,z)+ P(a,y,z) — %P(a, a,a) — %P(z, z,2) if
Y # 2
(viii) P(;c,y,y) P(z,y,a)+ P(a,y,y) — §P(a,a,a) = 5 P(y,y,y) if
x #.

Definition 1.7. ([6]) Let (X, P) be a PGMS. Then
(1) A sequence {x,} is called P — G-convergent to x € X, if and
only if

P(x,z,z) = nl_lgloo P(x,z,z,) = nl_l}I_{loo P(x, 2y, ).

(2) A sequence {x,} is called 0 — P — G-Cauchy if and only if

lim  P(zn, Tm, Tm) = 0.
m,n—-+00

(3) A partial G-metric spaces (X, P) is said to be 0 — P — G-
complete if and only if every 0 — P — G-Cauchy sequence is
P — G-convergent to some x € X such that P(z,z,z) = 0.

Example 1.8. (/6]) Let X = Q N[0, +00) where @ denotes the set
rational numbers, and define
P(x,y,z) = & (max{z,y} + max{y, 2z} + max{z, z}).for all z,y,z €
X. Then (X, P) is a 0 — P — G-complete partial G-metric space.
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Lemma 1.9. ([6]) Let (X, P) be a partial G-metric space and {z,}

be a sequence in X. Assume that {x,} P — G-converges to v € X
and P(x,x,x) = 0. Then 111_{1 P(zn,y,y) = P(x,y,y) for ally € X.
n—r-+00

Moreover,
lim Pz, Zm,x) =0.
m,n—-+00

Similarly we can have the following Lemma.

Lemma 1.10. Let (X, P) be a partial G-metric space and {z,} be
a sequence in X. Assume that {x,} P — G-converges to x € X and
P(xz,z,x) =0. Then nl—igli-loo P(zp, zn,y) = P(x,z,y) for ally € X.

Definition 1.11. (/2])Let X be a non-empty set and f, S : X —
X.The pair (f,S) is said to be weakly compatible if fSu = S fu when-
ever fu= Su foru e X.

Theorem 1.12. (/6], Th. 3.6) Let (X, P) be a partial G-metric
space and f,T : X — X be satisfying
(1.12.1) T(X) C f(X) and {f, T} is a weakly compatible pair
(1.12.2) f(X) is 0 — P — G-complete subspace of X
(1.12.3) assume that there exists r € [0,1) such that
b(r) P(f2,T2,Tz) < P(fz, fy, fy)
implies that
P(Txz, Ty, Ty) < rP(fx, fy, fy) for any x,y € X, where ¢ : [0,1) —

1 V31 o function given b
6’ 6 g (Y

G if 0 <r < Y
W)= by i B <7<

Then T and f have unique common fized point in X.

In the spirit of the above theorem, we prove a common fixed point
result for a pair of weakly compatible self maps of a partial G-metric
space, but using a rational contractive condition.

2. MAIN RESULT

Theorem 2.1. Let (X, P) be a partial G-metric space. Suppose
that (f,T) is a weakly compatible pair of self maps of X satisfying the
following
(2.1.1) there exists a constant 6 € [0,1) such that
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n(0) P(fx,Tx,Tx) < P(fx, fy, fy) implies that
P(fz, fy, fy),

1 P(fz,T2,Tz)P(fy,Ty,Ty)
P(Tx, Ty, Ty) <O0max{ 5~ 11pajufy)

1 P(f2,Ty,Ty)P(fy,Tz,Tx)
9 1+P(fx,fy,fy)
for all z,y € X, where n(6) : [0,1) — (3, 3] 4s defined by n(6) = =55

(2.1.2) T(X) C f(X), f(X) is 0 — P — G-complete subspace of X.
Then f and T have unique common fized point in X.

Proof Let 2y € X be an arbitrary point. From (2.1.2), there exist
sequences {z,} and {y,} in X such that

Yn = Tmn = fl‘n-i-lvn = Oa ]-7 27
Case 1. Assume that y,, # y,1 for all n.
Then P(Yn, Yn+1,Ynt1) > 0 for all n from Proposition 1.6(i:7).

Since 7(0) < 5 < 1, we have
77(0)P(fl'n_1, T‘T'n—la Txn—l) < P(fxn—la fxna fxn)
From (2.1.1), we have
P(f-Tm fxn—i-la f$n+l)
= P(Tzp1,Txy,, Txy,)
( P(f‘rnfhfxnafxn% )

1 P(fen—1,f2n,f2n) P(fTn,fEni1,fTni1)
9 14+P(fen—1,fzn,f1n) ’

< fmax <

1 Plfon—1,fTn1,fTn41) P(fTn,fTn, f2n)
9 1+P(fen—1,fTn,fTn)

\ y,
We have the estimates

1 P(fen—1,fent1,fTnt ) P(fTn, fTn,fTn)
9 1+P(f$n717f$nyfzn)

1 [P(fl'n—l7f$n7f1'n)+P(fxn7f$n+17f$n+1)]3P(fxn—17fxn7fzn)
9 14+P(fen—1,fzn,fzn)

<

S % maX{P(fxn—lv fxm fxn)u P(fxm fxn-i-la fxn-i-l)}

< maX{P(fxn—lafxnvfxn)7p(fxnafxn—&-l?ffpn-i-l)}'

In the second line we used (Ps) and (P)).
We also get

1 P n—1, Ty n P )y n ) n 1
gL e e e iit) < SP(fa, fatng, fnin) <

S %maX{P(f-%nfl;fxnafl'n)?P(fxnafxn+17fxn+1)}-
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Then

P(fxm JTni1, fony1) < Omax {P(fxm J o1, fxn+1)a P(frp1, fog, fxn)}
Since 6 € [0,1) and P(fz,, frni1, frai1) > 0, the above inequality
implies

P(fxnvfxn—i—l; fl'n—&—l) S P (fxn—la fxnvfxn)u

forn=1,2,3,---, hence
P (fan, fXnsr, fongr) < 0P (fao, for, f21),
forn =1,2,3,---. Since 6 € [0, 1), it follows that
(1) P(fzn, fro, fra) = 0asn — oo
For m > n and using (Ps) and induction over (m — n) we have

P(fxmfxmufxm> S P(fxn7f$n+lafxn+l)+
P(fxn-i-la fxn—i—Qy fxn+2) +---+ P(fxm—la fxma fxm)

<O+ 0" 4+ 0™ ) P(fxo, fo, f21)
< L5 P(fxo, fo1, fr1)

Since 0 € [0, 1), it follows that
(2) lim P (fxn, fem, frm) =0
m,n—o0

This implies that {fz,} is a 0 — P — G—Cauchy sequence in X.
Suppose f(X) is 0 — P — G complete. Then it follows that {fz,} is
P — G— convergent to a point x = ft for some ¢t € X such that

(3) P(z,z,z) =0
That is
(4) lim P(fx,. ft, ft) = lim P(fz,. fr,. ft) = P(ft, ft. ft) = 0

From Lemma (1.9), we have lim P(fx,, fr,+1, ft) = 0.
n—oo

Since fz, # fr,.1 for all n and fz, — ft it follows that fz, # ft
for infinitely many n.

Claim: P(ft,Tz,Tz) <OP(ft,fz, fz) for z € X with ft # fz.

Let z € X with ft # fz.

Then from Proposition 1.6(ii¢), we have P(fz, ft, ft) > 0.

Since fx, — ft as n — oo, there exists a positive integer NV such that
for all n > N, we have

P(fx,, [t ft) < 5P(fz ft, ft,)
(5) P(fa,, fz,, ft) < 3P(fz ft, ft,)
P(f,, fr, 1, ft) < 3P(fz ft, ft.)

Wl
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From Proposition 1.6(viii), we have
P(fxm frni, fxn+1) < P(fajm frni, ft) + P(ft, foni, fxn—l-l)
and from (Ps), we have

Hence for all n > N, we have

3n(O)P(fxn, Txn,Ta:n) P(fxp, Tx,, Txy,)
(fl'n, fxn-t,-l, fxn-i-l)
(fxn-i-la f$n7 fxn-i-l)
(fxn-i-la fta fxn-&-l) + P(ft> fxnv fxn-&-l)?
(fz, ft, ft)
(fZ, fxna fxn>
< 3P(fxn, fz, f2).
We used Proposition 1.6(vii) in the fourth line and Proposition 1.6(v)
the ninth line, as well as (5) in the fifth line and (P5) in the eigth line.
Thus n(6)P(fr, T, Titn) < Pfm, f2, f).
Now from (2.1.1), we have

“,.'U““Uﬁjﬁ

IANIA T IAIAC
aeRac e

P
P(Tx,,Tz,Tz) < fmax % (fxnlf;(f;cs)fz(fcz) = Z)a

1 P(faxn,Tz,T2)P(fz,TTn,Txn)
9 14+P(fxn,f2,f2)

Letting n — oo, we have from (1), (3) and Lemmas (1.9), (1.10) that

P(ft, fz, f2),0
(6) P(ft, Tz,Tz) gﬁmax{ 1P(f<t{;z,7JfZ)PJ(cfz),ft,ft) }

9 1+P(ft,fz,f2)
P(ft, fz, fz),2P(ft, T2 T=z)},

< fmax

from Proposition (1.6)(v).
If max {P(ft, fz, f2), %P(ft, Tz, Tz)} = %P(ft,Tz,Tz),
then from (6)

(ft Tz,Tz) < % (ft,Tz,Tz)

which yields that ft =
Also

P(ft, fz, fz) <

which in turn yields that ft = fz
This is a contradiction with

P(ft,Tz,Tz)=0

Nl )
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P(fz, ft, ft) > 0. Then maX{P(ft, fz, f2), %P(ft,Tz,Tz)} = P(ft, fz, [z)
and (6) implies

hence the claim.
Now we will show that Tt = x.

P(fz,TzTxz) P(fz ft, ft)+ P(ft,Tz,T=z)
P(fz, ft, ft) + 0P(ft, fz, fz)

<
<
< (3+20)P(fz, ft, ft)

We used (Ps) in the first line, (7) in the second line and Proposition
1.6(v) in the third line.

Thus n(0)P(fz,Tz,Tz) < P(fz, ft, ft) for ft # fz.
From (2.1.1), we have

we L {zéof 7JLT)’T>
1 2,1z, 1Tz t,1t, Tt
(8) P(Tz,Tt,Tt) < 0maxq 9 13P(=ft.f0
1 P(f2,Tt,Tt) P(ft,T2,Tz)
9 1+P(fz,ft,ft)

9

Since ft # fz, for infinitely many n,
putting z = z,, in (8), we get

P(fxn7 ftJ ft)7
P(fxn,Txn,Tx,)P(ft,Tt,Tt)

1

9 LHP(fzn,ft.f1) ’
1 P(fzn,Tt,T1) P(ft,T2n,T2n)
9

4+P(fzn,f1,ft)

P(Tx,,Tt,Tt) < § max

Letting n — oo, we get P(x,Tt,Tt) <0 from (1) and (4).

Thus Tt = x, from Proposition 1.6(ii). Hence ft =x = Tt.

Since (f,T) is a weakly compatible pair, we have fr = T'z.

Suppose fx =Tx # x. Then P(z,Tx,Tz) > 0 and P(z, fx, fx) > 0.
Since

n(O)P(ft,Tt, Tt)

n(0)P(x,x,x)

Al

0
P(ft, fx, fz).
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From (2.1.1), we have

P(x,Tz,Tx) = P(Tt,Tz,Tx)
P(ft, fx, fx),

1 P(ft,Tt,Tt)P(fz, Tz, Tx)
SOmaxq 5 PGt fofa)
1

P(ft,Tx T:U)P(fx Tt,Tt)
9 14+P(ft,fz, fz)
= O max{P(z,Tz,Tx),0, §P(x, Tz, Tz)},
from Propostion1.6(v)
=0P(x,Tz,Tx)
< P(z,Tx,Tx).

We obtained P(x,Tz,Tx) < P(x,Tz,Tx), which is a contradiction.
Hence T'x = x, consequently Tz = fxr = .

Thus z is a common fixed point of T" and f.

Suppose that y is common fixed point of 7" and f with y # x. Then
P(z,y,y) > 0 from Proposition 1.6(i:7).

Since n(0) P(fx,Tx,Tz) = 0 < P(fz, fy, fy).it follows from (2.1.1)
that

P(z,y,y) = P(Tz,Ty,Ty)

P(fz, fy, fy),
1 P(fz,TxTx)P (fyTyTy)
S f max 9 1+P(fx fv) )
1 P(f=z,Ty, Ty)P(fy Tz,Tz)
9 1+P(fz,fy,fy)

=0 P(x,y,y),

We used (3) and Proposition 1.6(v). We obtained P(z,y,y) < 6 P(z,y,y),
which is a contradiction. Hence x is unique common fixed point of T’
and f.

Case 2. Assume that y, = y,.1 for some n. Then fx, 1 = Tx, 1

ie. fa =Ta where a =x,.1 € X. Let fa=Ta = p.

Since (f,T) is a weakly compatible pair, we have

(9) f8="T8.
Suppose that T'5 # 8. Then P(8,T3,T3) > 0 and P(f, f5, f5) >0

Since

n(0)P(fa, Ta,Ta) =n(0)P (5,5, )
n(0)3P(B, f6,[B), from (1)

P(fo, f6,15),

<
<
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it follows from (2.1.1) that

P(3,T8,TP) = P(Ta, TS, Th)
P(fa, f8, [B),

1 P(fo,Ta,Ta)P(fB8,T8,TH)
<fmax< g3 L+P(fo,fB,fB) ’

1 P(fa.T3.T8)P(fB,Ta,Ta)
0 I+P(ja,fB,]B)

P AR s
13 ¢ [e}
<fmax ¢ 3 11 P(fa fB.TB) » o, from (Pp)

fo,fB,
1 P(fo,fB, fﬁ)QP(foz fB,1B)
9 1+P(fo,fB,fB)

=0P(fo, [, [5)
< P(B,TB,TH).

which is a contradiction.

Hence T3 = .

Now from (9) f8 = . Thus § is common fixed point of T" and f.
Suppose 3! is another common fixed point of 7" and f.

Since

n(O)P(f8,18,T8) <n(0)3P(fB,[B", fB'), from (P1)

P(fB, B, fBY),

VANIVAN

it follows from (2.1.1) that

P(B,p',8") =P(TB,TH,TH)

P(3, 8%, 8,
1P(B.8.6)P(B",8',8)
S f max 9 1+P(3,81,8Y) )
1 P(fB, T8 TBY)P(f8",TB,TH)
9 1+P(fﬁlaf5117f,31)
P, B, 6),
13P(8,81,81)3P(8,81,8)
S f max 9 1+P(8,81,81) )
13P(8,8',81)2P (3,8 ,6")
9 1+P(3,8",8")
from (Py) and Propositionl.6(v)

=0P(p, 8, 8')
< P(B,8',8").

Y

We obtained a contradiction.
Therefore ( is the unique common fixed point of 7" and f.
The following example illustrates our Theorem 2.1

Example 2.2. Let (X, P) be a partial G-metric space where X =
[0, 1].
P(z,y,z) = maz{z,y} + maz{y, z} + max{x, z}.
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Let f, T X — X be defined by

Tx: 5 fr=3,Vax yEX

0= E [0,1) and n(0) = 3+29 = % € (%,%]

C’learly T(X)=1[0,15] €[0,3] = f(X) and (T, f) is a weakly compat-
wble pair.

Without loss of generality assume x <y

Now

nO)P (fz, Tz, Tz) < max{fz, Tx} - max{Tx Tx} + ma:c{fx, Tx}
= max{3, % 1—6 —I—ma:z:{16, 16} + maz{%,% E

mazr{3, ¥} +max{%, 4} + maz{3, 4}

P(fx, fy, fy).

A IA

Now
P(Tx, Ty, Ty) = ma:v{Tx Ty} + max{Ty, Ty} + max{Tx Ty}
= 717’LCLZL‘{ 16 16} + maz{lﬁ’ 16} +maz{ig, 35
=sP(fz, fy, [y)
P(fz, [y, fy),
<1 1 P(fz,Tx,Tx) P(fy, Ty, Ty)
S glnax gy 9 4+P(fz,fy,fy) ’

1 P(f=,Ty,Ty) P(fy,Tz,Tx)
9 1+P(fz,fy.fy

Hence all conditions of Theorem (2.1.1) are satisfied.
Clearly 0 is the unique common fixed point of f and T.

3. CONCLUSION

In this paper our main result for two maps satisfying Suzuki type
contractive condition in partial G-metric space generalizes and im-
proves some known results in existing literature in Partial G-metric
spaces. We also provided an example to illustrate our main theorem.
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