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R,-LOCALLY CONNECTED SPACES
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Abstract: A new generalization of local connectedness called ‘R, -
local connectedness’ is introduced. Basic properties of R.-locally con-
nected spaces are studied and their place in the hierarchy of vari-
ants of local connectedness which already exist in the literature is
discussed. R.-local connectedness is preserved in the passage to 7.-
open sets and is invariant under disjoint topological sums. A necessary
and sufficient condition for a product of R.-local connected spaces be
R.-locally connected proved. Preservation of R.-local connectedness
under mappings is investigated. It is shown that R.-local connected-
ness is preserved under quotients and an r,-quotient of an R.-locally
connected space is locally connected. The category of R.-locally con-
nected spaces is properly contained in the category of sum connected
spaces (Math. Nachrichten 82(1978), 121-129; Ann. Acad. Sci. Fenn.
AT Math. 3 (1977), 185-205) and constitutes a mono-coreflective sub-
category of TOP.
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1. INTRODUCTION:

Local connectedness is an important topological property. Several
variants / generalizations of local connectedness occur in mathematical
literature. For example see ([12] [24] [26] [29] [33]). The full subcate-
gory of locally connected spaces is a mono-coreflective subcategory of
TOP (= the category of topological spaces and continuous maps) [10].

However, the larger category of almost locally connected spaces [29]
is not a coreflective subcategory of TOP. In ([24] [26]) the categories
of quasi (pseudo) locally connected spaces and Z-locally connected
spaces are introduced and are shown to be mono-coreflective subcate-
gories of TOP. In this paper we introduce the category of ‘R -locally
connected spaces’ which also turns out to be a mono-coreflective sub-
category of TOP.

The category of R.-locally connected spaces is properly contained
in the category of sum connected spaces [15] which in its turn strictly
contains each of the categories of almost (quasi, pseudo) locally con-
nected spaces as well as the category of Z-locally connected spaces.
Organization of the paper is as follows: Section 2 is devoted to prelimi-
naries and basic definitions. In Section 3 we introduce the notion of an
‘Ry-locally connected space” and reflect upon its place in the hierarchy
of variants of local connectedness that already exist in the literature.
Basic properties of R.—locally connected spaces are studied in Section
4, wherein it is shown that (i) An Ry-locally connected, R, -space is
locally connected; (ii) A Ty Rq-locally connected, R -space is discrete;
(iii) A mildly compact Rq-locally connected space has at most finitely
many components; (iv) Rg-local connectedness is rq-open hereditary
and is preserved under disjoint topological sums; (v) A product theo-
rem for R.-locally connected spaces is formulated and proved. Section
5 is devoted to investigate the interplay / preservation under mappings
wherein it is shown that (i) Ry-local connectedness is preserved un-
der quotients; and (ii) ry-quotient of an R.-locally connected space
is locally connected. In Section 6 we consider function spaces of R.—
locally connected spaces. Section 7 is devoted to discuss the technique
of change of topology and its correlation with R.-locally connected
spaces.
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2. PRELIMINARIES, BASIC DEFINITIONS AND ALMOST LOCALLY
CONNECTED SPACES.

Let X be a topological space. A subset A of X is said to be regular

open if it is the interior of its closure, i.e., A = A The complement of
a regular open set is referred to as a regular closed set. A union of
regular open sets is called d-open [42]. The complement of a §-open
set is referred to as a d-closed set. A subset A of a space X is called
regular G; -set [28] if A is an intersection of a sequence of closed sets
whose interiors contain 4, ie., if A= (", F, =(o—, F, where each
F, is a closed subset of X (here F° denotes the interior of F},). The
complement of a regular Gs-set is called a regular F,-set. A subset
A of a space X is called ds — open [18] if for each = € A, there exists a
regular F,—set H such that x € H C A; equivalently, A is expressible
as a union of regular Fj-sets. A point z € X is called a #-adherent
point [42] of A C X if every closed neighbourhood of = intersects
A. Let clyA denote the set of all #-adherent points of A. The set A
is called f-closed [42] if A = clyA. The complement of a -closed
set is referred to as a f-open set. The correspondence A — Ay is
not a Kuratowski closure closure operator since it is not idempotent.
However, it is Cech closure operator in the sense of [7].

2.1 Definitions. A function f: X — Y from a topological space
X into a topological space Y 1is said to be

(i) strongly continuous [27] if f(A) C f(A) for every subset A
of X.

(ii) perfectly continuous ([23] [34]) if f~*(V) is clopen in X for
every open set V C Y.

(i11) cl-supercontinuous [36] (= clopen continuous [35]) if for
each © € X and each open set V containing f(z), there is a clopen
set U containing © such that f(U) C V.

2.2 Definitions: A topological space X is said to be

(i) almost locally connected ([29] [33]) if for each z € X and
each reqular open set U containing x there exists a connected open set
V' containing x such that V C U.

(i) quasi (pseudo) locally connected [24] if for each r € X
and each G-open set (reqular F,-set) U containing x there is an open
connected set V containing x such that V C U.
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(11i) Z-locally connected [26] if for each x € X and each cozero
set U containing x there exists an open connected set V such that
reV cuU.

(iv) sum connected [15] if each x € X has a connected neighbour-
hood, or equivalently each component of X is open in X.

Sum connected spaces have also been referred to as weakly locally
connected spaces in the literature (see [6] [30] [32]).

For the categorical terms used but not defined in the paper we refer
the reader to Herrlich and Strecker ([10] [11]).

3. R,4-LOCALLY CONNECTED SPACES

Let X be a topological space. Any intersection of clopen subsets
of X is called cl-closed [36]. The complement of a cl-closed set is
referred to as cl-open. An open set U of X is said to be r, -open
[41] if for each x € U there exists a cl-closed set C,, containing x such
that C, C Usequivalently U is expressible as a union of cl-closed sets.
The complement of an r.-open set is called r.,-closed. Not every
open set in a space is ry -open. For example, no nonempty proper
open subset of the real line R is ry4-open. On the other hand, if X is
a zero dimensional space, then every open subset of X is ry-open.

3.1 Definition ([20] [41]): A topological space X is said to be an
R, -space if every open set in X is rq-open.

Clearly every zero dimensional space as well as every ultra Hausdorff
space is an R.-space. However, the space of strong ultrafilter topology
[40, Example 113, p. 135] is a Hausdorff, extremally disconnected, R-
space but not a zero dimensional space. A nondegenerate indiscrete
space is an R.-space which is not ultra Hausdorff.

3.2 Definition: A topological space X is said to be R -locally
connected at z € X if for each ry-open set U containing x there
exists an open connected set V' such that x € V' C U. The space X is
said to be Rg-locally connected if it is Ry-locally connected at each
r e X.

Clearly every locally connected space is R.-locally connected. How-
ever, an R.-locally connected space need not be locally connected. On
the other hand, every R.-space, which is R.-locally connected is lo-
cally connected (see Proposition 4.1).
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The following diagram well illustrates the place of R.-local con-
nectedness in the hierarchy of variants of local connectedness which
already exist in the literature.

locally connected— almost locally connected— quasi locally connected

\J \J
R, —locally connected pseudo locally connected
\J \J

sum connected (= weakly locally connected) <— Z- locally connected

4. BASIC PROPERTIES OF R.-locally connected spaces

4.1 Proposition. An R.-space which is R.-locally connected is
locally connected.

Proof: In an R, -space every open set is ry-open.

4.2 Proposition. FEvery R.-locally connected space is sum con-
nected.

Proof: This is immediate in view of [26, Proposition 3.5] and the
fact that every clopen set is ry-open.

4.2 Proposition. A Ty R,— space is totally disconnected.

Proof: Let X be a Ty R.-space. Let A be any subset of X having
two or more points. We shall show that A is not connected. To this
end, let z,y € A, x # y.Since X is a Ty—space, there exists an open set
U containing one of the points x and y but not both. To be precise,
assume that x € U.Since X is an R-space, there exists a cl-closed
set B such that x € B C U. Let B = [[{C, : a € A},where each C,
is a clopen set. Then there exists an ap € A such that z € C,, and
Yy & Coy.Then (A Coy) U(AN(X\Cq,)) is a partition of A and so A
is disconnected. Thus the space X is totally disconnected.

4.4 Theorem: A space X is Rg-locally connected if and only if
each component of every rq-open subset of X is open in X.

Proof: Suppose that X is an R.-locally connected space and let U
be an r4-open subset of X. Let C' be a component of U and let x € C.
Since X is R -locally connected, there exists an open connected set V'
such that x € V C U. In view of maximality of C' and connectedness
of V., V. C C. Thus C, being a neighbourhood of each of its points, is
open in X.

Conversely, suppose that the components of r,-open sets are open
in X. Let x € X.Let W be an ry-open set in X containing x and let
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C be the component of x in W. By hypothesis C'is an open connected
set and so X is R.-locally connected at x.

4.5 Proposition: In an R.-locally connected space, components
and quasicomponents coincide in every rq-open set.

Proof: Let X be an R.-locally connected space and let U be an
rq-open set in X. Then in view of Theorem 4.4 any component of U
is open in U and hence in X. Thus every quasicomponent of U, being
a union of components, is open. Since every open quasicomponent is
a component, the result is immediate.

4.6 Proposition: A Ty sum connected, R.-space is discrete.

Proof: This is immediate in view of Proposition 4.3 and fact that
components are open in a sum connected space. (see also [26, propo-
sition 3.5])

4.7 Corollary [26, Proposition 3.10]: A Tj zero dimensional sum
connected space s discrete.

Proof: Every zero dimensional space is an R.-space.

4.8 Definition ([38] [39]): A space X is said to be mildly compact
if every clopen cover of X has a finite subcover.

Sostak refers mildly compact spaces as clustered spaces in [38].

4.9 Proposition: Fvery mildly compact R -locally connected space
has at most finitely many components.

Proof: By Proposition 4.2 every R -locally connected space is sum
connected, so the result follows in view of [26, Proposition3.6].

4.10 Corollary: Fvery pseudocompact, R.-locally connected space
has at most finitely many components.

4.11 Corollary ([15, Proposition 2.16]):  Ewvery pseudocompact
sum connected space has at most finitely many components.

4.12 Theorem: FEvery rq-open subspace of an R -locally connected
space X is Re-locally connected space.

Proof: Let Y be an ry-open subspace of an R -locally connected
X. Let U be an ry-open subset of Y. In view of ry-openness of Y
in X, it is easily verified that U is ry-open subset of X. Let z € U.
Since X is Ry-locally connected, there exists a connected open set C
in X such that x € C'C U. Clearly, C' is an open connected subset of
Y and so Y is R-locally connected.

4.13 Theorem: FEvery r -open cover of an Rg-locally connected
space has a refinement consisting of open connected sets.

Proof: Let X be an R-locally connected space and let o = {V, :
a € A}be an r -open cover of X. Since by Theorem 4.4 components of
rq-open sets in an R-locally connected space are open, components of
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members of o constitute a refinement of p consisting of open connected
sets.

4.14 Theorem: FEwvery clopen cover of a sum connected space has
a refinement consisting of clopen connected sets.

Proof: This is immediate in view of the fact that in a sum con-
nected space components are open.

4.15 Theorem: The disjoint topological sum of any family of Re-
locally connected spaces is Re-locally connected.

Proof: Let {X, : @ € A} be any family of R,-locally connected

spaces and let X = & X, be their disjoint topological sum. Let U
a€A

be any ry-open set in X and let x € U. Then there exists § € A
such that x € U () X3. It is easily verified that U () X3 is an ry-open
set in Xg. Since Xz is Ry-locally connected, there exists a connected
open set C' in Xgcontaining x such that C' C U () Xg.Clearly C is a
connected open set in X and so X is Ry -locally connected.

4.16 Lemma: Let {X, : a € A} be a family of spaces and let
X = [[Xa be the product space. If x = (x,) € X and V is an rq-
open set in the product space containing x, then there exists a basic
ra-open set [ Vi such that x € [[V, C V, where V,, is an ry-open set
in X, for each a € A and V, = X, for all but finitely many o € A .

Proof: Since V is an open set in the product space X containing
x = (x,), there exists a basic open set B = [[ B, in X containing
x, where B, = X,for a # a,...,, and each B, is open in X,and
BcCcV.

Since V' is an r4-open set in the product space containing x, for each
a=q; (i =1,...,n), there exists an ry-open set V,, in X,, such that
Ta; € Vay C Bay C pay(V). Then [TV =[1, s, 0 XaXVay XXV,
is the required basic r4-open set in the product space containing x and
contained in V.

4.17 Theorem: Let{ X, : o € A} be any family of Ry-locally con-
nected spaces. Then their product X = [[ X, is Re-locally connected
if and only if all except finitely many coordinate spaces are connected,

Proof: Suppose that the product space X = [[ X, is Ry-locally
connected. Since projection maps are continuous open maps and in
view of the fact that continuous open images of R.-locally connected
spaces are R.-locally connected (see Corollary 5.2), each X, is an R-
locally connected space. Again, since if W is an open connected set in
X, then p, (W) = X, for all but finitely many «, where p, : [[ Xo —
X, denotes the projection map, and so all except finitely many X,
are connected.
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Conversely, let {X, : @ € A} be a family of R.-locally connected
spaces such that each X, is connected except for a # aq, ..., a,, and
let X =[] X, be the product space. Let S = {ay,...,a,}. Let x =
(xo) € X and let G be a r-open set in the product space X containing
x. By Lemma 4.16, there is a basic ry-open set [[ G, such that x €
[[Ga C G, where G, is an rq-open set and G, = X, except for
finitely many a # By, ..., Bm.-Let T = {B1, ..., Bm}. Since each X, is
R -locally connected, for each o € T there exists an open connected
set V,, such that z, € V,, C G. Similarly, for each a € S,let U, be an
open connected set such that z, € U, C G,. Let

X, ifa¢ SUT,
W,={ U,ifacs,
Voyifa e T\S

Then W = [[ W,is a connected open set in X containing x such that
W C G. Thus the product space X = [ Xais Ry-locally connected.

5. PRESERVATION OF R, -LOCAL CONNECTEDNESS UNDER
MAPPINGS

5.1 Theorem: FEvery quotient of an R.-locally connected space is
R -locally connected.

Proof: Let f : X — Y be a quotient map of an R.-locally con-
nected space X onto Y. To prove that Y is an R-locally connected
space, let V be an rg-open set in Y. Then f~(V) is a ry-open set in
X. Let C be a component of V. In view of Theorem 4.4, it suffices to
show that C'is open in Y or equivalently f~!(C') is open in X. To this
end, suppose that z € f~!(C).Let C, be the component of f~!(V)
containing x. Then f(C,) is a connected set containing f(x), and so
f(Cy) € C. Thus z € C, C f~1(C).Since X is Ry-locally connected,
and since f~}(V) is rq-open, by Theorem 4.4 C, is open in X and so
f7YC) is open being a neighbourhood of each of its points.

5.2 Corollary: Continuous open (closed) images, adjunctions and
inductive limits of Re-locally connected spaces are Ry-locally con-
nected.

Proof: Since continuous open (closed) maps are quotient maps, the
corollary is immediate in view of Theorems 4.15 and 5.1.

5.3 Corollary: If a product space is R -locally connected, then so
1s each of its factors.



Ro-LOCALLY CONNECTED SPACES 33

We recall that a function f : X — Y is said to be R.-
supercontinuous [41] if for z € X and each open set V in Y containing
f(z) there exists an ry-open set U containing = such that f(U) C V.

5.4 Theorem: Let f : X — Y be a quotient map which is an Ry-
supercontinuous surjection. If X is an Rg-locally connected space,
then Y s locally connected.

Proof: Let y € Y and let V' be an open set containing y. Since
f is Rg-supercontinuous, f~!'(V) is an rg-open set in X. Again,
since X is Ry-locally connected, for each z € f~!(y) there exists an
open connected set N, containing z such that N, C f~*(V). Then
each f(N,) is a connected set containing y. Let N = J{f(N,) :
r € f7Y(y)}.Then N C V and N is a connected set, being union of
connected sets having the common point y. Since f is a quotient map,
N is a connected open set containing y and so Y is locally connected.

5.5 Definition [41]: Let p : X — Y be a function from a topological
space X onto a set Y. The collection of all subsets A C Y such that
p~1(A) is an rg—open set in X is a topology on Y, called the r,—-
quotient topology. The map p is called the r.-quotient map and
the space Y with r-quotient topology is called an r.-quotient space.

5.6 Remark: The function f in the above theorem 1is precisely
the rq-quotient map and Y is equipped with r-quotient topology (see
[41]). Thus paraphrasing Theorem 5.4 we can say that an rq-quotient
of an R -locally connected space is locally connected.

Since co-product and extremal quotient objects in TOP are disjoint
topological sums and quotients maps, respectively, a characterization
of mono-coreflective subcategories of TOP [10, Theorem 6] together
with Theorems 4.15 and 5.1 yield the following.

5.7 Theorem: The full subcategory of R.-locally connected spaces
1s a mono-coreflective subcategory of TOP containing the full subcate-
gory of almost locally connected spaces.

6. FUNCTION SPACES AND R,-LOCALLY CONNECTED SPACES.

It is a well known fact in the theory of function spaces that the func-
tion space C'(X,Y") of all continuous functions from a topological space
X into a uniform space Y is not closed in the topology of pointwise
convergence; however, it is closed in the topology of uniform conver-
gence. Moreover, it is of fundamental importance in analysis, topology
and other branches of mathematics to know that whether a given func-
tion space is closed / compact / complete in the topology of uniform
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convergence / pointwise convergence. So it is of considerable signifi-
cance for intrinsic interest as well as from applications view point to
formulate conditions on the spaces X,Y and subsets of C'(X,Y") to be
closed / compact in the topology of pointwise convergence / uniform
convergence. Results of this nature and Ascoli type theorems abound
in the literature (see [2] [13]). In this direction, Naimpally [31] showed
that if X is locally connected and Y is Hausdorff, then the set S(X,Y)
of all strongly continuous functions from X into Y is closed in Y in
the topology of pointwise convergence. Kohli and Singh [19] extended
Naimpally’s result to a larger framework, wherein it is shown that if X
is sum connected (in particular X is connected or locally connected)
and Y is Hausdorff, then the function space P(X,Y") of all perfectly
continuous functions as well as the function space L(X,Y") of all cl-
supercontinuous functions is closed in Y Xin the topology of pointwise
convergence.

In view of Proposition 4.2 every R.-locally connected space is sum
connected. So by [19, Theorem 3.7 and Proposition 3.8] we conclude
with the following.

6.1 Corollary: If X is an Ry-locally connected space and Y is
Hausdorff, then S(X,Y)=P(X,Y)=L(X,Y) is closed in Y in
the topology of pointwise convergence. Furthemorer, if 'Y is compact,
then S = P = L is a compact Hausdorff subspace of Y in the topol-
oqy of pointwise convergence.

6.2 Remark: More recently results of Kohli and Singh [19] have
been considerably strengthened to a larger framework of spaces and
functions. For examples see ([1] [17] [22] [25]). In the light of these
developments Corollary 6.1 can be extended / strengthened accordingly
to a larger framework of spaces and functions.

7. CHANGE OF TOPOLOGY AND R,-LOCALLY CONNECTED SPACES.

The technique of change of topology of a space is frequently em-
ployed in mathematics and is of considerable significance. It is widely
used in functional analysis, topology and several other branches of
mathematics. For example, weak and weak™ topologies of a Banach
space and its dual, weak and strong operator topologies on B(H) the
space of operators on a Hilbert space H, the hull kernel topology and
the multitude of other topologies on Id(A) the space of closed two
sided ideals of a Banach algebra A (see [3] [4] [5] [37]). Moreover, to
taste the flavour of applications of the technique in the topology see
([8] 9] [14] [16] [21] [43]).
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In this section we retopologize the topology of an R.-locally con-
nected space (X, 7) such that it transforms into a locally connected
space.

7.1 Let (X, 7) be a topological space. Let B, denote the collection
of all clopen subsets of the space (X, 7). Since the intersection of two
clopen sets is again a clopen set, the collection B is a base for a topol-
ogy T, on X. The member of 7; are called cl-open sets. The topology
T has been adequately used in literature (see [36] [39]). Staum calls
‘cl-open’ sets as ‘quasi open’ in [39].

7.2 Let (X, 7) be a topological space. Let 7., denote the set of all
rq-open subsets of the space (X, 7). Since arbitrary unions and finite
intersections of r-open sets is r,-open, the collection 7, is indeed a
topology for X. Clearly 7,,,C 7. The topology 7,, has been defined
and used in ([20] [41]).

7.3 Lemma: Since every cl-open set is ry-open which in turn is
open, we have 7,C 7,, C 7.

7.4 Lemma: The spaces (X, 7), (X, 7,,) and (X, 7,4) have the same
class of clopen sets and so have the same class of cl-open sets as well
as the same class of connected sets.

7.5 Lemma: Every 7, -connected set is 7-connected.

Proof: Let C' be a connected subspace of (X, 7,,,). To show that C
is a connected subspace of (X, 7), assume the contrary. Let C = A|J B
be a partition of C' in (X, 7), i.e., A and B are nonempty relatively
clopen subsets of (X, 7). In view of Lemma 7.4 it follows that A and B
are nonempty relatively clopen subsets of (X, 7,_,), which contradicts
the fact that C' is a connected subspace of (X, 7).

7.6 Theorem: If the space (X,7,,) is locally connected, then the
space (X, 7) is Rgy-locally connected.

Proof: Suppose that the space (X, 7,,) is locally connected. Let
x € X and let U be an open set in (X, 7,,) containing x. Since the
space (X, 7,,,) is locally connected, there exists an open connected set
V in (X, 7,,) such that x € V C U. By Lemma 7.3, V is open in
(X, 7). Again in view of Lemma 7.5 it follows that V' is connected in
the space (X, 7). Thus the space (X, 7) is Ry-locally connected.

We conclude the section by raising the following question for the
interested reader.
7.7 Question: Is the converse of Theorem 7.6 true?
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